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HRE n A2 UADOE RN EEGZ Dbz & 1 OFEE n #BRIZBITS
Schur ZIHADEIZ 1, 0, -1 DWTIURIZ LR SRV, TOZ L E2HET S,

ZOEERIZBITE RRUAOEREEE L D Ub 72\ &\ D n O LT
W5 <, e ZIF105 (=3-5-7) RiDERBUZTANTHEY TS, 7 Schur LIHAZE
O BHENIIMDREMED L. FEIZLOERB n EHENZH LT, TOMEN1, 0, —1
D ESNDOIFBIRZE .

TERERIIROE BV TH 5!

EE 1.1, BRE n 2 UNOERBEZE L D UHhd RN (x) & & ALEOHE NI
M UT, sa(wi,...,wq) € {1,0,—=1} THD. ZIT, syl XN IZHIET S Schur ZIHK,
Wiy wy (T 1 DFEIE N FRITNTTHS.

ZOEMIX, 2 RS ORI DENCH U TIET TIZR ST Wz,

12 = (1% OBATHE. ZOHAE sy FEARNHEATHS. 1 DK n FTR7z
L OHANHRNIL, FE2EHEAT 22 n ROMHDLEN &, (z) DEBIZELW. DFD,
ZOHEE, BB 11K In A (x) OFXMhE2 AT E, O, (z) OFREUTIE 1,0,—1 L
B CEWHZoNnd. ZhiFAH/REFETH Y, 100 FLL EFTIZ, A, Migotti A3
[Mi] TH %52 TW\W5.

* AIFRII RS GREES:16K05067) Okz2%Z 7D TH5.
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HE5 12 N= (k) VWO REOHEATHS. B sy REEHFRAHBATH 5.

1 DG n TR 725 OERFUCHSHRAUL, n IROMALIEHAOHE @, (x) ! ORBEFL

uxoib,:@%ﬁﬁgﬁ@lernﬁ@qw%ﬁé&tiaﬁﬁm@yiw%ﬁaﬁ

0,—1 UL2Bhin LS50z o s, TGRSO 2009 412 P. Moree [Mo)]
7’3‘51&%*% b5

DD BRI AE OB SN TWKER %2, —~BOSENHER U722 21273 5.

2 A-—FEYVa1T7—%

EH 1.1 OFEHTHIZR D DIF 2 =FY 2 7 —FK (unimodular system of vectors) &
WO MR TH B ([DG)).

OB ZE BT HENC, N7 MLVOMO THAR] (IZOWTEHLTEIS. B%n
RTTRT FIVERV O nflDR7 MVOEGLT L. V OREZEREL T, B DEICIC
SIET BN ML £ D THIEMED, ZOIFHNREEZX D, ZOMIERZ ML
RBEFIZEDHEDOENERWCIRES. DF D V OREEZEONIE [det B] £\ HfE
MREDLZ L1205 (72720 [a] = {a,—a} T 5) .

IDZLIZEELT, A=EVa7—REWVWIHOHMREROLSIZED S:

F 2.1. "I PMVEBV OFRTESESE X (Z7ZL0€ X, (X) =V) IZ20nWT
[detB] TV OREZLT BC X DEBXRHIZESRW] CWHEENRL DD E X
T2 =Y a7—RTHdEND.

DGl LB ZI=EYaT7—RDOEHTIE, 0€ X & (X) =V 20 RMEFELTW
WD, ZZTIEHINSDEFBFELTEL

E#2.112815 Mdet B 3V OHEEZ7Z2T BC X OETHIZESRW] LWnwdk
i, SV 22 [ZB L WO HESIE, V OREE272T BC X OEVAHIZESRWV] &
AUZ&Thd. oIz NEYNTHREKZ#ES L totally unimodular matrix (fEE D /M7
FIAAR L0, =1 DWTNNITU RS RWTH) OFIRKREERTES] L 5WHZ 52
EEHTZ 5.

ZEZFXABONLN—FRIEFA=ZFET 27 —RDHILR>TWVWD (EBRIZE SIZMKZR
A=EVaTI—RTHD) .



3 FEEBERTI-OD 4 DDME

FHRERTHAEH 1.1 1L, UMFBRREMHE3.1-34 (WTNhdHERT MLOELED D
ZEVaTI—RERTEVWI FIR) ZEUTIEATE 2. €M 1.1 3@ 3.1 TREI N,
X oz 3.1 1 3.2, A 3.3, i 3.4 IZJEX IZRESNEDTH 5:

EM 11 < mE 3.1 <« miE 3.2 < M 3.3 « @i 3.4.
ERITGE 34 2HHTNIE I W iz s,
BE 3.1, n A (x) BHBETLE JRT M LVOES

wy

Q, = | lk=0,1,....n—1

Wa
Ha=EVaI—-RERT.
i 3.2. n A (%) ZALTEE, 1 D n FR2ROES
Zn:{z€C|z”:1}
Q) ITBWTA=EYVaT7—RE2RT.

27U G 1 DB n TR, AR Q(¢,) 22 2T Q EORY b LR L B L
TW5.

&8 3.3. (1) p BB S, Z, 13 Q) KBWTI=EY 25 —REMT
(2) p & q BEEES,

Zy® Zg={z®y|z €2y, y€E Zy}
FQ(G) ®Q(¢) KBWTA=EVaT—RERT.

W 3.4. (1) X BV OHABRRLSIX, X FV ZBVWTA=EVaT—R%ERT.
(2) X, Y BENTNV, W OREABHIRL 512,

X®Y:{x®y|x€X, yGY}
XV IWIZBWTA=ZEYaT7—RE2RKRT.
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ZTQ LA Z FIVERV OAERIBDES X IZDWT, IROEM2 AT
LEXRVOEAFZHRTHLL VWS ZLIZT 5!

X[ =dim(V)+1, (X)=V, > X=0.

EUY X =Y 40255,

ez e, . ..,en BV DEED L E, {e1,...,en,) 6} 1TV ODREARENRTDH
5. 2V OREABEHRIEIPZOTIORTRINS. V OILEDOFEAREZFIR T R
BBHTHWMIBOIHS> b3 <ond

F7-p BWEFOL =, Z:h@i@«&bw 2 Q(¢p) PHAZHRTH 5. zyr
WCHEETS e, Ml 3.4 1Z@mE 3.3 D —MIETHDZ Vbbb,

FEMiTamE 3.1, 3.2, 33 @ U TCHAZHROMETH 5 3.4 ITRESI NS,
ZDL L UWVEHFRITIRETI TR AR S, F 72 3.4 DFFIIFIR % I TiER 2. @ 3.4 D (1)
R BIZEIHTE S0, (2) 77 7VDOSEEZHAVWTIIHT A2 L1tk 5.

4 FEBOMEIAANDRE

FREMIX, mE 31,32 332 BUT, RAEMAOMETHAME 3L IZIFETES.
ZOHiTIEZE D@ E R A

41 TFIE1.1 <« pE31

9, M 11 EGE 3L RS NS, EEE, @ 3.1 OIKED FTER 1.1 1ZIkD X
SIZREHT & 5.
Schur £ sy & Vandermonde B D75 X a, D& LT

sx(@1,...,2q) = asea(®1,. .., xq)/as(x1, ..., Tq)

exRING. 2ZLI=(d—-1,d—2,...,1,0) TH Y, 72 p= (p1,---, pta) GZ‘éO Iz
WNUT,dBEBOLHA a), ZIROELIIZEDD:

a (1. .., 2q) = det(zf? ) 1< j<a-

ZDay i, wi,...,wg ERALLDBDIZE, Q, 5 dEEATZANZ MVOMOITHINIZE
LW 972205, YT vy,...,vg € Q ZBSEIRDENLT 5:

ay(wi, ... ,wq) =det(vy,...,vq).



M 31 ZINET DL, n W (x) AT LE, ZOMEERNEEZRNT—ETHS (XHR
IF01Z43) . as(wy,...,wq) 0BT hhRE, ZNSHSEM 1.1 Bbh 5.

42 fpfE31 < MmE3.2

3.1 I AR ARG 2B THBE 32 TGS NG, ZOZLERES.
Q, MOEREINE Q EDORZ MLER (Q,) 13

Z1
— 21

2d

YW S HISTHMME Q(C,) AR THS (Q Eo~Z PVERELT) . LTI DA
GEBLT Q13 Z, LA HTES. EoTHES1 EME32 LRAMEEETH .
43 32 < HE3.3

i 3.2 B [ AR AR A B G % 0 U T A 3.3 IS S h
nHn=pht. . plt LERESHEIND L E Q) IF

Q1) © -+ @ Q(¢p,)

O P EDERIE Q LOAZ MVER Y LT EHRICA -BTES. £220

FE#RzZ@ELCT Z, 1
|_|Zp1®~-®Z
YIE-HTED. ZOZLIIROMED (1) & (2) AL bEDL EbD

HRE 4.1, (1) B a & b EWIZEO & & AR ER Q(Cw) — Q) ® Q(¢) T
Ty DIED Z, R Zy 725 DPEFEHT 5.

(2) FEp T LT, MEAMEL Q(() — Q((p)®P
PFAET 5.

T2, oA 2, ERBBD
SR (1) KD XS HRT MLERDHWEOMIEEE X
Q(¢a) ® Q) — Q(Cab)s T QY — xy.

INASSH R G R 52T, Zy @ Zy DI Zyy 8725 2813 T CITh 5,
2)j€0,1,....p =1 IEHLT, Q)P 2 Q) ®A¥—2F5 (£ 2 € Q)

)



ERIET 5 Q(¢)Y) Dtk 20) 2 KT) . ZOET, RO &S 2RT MVEMOSHNED
NinxHZ5:

plolo1

P )V = Q) 2P

=0
CHESBMARMERE GRS WOLHELOOT, £IICRE 2 L A RRTIED,S) .
P T Y OB 2, THBZLET . O
ROMHEBPEL 725

WEA42. X, Y BFNFAV, W OL=EVa5—R0LE, XUY RVOW 0=
EV2T-REKD.

ZOWMENS, Z), Q- Q Ly, WAZEIV 2T —HKS, Z, bA=EJ2T7—RTH
5. p=21HTHEHE Q) FQ EFELL, Zo ={1,-1} WS Z LITIERT S
e, e IzmE 3.3 homiE 3.2 2EANS.

44 E33<HME34

pPEBOEE Z, 13 Q LORY MV Q) DEAFNRTHD. ko THd 3.4
ZE 3.3 0L THB.

5 fned 3.4 DFIERA

RO T, TEBEME 34 G TE 2. SHiTIE, ZOME34 2L LS.
E9HI 5.1 T 3.4 (1) OFEHE AT, RO DFi 5.2, 5.3 TME 3.4 (2) 777D
SEEZHWTHEMT 5.

5.1 BEABHMRIII=EV15—%
ETHE34 (1), 0% VEABRRRILI=EY 25— R THD I LERT.

i 3.4 (1) DEEAA. EAZERR X OHMAES X1, Xo TV OEEIZZRSHDEAEIC
% (EUX1#X29%) . X OWMAPEATV OREIZZLHDIF X N {z} &0
IHWDEDIITNESNDEDT, REATZT 11,10 € X D& N5B:

Xl =X\ {Zlﬁ‘l}, X2 =X~ {332}



[det X1] = [det Xp] 2725 Z L IFROFHETHHNS. A= X~ {z1, 20} £ B L

FBI3IDESOERIL, T ROREAZERTH L. £725H 4 DES TR NTWS:

331+332+ZA:ZX:O. 1

52 FERERDERICIFE

DA 3.4 (2) 2L LS. 20 X LY BENZENV & W OEAZHHRD
LEXQYRVOWIZBWTAZEYaT7—RTHEI L E2RT.

VEWORTLEEINTNWM, N2 LT, XQY ODIROD LS BHPEAKS & Ba%E
25 (BCS&hkd) :

S={SCcXeY|S Doz MN},
B={SCX®Y|SZV oW ORE }.

ZDSITS ~ S DEE [det Sh] = [det So] & 7% kD mAMERIFRE ED B, BAKK
i, ETHAERDES 1285

H={Xwy|lyeY}u{zoY|zec X}
2L Xy s FRODEIBERTHD:
Xoy={zoy|zec X}, 1Y ={zoy|lycY}.
THELMBEOHEHIZHNULTY H=02%%. £ H=XyDr
YH=) Xey=0> _ X)oy=02y=0.

H-zoY OrEtABTHE. ZOWRBDOTT, S1,5 € S IZDWT, RiedHiT
HeHE 51,89 GHﬁiﬁEj—éc\:%C:, S1 ~ Sy EREDD:

HcCcS Uu {82} =S5 U {81}.
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THE S A S DL E [det Si] = [det So] L5, HYEA %
A =5~ {s1} =5 ~{s1}
b SR
(det Sy = [det(A U {s1})]

[det(

= [det(AU {s1 + Y (H ~ {s1,52})})]
= [det(A U {—s2})]

— [det(A U {s2})]
[det SQ]

(%

CTH_DESIZ H . {81,82} CAIZTFELTHAIROEAZEZ LTS, T8
DEFITIRDBFINT N D

31+32+Z(H\{31,82}) => H=0.

ZDBER A POEKREND S EOREBER ~ 2FX L5, REEZIEXTOR@M» ST
SHhd

ll

B 5.1, S| ~ Sy BAT Sp,8 € SITHLT, [det S1] = [det So] AL F 5. &<
2 S DY L So D YR IE T B

XQY PA_EVaT7—RTHDILERTZOIZE, ROMEZGTHITNIETEI NI &
272 5:

e 5.2. S LORMEELR ~ B LT, BIE—D2DORMEEL 5.

53 HEEEE>TIZITITERD

IDEEFS THEMTDEIND, X QY IIBIIHELEZ L T, IROELHEIZOWTiE
T AR RT:

§'={s°|seS}, B ={s|SeB}.
ZITSRXQY B SOMEAZERTS. XV ORES XX
X®Y|=M+1)(N+1)=MN+M+ N +1
s, S, XQY O (M+ N+ 1) [HDE1 555 EEREE NS 2 LIk 5.
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S EOFEREFR%E, S ~ S DL E S~ SSEEDED. DFED S L S ASITBW
THEEDE EiZ, 8§ & S§KS IZBWTHIETH D L EDD.

TCILECHAZMELS2 IWRESI B, TNTISIZROMBEIZE VI SNDE I L
ALY

i 5.3. S’ LORMEBER ~ (IZBILT, B IZ—D2DEfEEE 5.

S" EORMEBEBRIZIRD IS IZE VB oND. FTREAZT HEH & 51,80 € H
DT DL EIT, S§ A 85 LEDD:

HnN Sf = {81}, HnN Sg = {82}, Slc N {81} = Sg ~ {82}.

ZTUTCZIOBR A oERING S EORMERGEY ~ L WD Z 2125,
CNEFEESITTITOZETOLPIPILEV#HZIONS. XY XX xY LHE—H
TELHN, INE2IHICX Y 2IHNEAGLT 2277 7A—HLES. Th
TSI, XY 2THEEAGLTLZ I 705 0OMEBRE M+ N+1THs5HD
ERE WS Z LT/ 5. 2 LTS OFRMEREMRIE Teaf edge IO FZ 24D IELTHED
HOHDIEFRAME] SV oNG. 722 2RO DD T T 7 IXFAMETH 5!

FADT T 7DREEORVHMT 20AUL2E 780, TOXIRTHAZE (leaf) & IF
S ZDEPSHTWSIA (leaf edge) &, M UEP S H T WL OIIZE D B X 72D 4
WDT 57 THd. EOFIHTE AR, s1 1% 5§ D leaf edge TH D, TN % 59 £\ D leaf
edge IZHUDBEZ /=DM S5 L \W\WH T 2T b,

IDEDIZTITTIZEVZ DL, EixB 13, X &Y 2HAELGL T2 T 770
REEROES T(X,)Y) L —HT5ILi2kb:

HE 5.4. B =T (X,Y) BRIT 5

G 5.3 M 54 2 RTENC, KICHT 2 ROEAN S FEEERL TS (D).
T(X,Y) B S OWHMEATHZ I LIE I bbhs:

B 5.5. r HEGATHAEG LT 7 EIZDOWTIRIXFMETH 5

(1) E3RTH 5.



(2) E&ERET |El=r+ 1.
(3) E 3% % 6727 |E| =r+ 1.

FIamE b4 DR HOUEMRIE, REFHU CIHEATE 5:
e 5.6. B O THEKEZL LD, MiSE2d D7 T 7IZFHE.

ZFER (BIREDH) . B O THEAZ L DL DE2EZ L. #E 55 26, ZHXIEEETH
D, HKE S DEEERS V) LKA S ARWERERS VI BEETSE (22T, & Vi
HAOEAELTD. D0 XUY OWMAEATH D) . HiEHKD V1 1%, IS TRITH
FEEv 2D ZOHEMv 2S5 HETWS leaf edge 2, v & Vy O AEFEILIZIO ZF X 5.
THEMOBZ=HLDT T 7T, Vou{v} & Vi~ {v} BEfERS 25, EDIE,
MmO vBR Vo ICBEILZZLIZb. ZOMOBEZZMET L, V) OTHAHL DT D
o TW Z 2z, WTNIKMZFRIZHRD. O

BESA4D (C) DI, (TED S cB %#L5. SC¢T(X,Y) LlET 2L, WiE55
25 S RHBE SO, ME56 XD SCRANIAEE DS ST RELAM. $52 HCR
v 75 HeHMEET S, Hixz ERENS, R - RERL 755, ko ThiE5.1
Mo SH B ERYD, SeBEFET . O

B C T(X,Y) Bbhrokhs, b3 21312, T(X,Y) DEED 258 (DF D
S DEEDOAK) PEWZIFETHIZ L2 mBiEL V. 2RO X SIZUTIHTE S
(F72ZNIEHmES4 O (D) OifHIZH 72 5) .

A 5.3 DI (WEDH) . 2 X L yecYIIRLT, 2xY)Uu(X®y) X T(X,Y)
DILTHY, x &y UNDHEMITRTETHS. ZOLD R DOTHAUNN TN THE
THHELOIBRFRT I 7% I ZTIIERT T 7RI LIZLED (EbIEZET 771
BU2ETHZ) . T(X,Y) DIEEDITIE leaf edge DELD F X 24 VIR L T, H 5[
I 7R TES. FAEREDO - OOREHES T 713 leaf edge DIVD A Z#EDIRL T
BOo®H>Z bbb ZOXIITEHESTTT7E2REHTLIILT, T(X,Y) DLED 2 7%
MEMETH S Db sb. O
HE. ABOV—FRPI=ZEVaT7—RTHEILBAL LI LW TIEHTE S, F
BOARBIRDRI MVER—HTEIILIZTE, A, MOV —FNRIFERT T T K,
CHARIZA—WHTES. BERER HEVA 7LV R2RLEEHRZ L 1FLALHUG
A CHAINTE 5.
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6 <whOA RDOEEHEDERIZCDOWT

BIffiOEmIE, ¥ b A FOEARNLHm e BEET LI VBHL LD ITHAS.

M S5 TR LT, KEB BN S TR HIE Y B 5 T v T, MEAIEY b uo
Raed. Zhae 7 70~ baA R (graphic matroid) &\W5. £727 7 7~ hoA
RO~ hvA R&Efis 7 7~ ba 4 F (cographic matroid) &\W5. Wiz 5
LT T IR LD T T T ERHEREEDDLI MEA RN ThHD.

HIEiCHEmL7Z X @Y &, 5E2 M7 I 7h ok 2477 70~ huaA REAMT
H5. T A, HOLV—-FRIE RBEOARRLLINT MVER—-HTDIE) BRI T T
Kpi1 oE277 70~ baA RERBITHS. £L T, 7770~ haA FXHT
FI7M baA RIZEAIR O RTHY, DRAIZA_EYV a7 —RTHEETELZZ N
bhoTWwb ([0]).

HiffioEmIE, IO~ hoA FOBERIZEEFNTLES LD ICRZS. L2rLESR
RIEZZEPOOLPLIZDE, X QY BhHda=tVad—RhevbuA N UTABETHD
EWVWDZEREITT, TNREFEEMOOICHEL Uzmi#E 3.4 (2) (XY B2 =%
VaIi—RTHD) LGPV, TITARMTIZZ O 3.4 (2) ZEHEMITAEH L 72

S 3k

[DG] V. Danilov and V. Grishukhin, Mazimal unimodular systems of vectors, Euro-
pean J. Combin. 20 (1999), no. 6, 507-526.

[D] R. Diestel, Graph theory. Fifth edition, Graduate Texts in Mathematics, 173.
Springer, Berlin, 2017.

H] H&EE®, 1 DM n RBIZBIT LY 2 —7LHAOMH, BRERFRFEE L
FRMELHL (2019).

[Mi] A. Migotti, Zur Theorie der Kreisteilungsgleichung, S.-B. der Math.-Naturwiss.
Classe der Kaiser. Akad. der Wiss., Wien 87 (1883), 7-14.

[Mo] P. Moree, Inverse cyclotomic polynomials, J. Number Theory, 129 (2009), 667—
680.

[O] J. Oxley, Matroid theory. Second edition, Oxford Graduate Texts in Mathemat-
ics, 21. Oxford University Press, Oxford, 2011.

11



