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1 EUC®HIC

Dimofte, Gukov, Soibelman & %, Calabi-Yau £ ®D refined BPS invariants D2
kT BRI AR MENBEEAZRL, Tz BAEKNICES FIZLIZL-T, K
DEERERF7- [3].

Uz 1Up1 = (Up1Uz21Uy;...)
x E(—qay) 'E(—q¢ 'af) !
X (... Ug_1Us 1 Us_1), (1)
U; 1U;0Up 1 = (Up,1U1,1U21U35...)
x U oE(—qa]) ' E(—q¢ 'af) ™!
(... Us 1Us U, 1), 2)
U%,—1Ug,1 - (U(2),1U%,1U§,1U§,1 .-)
x U gE(—qzi) 'E(—¢ 'af) ™
x (.. -Ug,—1U§,—1Ui—1)a (3)
U, 2Ug; = (U U1 2U7 ;U3 2Us ;)
x US gB(—ga?) 'E(—¢ 'a]) ™!
x (... U3 _1U3 _,U7 Uy ). (4)
72720 q, 1,29 WEAETLT qr1 = T1q, QT2 = Toq, T1T2 = qToT1 &7z L U,

Lij(z) == nZ::l m, E(x) := exp (Liqz (—qac)) . Upn i =E(@ ™ 2"zy) (5)

LB INS RIETHRAK LORT RN ET 2 AR = \RF LS RoES
AT oTW5S.

— i, SFIEE R AL BT T U RTRE U, (sl) ORFEEE R 7510 258 ) ORER
EHWAZ2I12& 5T, (1) OEFEXRZRENCE R T2 Z L2l U7 [14]. FIREKAHW
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=T 71 vETRE U/ (g) OEFE R THIOBMEBERIHFBEKICE->TH X 6NZHDT
BY 8], 774 VEN— R EOMER LIFENSRIERF Z 212 Uy(g) OIYILE L IFEN
%5 PBW BIEES K O EE R T OMBRVPBFLND Z LR oNTW5S. filif i
RATHD—EMEIZE > T, 2 DOERBRLIBERP O EFEAVRRF SN, £ O % #HY) KB
ERHWTHE TSI LIZ&-oT “ARM = MR OFOEERZ/LZ LN TE 5.

ARTREBROTFHEEIEL, ALY M7 7 ¢ VRTHE U,(sly) OMFM%E R 47510 1
ENIDEAY = E NS A - 35 A R ’;of‘l‘ﬁ%ﬁ( ) BT 5. flifEE R 175 O
Forin 5 BONBIHERE BN HE FF720121%, U,(g) ~OMEBEOMER % W Ta
BINDN— b RT MV EREENS % U,(g) O Chevalley EEOE By Fy 72504 HA L
UTEARIIZEHR T 20 ERH S, ZDROARETIEEL— MR MVEESRT B F; 725
OBERMED ¢- R FEEHCTEKRMICEZ NT 7L T) XL ZHKT 5.

2 774 VEFROBHNEE R 1T DORKRT

COHITIE, FERIZE ST 71 VETH Uy(g) ORiIFEE RITHOBMAREMENT
% 8. TD1=HIT, £TT7 71 VIELV— MR EOMEREEAL, T O—MRIERIEZ BN
ERCRR/d ()%:%AL MIER 2 S F 58— b OFRRZMAMMFEOIER 2@ U TH S

EF2Z212k0b— b RY MLERKRT 2. T0UZE > T Uy(g) DIEEES X OHE
R 175 OBFRBER I N 5.

2.1 MER

PFCitgx XY MOJERT 74> Lie e $5. 272U X = A,B,C,D,E, F,G,
0=1,2,... £9%. £z Kac DERFIZHDOVWTIRD KL 51265 9]

e, fi € g : Chevalley 4T, h C g: Cartan ¥ ER,
&; € b REFL— b, a; €h* L BHL— b
s; € End(b*) : a; (2B 2 Hilk (1=0,1,...,0),
ACh*:b—HFA, W = (sq, 81, ..,8¢) : Weyl Bf,
AL CA:TEL—bhD2AR, A_CA:EL— DL,
A C A FEL— b DAk, A= A\ AT EIL— F OR1E.

F/2E&RCAIZHU Ry :=RNAL (BAFEH) & &

% 2.1 [5, Definition 3.3] Ay LO2IEF < POIRFTH S &%, [EED 8,7 € AP I
WU, B<yMDB+yeA, OB PBHy<y DI LEND.



B22 g=sl (X=A(=1)DL X WENEFTHD. BB 6=a¢+a, L5,

5—0[1<25—O¢1<35—O&1<...
<OH<20<30< ... (6)
---<25+a1<5+a1<0z1.

AT 7 4 VIEL— N R LOMIERE RIS L > THEI TV [5. o MIE
Frailidd 2720, 5B 2 EMT 2. FEIEMHBRORLESEE hiz v [5).
iff:{LzuwﬂtB%,&%ﬁ@iief}@%&éhég®%ﬁLm%%ﬁtB
<. gl X, BOMHM Lie B 7225, § © Cartan H2E% h =@, ;Ca ChEBE, §O
}b—l\O)éflﬁ%’:ACG*,Weylﬁ’i’VCV:<S¢ i€f>CW & BXL.
KJCTITRHLmDES>IZBL. 72720 § € Al iF null root TH 5.

Iy :={aj|jeJ}Ch*, Wy=(s;|jeJ)CW,

W‘]::{wEW w(aj)GAJF(VjEJ)},

AJ = Wj(ﬁj), A’ ::A\AJ, Al = AJﬂAi,
AJ(w,i)::{m5+€ mGZZO,EEwAi}ﬂA+ (we W),

Ajy(w,+) ::{m5+5 mEZZO,€€wAJi}ﬁA+ (wEW).

¥ JCcl260E5 X/, X, 12080, J=T DL EFFHED J 2EHKLT X =X, &
HEE J=0DrEFLAEZOJE2ERLT X =X eEL BHEC X =X; 225,
Wiz J c Tizil Ay BERBEOAREL — N ROBERE RS DT, TONHE%
J=1LecJe £BL. 22T C I A; ® Dynkin BIEOERESDRKTHY, & ce C
ZRU J, C J IR ¢ BT ATAOHEATHS. ZOLE J, OEV LD Ay 1%
BER e ARAEDL — bR E 5. ZIT A, OREV— 20, e Ay, L BL.
EoIEREE JCl L XDEBERS cc CITHLTRD &S 28X,
My, =10, {6 —0,}, T,:= ][],

ceC
Sypi={sqa|aecll;}, W;:=(S;)CW,

ArJe = WJ(HJ), AJ = ArJeHAim.

F&ye Wil o,(y) ::{ﬂGAJ+‘y_1(B)€AJ_} Y. Esitue Wiz

poNE
V(Ja u, y) = AJ(uv _) il U@J(y)

¢ BX.
X5z weW ITHL, ROMBEIZL > THR w=w/w, 2EDS.



WE23 weWiHl, w=ww; 272w/ e W kwy; € Wy BB IGET .

EFE 24 ZweW, 26U, w=1uuz.. Uy, (up € Sy) DIEOFEERRD S E m B/
%55 DEBHRTE VN, B/NO m % (j(w) LEE w ORI LIER. S; OO RS
UL, U, ... DMEEDOIEEE m KU Ly(uius .. . uy) = m 229 & E (W;,S,) 280
L EREMEE LT (W, Sy) I8 S MRMENFEORAEE #° LB se P ITHL
sDkEFEHDOHRT % s(k) e Sy LEFE, ¢s(k) :=s(1)s(2)...s(k—1)(Br) € Ay &EL. &
EU By €Ly i s(k) = s5, 2HTHOETS.

FNTEEFEMT 74V V— FRIZBI2 A, EOMEFOBBREEERRS. £3
weW &—D@ERY _
Ay = Aw,—) TTA™ I A(w, +) (7)
YD, F W OBRETE w, 2B Y, we X AL ODEEOTOREE2AIIRIESESH
5 Aw,+) = Alww,, —) &725.
we W IZHU A(w, —) EDORIERF XD TIECHET 3.

1. 2T EBEB n LRTFOESD filtration [ = J, 212022, =0 ZEX
2. I Weyl BED Ty € Wy, 90 € Wy, ooy yn € Wy B X OHERMGHNGE so €

Wie,s1 €W, o sn1 €W &, IRDEM T £ 5 ITES

(a) 0 =V (Jo,w”,1w) S V(Jr,w’,y1) S -+ S V(Jn,w'",yp) = Aw, —).

(b) V(J;,w’i,y;) = V(Jio1, w1, y; ) Mwli-1y; 1@y (s;-1) (i=1,2,...,n).
3. ZOLEMED ae Alw,—) &, HBEIBHE(1<k<n) BITEEHp ZzHWT

yk—1¢5k_1(p) (8)

Y#EIFE. 22T Aw, —) FORIER < 2RTERT 5.

a= w1

ka—lyk_l ((bsk_l(p)) < le_lyl—l (Qbsz—l(q))

Wh<)Erdk=0p<q (kipqgeZeikl<n). (9)

ZORNEF < WEIEF 720, ZOMEFEIE nw ¥ %25, ZT0O7H I OFIETHK
XD Aw,—) EOBINERF < i n TREITEND.

ZFUTA, LOREF < 2RO ITHET2. £ weW 202 0ES, FOTFIE
TA(w, =) BEC A(w,4) = Alww,, —) EORIEFE <_, <, 2 ThETNES. b <,
KT DBRIZHW S, IRTFOES D filtration 72 ¥ D8 T A — X3 I HILIZEA T V.
¥EQEL— hORK AR = {5,20,30,...} LORIERF <o 20X DER. <, ZRIEF
ROFMTHIN. 20X E < ZRTEDS.

a € Alw,—), BE€ AT, v e Aw,+) = a < B <
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a<ad®as< o (o elw-); B<FER< (B8 AP

v<v ¥y <y (1,9 € A®w,+)).

BB A(w,+) LTI <, OFDEFRZHNTWD I LIZER. 20720 A, FOJEF < H
HI3EYNEF TR\,
Ay FOERTOMNEFAZOFIEIZEDFESND LWV OVFHEKROFHERTHS.

EH 25 [5, Theorem 7.9, Corollary 7.10] JEEEL T 7 1 )b — P RIZEWT ETHE L
2lEr < XMERTH Y, 5T A, FOMLEOMNER I FROHETHER I NS,

22 U,(g) DEHRCIEMRELDVER
I BT U, () 2 8AT 5.

EE 2.6 g &MNFLAEE Kac-Moody Lie Bt & U, A = (a;;)! (0 € Z>o) & g D—1%

1,7=0

Cartan 174295, REIT ¢ 12U Q(q)-RE U, (g) ZIXRTERT 5.

GG By By, Ky (i=0,1,...,6 A€ P). (10)
BIR : KhK, = Kxypy, Ko=1 (\p€ P); (11)
K\EiK ' =¢ME;, K\EK'=q¢ M9F (i=0,1,....6)€ P); (12)
K, — K !
q; — g,
1—aij _1 s R
> DT BT R =0, (14)
k=0 - - qi
1—aij _1 a -
— W4y —aij—k . .
> (-1)k L F/ FiFF =0 (i #j). (15)
k=0 - - qi

72720 () BAZAR, P:={xebh* | {(a;,\) e Z(Vi=0,1,...,0) } &V =1 M&ET,
qi = g2l L, nlq, [;ﬂq € Zq,q 1] xENTh - B, ¢- —THRE L T 5.

£7- Uy(g) D2 Q(q)-RE7EZIKTED B.
Uf =(E;(i=0,1,...,0)), U}):=(Kx(AeP)), U, :=(F(i=0,1,...10).
T RO =ZMASENREALT B (11, 3.2.5].

Uy U U =Uy(g), 2®y® 2z zyz. (16)

oI pePIHLU, ={zeUyg) | KxaKy'=q*Wz(VAeP)} B, v



A N 22 ] oy ,
Us9) =P U, (Q:=E5Z%Za; C PENV—1ET) (17)

HEQR =0
WD E, U, (g) 1 QU SR Y 25, 22T g-RBTFH [-,], BRTED S,
[,9q =2y — " yr (v e Q;zeU,yecl,). (18)

Uy(g) IO & 5 1ERBEA : U, (g) — U, (g) © Uy(g), RELLH & : Uy(g) > Qg) &1
5 Q(q)-feBuit 5 X ORAH S 1 U,y (g) — Uy(g) £\ 5 Qq)-RABIHZEDZ 2 212 & D
Hopf ¥ % i 2 L RSN T WS,

AE) =FE®1+K ®E, AF)=FoK '+19F, AK)) :=K\®Ky,

(19)
e(E;):=0, e(F;)=0, e(K,):=1, (20)
S(E;) = -K;'E;, S(F):=-FK; S(K),):=K" (i=01,...,6;\€P).

(21)

& 512 U, (g) RAAREDHFME 2 H55 2 £ RIS W TV 3.

E# 2.7 W % Kac-Moody Lie B¢ g @ Weyl #& U, % 0,7 =0,1,..., 01T U s;8; € W
DA E m(i,j) € Z>1 11{cc} &BL. ZOLZRTEXRINDIEEB &2 W IZfIBET 54
HREEE NS,

AR TT ¢ 80,81 -+ -, Se- (22)
m(i,7) m(i,j)
BIFR 1 Sis58: .. 0 =588 ... (i # j, m(i,j) # o). (23)

%1 28 [11, Chap. 37, 39] & i =0,1,...0 (2K L U,(g) ® Q(q)-R¥ e LTOH R
BT, € AutUy(g) TIREM-THON—RICHFETD. 5T, 7251k g D Weyl HHZfS
b3~ & REAEAE D E RBIFRA (23) 272 9.

T,(E;) = —FK;, T,(F)=-K;'E;, Ti(K\) =K (AeP), (24)
1 Qij B _ai' _ai»_k
T{(Ej) = ——— Z(—l)qu. “| Y ESTUEES, (25)
[—aij]q,! k ;
k=0 ai
1 - — Q5 —ai;—k . .
Ti(Fy) = Canld Z(—l)quk[ I ]} FYEjE; 70 (j#1). (26)
13149 * k=0 qi

Z ZCHIAEEDIL b € B D Uy(g) ~DIEM%E Ty, € AutU,y(g) & FEL . & o IZHIAHEZ
Weyl #£DICDFHIFRIZDOWTIROMEZ S D Z A HHBIIZH SN T WS,



@ 2.9 [2, Chap. IV, §1, Proposition 5]

Weyl BEDIT w € WIZH U w = 84,84, ... 8, = 85,85, -- .55, & w D 2 i Y O FER
L5 Z0eE W NS MM B IZEWTH 54,8, ...siq = 8,5j, --- S5, € BIK
DALD. > THEwe WIZH L, TOMHNER w = si,5i, ...55, BV TERSNDEH

s:W = B; s(w):=s;5i,...5, €B (27)
¥ well-defined & 720, s IFEHELS 7. B — W QYW &2 5.

£ > T Weyl #Duz HRICHIIEEDO T AR I A TEL. LTI THwe WITHU
Tw = s(w) t%<

23 = IR NIV

2.1 fiTHR L7 MER RSB E2FEN— b a ORR (8) ZHIHI OMAMEED MEH %@ U
THHEF2ZLI2LD, a iTHHETZ2LV— R MV E, € Uyg) 242, LnL
—EDIN— bR NV R T 2 72 DI IXETEI O 7Z 1 TiEE b 3, Weyl BEHIZE 51
translation % 113z 723k Weyl B W B X O NS MBET 2 55 K HLEHEE B OE £ T
W 208055, ZOHTIEET gk XV BT 74> Lie B ¥ 5.

210 Ae b T UEIBEG ) : b* — h* ZIXTED S,
1
b () = 1+ (0 — {§<A, A1, 8) + (m)} 5 (neb). (28)

i€ T2 (e,05) = 0y (1,5 € I) 27Tt e, € b* 2REAY 24 b2 LR
te, € GL(H*) 1% Weyl BED LIz 5 LIRS\, 22T Weyl BEW &0t (i €1) T
N5 GL(h*) O % W e, ik Weyl BrIER. % W i W 2 Dynkin
MO HE AR EZ#ERAINZ 250 —HT 52 RSN TWS

@8 211 |8, Proposition 2.1] (¥, MA) I, : {j € I‘ g;,05) = 1} EBE, &
jeiﬂﬁbphﬁdq%ﬂ%kB<tgﬁ”ﬂ774/w~bﬁ®DWMHH%®§E
M p T pfj(ai) =) LBRDBBDVBFET L. 72721 wo, Wo FENEN W, WI\{ 2
%%ﬁ?%é.:@ﬁﬁjwpdiﬁﬁﬁé.éM:Q:{Wﬂjeh}Hh%qa%
< ¥ QU GL(HY) OEREE KL, KA D 1.

W=0axW. (29)

ZZCHAMIBEEE B = Ox B LEDD. THLME21L &0 W O pw
(peQuweW) DI —EHIZETZDT, 545 W — B % 5(pw) = ps(w) TED,



QOETOREX % 0 LHRTNE (W,B) L2V THME2.9 HWILT 5. ¥ 512 Dynkin
MO CRAE p BRFOWNABEZ By > By, F; = Fyu), Ko, = Ko, (0 &> TH
5 Q(q)-RE U (g) == (Ei, Fy, KEY) C Uy(g) IREOAB L UTHMT 20T, Hhkkit
BB O U(g) ~NOIEFMEHTED. 22 T& w e BOMEMAE Ty € Aut(UL(g)) L H X,
w € WKL Ty o= Ty £H<.

— D MIER A S E E 2 FEN— NDOER (8) TIE, ERMNEs e w7 (J c 1) oz
850, LWITBEENTWVWEN, TNIX “HDT 71> Weyl #” W; 281 % simple
reflection (ZHHY T %728, ZDE% Ul(g) ICHRITIEA I E S 720113 559, € W, %21H
Yz W Otk CHERT 2R ENH 5. T OHIREIRXNTE X 515 [8, Definition 3.4].

T 2.12 BTHRNJ C I OFBEERSD J. C JIZHL joe J. T (6j.,05.)=1,%2%
DEEVFEELTBL. ZOLEXEH. S, - W 2IRTEDD.

~ : _— Je Je
Sii=s; (GelJ), Ss—_a, = (t,,) S5 (tgj_c) : (30)
REU g ik, Wy, OBETE we £ BL L& wolay) = —aj, &l THE - OFRTLT 5.

INEE>TEED we W, O UL(g) ~DIEM%E T, £HL. ThTEI P HEL— M
TN — "R MVEEHRTLIENTES.

T 213 FFEM7T 74 VIEL—bR A, LOMEEREZ SNZLE EOFEL—
ae AR IS 2NV —bRZ MV Ec € Uy %, Tk (8) ZEHWTIRTED S

E<, := {TwJ’“—lfyﬁ1fsg—1(1)f5ﬁ—1(2) o 'fSE\—l(p—l)(ESk—l(p)) (a € Alw, —-)) '
\IlTka—lTyk:—lTSk—l(l)TSk_l(z) .- 'Tsk—l(p—l)(ESkz—l(p)) (a € A(w7 +))
(31)
727U W Uy(g) — Uye) & W(E;) == E;, U(F) = F, V(K)) = K, Z#i7=9 Q(q)-
RRBIHTHS. 12 By, :=FE; & U, Esy , FIROMET - RICEXSTLLT .

8 2.14 [8, Lemma 5.1]
Fee A%— XU, 8 =84, 8ip ... 8, ZIfIRRTI—ec=s8;8,...8,_,(q;, ) &7&D,
70 @(s) = sA_NAL CA(L-) 2l THOET 5. RAERMRT s BHIZFIEL,

Es_e =TTy, ... Ti. _(E; ) (32)
e, By 35&MEm-TRR s DD HIZX 5720,

RIZEIV— MRS 20— bR MV ORERKEZ B RS, BV — b X T SOVIZHE KA
BEB O EHWTHREINS [1]. BV —rnd (neZ\{0}) ®7 71> Lie Bt g 128
FBEMEF L THBHS [9, Chap. 7], nd (2T B — b2 M LH L AR T 5.
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¥, U2 A PRI MV Eps o, RIXKTEDS.
Ens—as =TOT W(E;) (n € Zsy,i € 1). (33)

772U Te, =Ty, € AutU,(g) & translation t., € W % B A B I2Ri s EiFs0
ODfFHTHS. £L T

Pin = [8716—041-7 Ez]q n5 azE 2E 8716 o (’I’L S Zzlai € IO) (34)
LB X BIT @, T UIRD & S i) e g 2175, & i TI1ZU
vi(2) == (¢ — q; Z ;2" € U+HZH (35)

L ELVUSR) G U; 2R8I 2RAFEREERTHY, £ rc U THU 22 = 20
EUTHEEDS. 2 UM[[2]] 12l »- 25X 5. £ UT

Ii(z) :=log(1 + ¢i(2) E:an (36)

YBWT I, € UF 258D 5. 7272 USRS log(1 + 2) .= Y00, EU" " om w5z
5. 20 L, xBI— R MR,

2.4 U,(g) DNBIE S fENEE R T 0ORAR

IO UTHR LV — bR MLIebiE, UF ONMEE L IFENS PBW BMORWEEKE
9. £ OMMEE X U T Drinfel’d (2 & % 8&F 8 #{% (quantum double construction)
4] ZISHT B Z ik, 771 vETH Uy(g) OfIFIEE R IT5HON— kX7 MLEH
W BRI RRER R G 2 o T\ (8.

EH 215 Qg)-RE U OWAEE A L2IFE < BEASNTNG LT 5, SRS
Y C AU, X O o ks BFEEMNLBEAORES %

E(X):={E\xEx ...E\, | Ey\, €X, By, <Ey), <---<E), tcU
LB E (N BKORMER BT L E U ORBETHS 2105,

1. &-(A) 12U ® Q(q)-$i%ER & LTORIEY 725
2. HX 5NEIEFIEZOWTOEEOKE I C AL, I TERENG U 05 Qq)-
REz Uy 2B e, &) B U © Qq)-SIEME LTOREL 23,

PR LRIERES A OWAES [ BRETHLL13, [=A 220, £-EH5 r,yc A
XU T (%), [2,%), (x,9), (xy], (z,9), [z,9), (,¥], [z,y] DIt —HT2Z
ETHD. 2720 () :={AeA |z <A} [r,y) ={ eA|z< A<y} FLHBL.

9



EIE 2.16 [8, Theorem 8.6] FEFEA T 7 «+ VIE— R Ay LOMEFZ—DEY,
Ai={Ec,|aeAY }U{Ty(lim) | m€Zs1;i=1,2,...,0}

YL EELweW BMEFE OB TRELERTA—RETE, 272 A FORIER%
A, EOMNERB &I, OEOROIERFIZE > TED 5.

Lim <Ijp & (m<m) 2 (m=m',i <j).

THE E(N) IR UF DMEEL 725,

%8 Chevalley involution Q : Ut — Uy ; Q(E;) := F;, Q(q) == ¢~ ' &5 Q-REDK
FEAH 5720, UF OMEEEZ QT ORIE U, ONEESRSND.

ZOMBEEEANS ZETT 714 VETHE Uy(g) OBMEE R 174 © O BARK LR R
EHRTES. £, 7 UV AMEBENREU,(9) ® Uy(g) ITBWTIHEEBE h 1T L

U 2U)n = @B U U0eU;UY) U,2U, CUyg) @ Uyg)

M1V6Q+
ht(p+v)=h

YEE AP, (U UNn | k=0,1,2,...} & 0 OIEAEER L T 5 & > B AH
& Uy(g) © Uylg) 125 % 5. ZORHIZDWTEML L 260 Qo)-v ¥z U,RU, :=
20Uy @ Uy 8L, Uf @U; € U,20, OBaE UfQU,; £5<.

EE 217 (11, 4.1.2) WE AT BT O € U,0U, 2BHEE R 75 L ITX.

1. ©-A%(u) = A%(u) -0  (Yu € Uy(g)).
2.00=1®1.

Uz e URU, iU 2 = (21)3%, € [[22(Ug®U,)n Tz € (Uy@U,)) 5EDH 5. %
72 Q-RE L LTOHCHB YT € AutU,(g) % Y(E;) := E;, Y(F) = F, Y(K)) = K, ',
T(q) :=q ' TED, A= (TRT)oAoT 2BL. IHITTF VYV ILFEES DA X
P:zey—yez TUy(g) @U,(g) IMHE2 L 2&BM X ITHL XP:=PoX 2ED5.

ZDOO—EENEERDIHOKLOD LD, T LTOIET 74 VI EL— R EDMYE
Il lIZRD LS — bRZ7 MUz k5 BRI BERREZ DD

EH 2.18 [8, Corollary 9.9]
FTT7 T4 VEL—MREONERE —DBEATIL— MRT NV Ec,, L, &K
3—5 ia.j € Io tJ—_E%%ﬁn C:jﬁjb bi,j;n = Sgn(aij)nw tj—o\%’ V) {kJ—_Ejﬁ‘ﬁ‘i‘ﬁu

n(qj_l_qj)
(bijjm)i j=1 € Mat(Q(q),£) DBATINE (cijin)s o1 EBL. REUVEBR 2 2L 2 > 0
molisgn(z) =1, 2 =026 sgn(z) =0, 2 < 026X sgn(r) = -1 LEDD.
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7o Feo = Ub<o) €Uy (a € AY), Jip := QLin) € U_ps £BE, expy(r) =
E((q— ¢ ")2), go = 2@ (@ € A) B L ¥,

Sni=Y_ Ciimlin @ Jjn €US @U,, (37)
ijel
- [ E o7 F o Ae
@< o p— equa {(QQ q ) Sa ® Sy } o E + (38)
- exp {Ty ® Ty (Sn)} a=né (n=1,2,...)
LB, EHEE R 175 © ZIRD LS5 I2FEH T 5.
>
o= [] <o €U BU,. (39)
OéGA+

REUB [[oea, Xo E o < B OLEMOMEFA XgX, LBDEIICEDD. TROBH
DIERIESE-2 & N7z MEE & W25 £ 512T 5.

3 I—KRIMLOD ¢-REBFEICEDERTR

T 74 vETFRE Uy (g) OEFEE R 175 © OBAX (39) %, F— MRS 2502
V= bRZ MVIZET 28T ENBOBMOEIZ > TWa. T I THEDNEF? S 6
DL HZEFRRERRL, 0 O —ZBMIc Ko THENZ/ES Z L THEOBERZ A %8 H
T4, b— bRZ MVIZHAHEOERIC X o TElR TN T WS A, BRI EE X %2 T
% 7=®121% Chevalley KTt E;, F; 12& 20— bRZ MLOE SIZEEN 2GR B e
5. £ TCIOHITIE, MBEOEMTIREIND T, (E;) OO E; 725 DEREID
-RBTETERIIZEE TE L L 2RT.

— iz g 2XFEATEE Kac-Moody Lie 5829 5. s;,8,...8;, € W DMHHIRRD L &,
Q= 8iy Siy - Sy, () €AY EIRDD,

l;a = 1%11}2 LT

k1

(Ei,) € Uy CUS (40)

FERIE B, mbDZHATHITEHZ L1225, RIFI O E, W E; 250 ¢- R TET
BB I L2 NRT.

£ THAAEDIE (25) 28 ¢- R TRIZ L 2T, n € Zxo 12U [n],! :=[1]4[2]4 ... [n]q €
Zig,qg ) &/ L &

—aij

1 - %

TEy) = o (BB (B Bl g (G #0) (41)
13149 *
EFEITLI L, BEO Weyl HBPARZEARMEMRDOI LITLD
T (ly],) = [T @), T )], (@9 € Ugle), i=0,1,....0) (42)
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LIRBHZLIHEEHT D ZO2WEEAWT B, DBADKT T;, |, »SIHIZ ¢- KBTI
BEALTW Z22F250, @ T Ti(E) = -FK, c U ,, "ENTULES>5HEDH 5
DT, ZNERDANEHNTHERT 2.

R 31 (13, 2.35) (EEOEEIE n LHERBRT 1,5 1L, Uy(g) 125V TRASH
URVASR

(s ) (8. 1B = a1~ — i, (ad E) (B (43)

q
— — -1
72720 ad z(y) :i= [z,y], LHE, n=00D L & (a,d El) (Ej) =0 &HIRT 5.

B TR B RE TR, 29 U, (g) OEEERR LD

;s K; — K
E;K; =q;°K;E;, E;K;=gq; ""K;E;, E;F;=FFE+————— E;F,=FE;
qi — q;

K21
G —aq; "
ERBILIIERTAS. S Tn=00,&, F=-FK, OVzA ) —q; /05T &

E;F = ¢ *FE; —

E;F = qi_aij FE;

[Ej, Flq = E;F —q; ""FE; = ¢, ""FE; —q; "/ FE; =0

haRAN b, [EJ,F]q = [Ej;_FiKi]q =0 BREMVOMILLTWVS. \(7\'617 n D& ERNRDFEAL
T ENEL,
Cy = [n]g,[1 — aij —nlg,, Xn:= (a_a Ez) (E5)

YEL X, BTz A P no 4oy DBERDZDS X, K =q, " KX, Lb. 7

L DIBE & D
XoF =q; """ FX, + Cp Xy

B, TS ORMmEREAVIIUE, n+ 1 DEEIFRO IS IZHATE 5.
[Xn+17 F]q = [[EiaXn]q7 F:|q
= [BiXo =" X B, F
q
= B X, F — ¢ "tV pE X,

2n+a;;
1

(X BiF - 0 P, By

12



o) {q;%““j FX, + Can_l} _ g Vs pp X,

ntag K2 -1 Co(ntl)—ass
— g {Xn (q;QFEi— : )—q‘ 2nt1) ”FXnEi}

g —q; " ’
ona [ K? -1 n ai;
—q, " (qi 2FE; — — _1) X+ CuEiXpo1 — ¢ "V FE X,
qi — g;
2n+a;; 2 —2n—a;; 2n4a;; K2 —1
- qz Y qz_ (qz 7 FXn + Can—l) Ez + ql * Xn L 1
qi — q;
+¢; °FX,E;
2
onay, K21
= —4q; ! 1 Xn+ChEi Xy
qi — q;
) 2 (e |
- qf(n_l)"_aw Can—lEi + q'i2n+aw q’L —12 Xn
qi — g;
q.—2n—aij - q?n—l—au

= ([—aij — 277/]% + Cn) Xn.
HEN=002EXC,=0%c22505ZDFEANPMELREHT S, - TR
CO = O, Cn_|_1 = Cn + [—CLZ'j — 2n]qi (Tl Z O)

MWEOALD. Oy = [n]g, [l — aij — nlg, DI QW LREHEZT L IEDIHEIDOND.
DZIZn+1 TEARNNPHLT 5. O

/Hfﬁ 3.2 [13, 420] W = 84, Siy -+ - Siy, eWw ﬁhﬁﬁ,ﬁ%&ji‘%/—?\'& ‘)Oﬁi, Ea = TilTiz .. le_l(EZ )
X E; 2b%zm~ARE - kT Bz 2725 DDA N 7 —fETEHEITS.

SRR k€ Zsy T AWMIETRY. k=10 EF E,=FE;, KVHMHTHY, k=2
DAL 84,85, DEHIRRED i1 £ia THENH, (41) KO WVWRB. £ZTEk>2¢ L, E
XDk RGOBHRRIZONVWT By DERAD ¢-R T ETET L LINET S, 1 :=ip_1,
ji=ip B E, wlhI e Wit w= w{i’j}...sjsisjsisj 72 THDD D HLEINERND
boe B e, wihit (o), wlia;) e AL 27225 Z 228wl OB B X TIL—FROD
HEPSWR D, TOLERINEDIEEX D Ty (B) BEC Ty (E)) FEREID ¢-
SHTRCETBDS, Ty = Ty ... TyTH(E;) &0 &40 . TyT{(E;) B E; & E; DA
EERME - RPTFEEZ L 572D UTEFEZ PV ANET, EFITLI PNV 5B,
E,,E; DFREID ¢- X FETHEITILZ0ORKE F; LB EoTRIZw = ...5;8;5,
DGEI Ey € Fij ZmBIETATHS.

Z ZCIABER p, k1T L

P
Sigip *= Wa (44)
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A\

p
(k) <\ T
‘/i,j;p = Tsi’j;p ad Ej (Ez) = ... TZTJ,,TZTJ H .. [Ez; Ej]q; Ej]q, ey Ej]q (45)

Y. THLMESL RS Z 2 TROMBLRIRE S [13, 4.18].

(1) 1 - T
V,J,p+1 [ aji — 1]q‘! a Esznj;p+1 (Vj,i;p) (aji < _2)7 (46)
yo oL (oY e = —1,a; < -3 47
LIt T (g — 1], ad Vi gp ( i,j;p> (aij = =1, a5 < =3), (47)
3 '
o R o VR A o V) (@ =—1,a;; < —4). (48
4,7;p+2 T [_aji _ 2]q' 1,J;p 1,5;p Q5 = y Aji = :
J
INGEZHWT, EED i # jIZHU s 5, PENERL O B, = ... T;Ti(E;) €

Fij LBk p T IRMETRT. p=1,20L FFWPSH». p>2L LTplUTF
TIEHALTHENETD. 2D E Si,jip WERIR R S a;; < O,aﬂ <0&ixdb. T5L

1 - Ty
Esz',j;p+1 = [_aij]q_! (ad Esj,z';p) (Vi’j;p—1>
e Fy s v

L%, WWEWEDRE LD F, a1 € Fy; o Es, ., € Fij &
@:Z) ##6: aij <~ —2 ajl- <~ —2 @ 61 V(l)l € F 1] ZB:]:U\{%’“:_&] (46) 75‘ 'J%%WE"J
Ve Ty kB IENVRD. $ay = —Lau < —40Fas VI v
VA, VB € Z; I 3.0 1T & o THEEREDD SN, WHER (47), (48) 1 & D A
1
V( ) V(j)p 1 cZ ZJ 75);}375:5
aij < —4,a5 = —1 DAL, FE 3.1 &b

1,J;p— 1)

T (1B 1B, By, = (B, Bily, B

q
b AR AL}
1 - T2 o)
ESi,j;p+1 - [_aij]qi! ad ESj,z‘;p (‘/},i;p—Q)
YT E, vﬁ)p o ay = —laj; < A DHBADKENS Fiy OXTHS. £oT
Esi jpr € Fij 785

ﬁ%éﬂf’ (aij,aji) = (—1,—1),(—1,—2),(—1,—3),(—2,—1) (—3 —1) O)i%él\ﬁt, Si,j;p
DNRRIZR D p BARMEL 2720V OT, i 3.1 2 HWTHEE By, ZilHT222T
JU DI B Z e DHEID NS, 72 EzE (aij,aﬂ) = (—1, —1) DR-1

1 (8L By E [T5(E:), T;(Ej)], = (£}, Eilq, T5(Ej)],
i 3.1

= mqj [1—(-1) - 1]qui = E;

TjTi(EJ)
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X O IRDOENR 215 5.

TJ,,TZ(EJ) = El if (aij, CLji) = (—1, —1) (49)

Rz g DIV — FRDS simply laced TH 2D, 7205 a;; =0,—1 (Vi # j) L2 5HF,
E, OFtHEZLL RO LS THAMIZITS 2N TES. £7 - R TH%E
XY
V=), (XY eU,). (50)
EMRT 5. BlZIEERSIE B; (28T 58T Serre BIRA (14) I ZkD k5 ic&E ) 5.

1-ij
1iii - i1]

_ (;d E)l (B;) =0 (i # 7).

ZEUE 235U THIZ b BT 5. ZORBITL - T, 8 ¢- KB TFRED
MOBLCHRBINDLE AR U THBLRSEERTZ LA TES.

T OITER 3.2 DAL D, A 2 simply laced 72 & EiF, fIIER s 1= 54,85, ...8,,8; €
WIZXHU Es :=T;,Ti, ... T;,,(Ej) € Uf RS “HARZRDT TV XL &> THAR
R TE 5.

1. ¥ -MEHE, Thz 1 D0ELTPORZ - ORERRT. TOEIRT j &
HIER 54,86, ... 85, ZALT. DX D “NDROBEIIRTS L OHHIRRD 2 DDT —
RERFETD. m=0DL EEINZITTHIEIIKRTLU Es =E; £725.

2. “HRDEZEIIN U TV IBRUROBEZTS. BITHIPNTWEIRTZ p, IR
N Sjy Sy .S &P KL
(a) k=07%oXDEIN L TROEMELITS Z Lidkn
(b) k> 1 OBARENIMLY jp £p &85, aj,, =0 D& T, (E,) =E, &

DRI FRDIN T s, ZHIRT D, ZOHEZ aj,, = -1 725 T THYIRT.
() 85,84, ...85, ,(ap) € A_ 72555 1F, exchange condition [9] & D

8j18j2 e Sjk—l = SjIsz e sz_15j1+1 e Sjk—lsp

&fiéﬁ%lﬁ)ﬁﬁj‘é ZDe& % Cijp = Cijk =1 BJ:U\%%EU (49) c]r: D

lesz s Tjk—lTjk (Ep) = lesz .- 'sz—1sz+1 .- 'Tjk—1Tijk (Ep>
= lesz .- 'le—lle+1 .. 'Tjk—l(Ej )
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LD TIDEDRT p & ji \ICERZMIIRIRE 55,85, - Sji1Sjies - Sjus
CEMZ D, ZOREE sj,85, ... 85, (ap) EAL LD FETHEDIKT.

(d) 84,84y -8, 4 (ap) € AL ERBEGHIX, TNETOERIELD aj,, = ap;, = —1
LB, (41) &0 T, (Ep) = [Ej, Eplg £70, ULDH 5,55, ...55,_ 5
BEL 5,8, ...8j,_,Sp FEBITHHNRRE LD, TITRO LS 1Tz DT
TODFHUWEERERT D, 72720 s =58, ...85,, £BL FILWETE
P SIEI FNENIRED jop L7520, BERIX L BIT s L 15,

'« P
3. TRTOEIZH PN T VWAEHNERROREIN 01225 T LELOHREEZBYIRT. &4
ETHNRROES ZEIZEL L0 T, ZOTFIEIZEREOEHEETKT 5.

Bz g=sly D& TyT\Ty(Eo) BRD X SIZAETE S, 272U [n] B2 DEDRT
BEL, TOREOES iriy... ZTOEOMKIRS 5,50, ... 28T, FHBHEROESH
012>z bW FAERT [ #IMOES.

e ot _ME s R

ToT'To(Ep) = 012[0] = “~— = _

c]: ")T ToTlTQ(E()) = |:|:[E0, El]q 5 [E07E2]q:|q ,E1:| 2_’_ 73?%)

q

4 EEA AR (2) DEH

B Ic B A AR (2) DAEMOMEEBRARS [13]. UFg=1sl 235 3 AV
FIAVEL— FRIEBWTHEF 2 EDH 55T A= 2% w = 51, Alw,~) LTI
Jo=1= {1,2}, J1 = {1}, J2 = 0, s := (508152)> = 805152508182+ € #3°, 81
(85-a,81)° €Wy =1 Wy, y2 = 1€ Wy, = {1} &EV, A(w, +) = A(s251, )
ETix Jy=1, J, :=1{2}, Jo =0, so := (505251), $1 1= (S5—0,52), y1 =1, o =1 &
BRI RO 2 TBEMNER P ROND.

i

0—a1— <0 —ag <20 —a1 —ag <20 —ag < ...
<1 <d+o <2040 <304+a1 <...
<0<20<30<4d< ... (51)
<301 <20 —a1 <6 — oy
<0t artas<dtas<atas<as.
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ZDOMERPSEE DN — IR MUVEFIHIOTNVI) ALEZHAWTETEARPIZEST
T, 7= (g 12) % Dynkin MEOHCRE L T2 &, fli#EE R 750 —EEL Y

0 =r®7(0) (52)
(0)

£

MRE 5. RIZ Dynkin quiver o := D D 25U
{ B, Ej), ® L,1® [F, Fy), ’ clETi i EED } CUFRU; (53)

TERIND USRU, OWfA F7VOMEE [ L B5E, D :=UfoU, /1B, T5L
BHERY - UfQU, — D BROWEED L Abh 5. 0B ZOMEAKE— Ko
U,(g) B & U Dynkin quiver o 12 UTHWHTH 5. L IOWEEZRFORBUX, U %
HOERIED - EHFR L UTHEBT L Z LT LY BARIICHKR T2 TE 5 [13].

e o N4 —>] 2HD = WU([Ei,Ej]q X 1) = WU([l & [FZ,FJ]) =0.
® ;= ﬂ'o’(_(qi —qz_l)QEZ@FZ) kj5\< t, {y(?)noy?hy;nz ’ mp € ZZO} Ci D a:jb‘lz\f
Q(q)- S A

£ 2T yo, 1,92 € D OREBERAZ 1190 = ¢*Yoy1, Y2v0 = ¢PYoy2, Yay1 = ¢*y1y2 TR
CENBZLWDNE. EHITae AR BV — FTRVE E (B ®1) =0 L%,
gV — R X7 MUIZDOWTH 71,(T1(pin)®1) =0 (Vi=1,2;Vn € Z>1) £72>TWVWEH I &
PI—FRT MVD - FFRIZEDRRDPODNRS. Lo THMIL— bR MLDIAEER
B, OBIZH VTR L, BNE R ORAR (39) £ 9 m0(0) = E(y2)E(y1)E(y0)
YD, ISIZHL DEENBEL R LD, 1, (rR7(0)) BRIV — FRZ MLOERRE
AWTETEET S Z LIT& D, &EIIZ (52) 2 5IRDIEERIFoNS.

EIE 41 (EEE [13) ¢ 2 AETE L, 3 BHOIETHi BB Q(9)|[vo, vi, v2l]
ZBIRE viyo = oyt v2v0 = @PYoye, Y2y1 = ¢Cyrye B AN TE £ 2 5872 Q(q)-
REUZBWT, ERBEE yhyyy: = gimtmntnlylymyn (1m,n € Zsy) LEDD. ZDL
SRDNEFEXNPHILT 5.

m>0

E(:y2:)E(y1:)E(Gyo:) = { 11 E(%”“?Ji”yé”i)E(ryS”“yi”“yE”:)} E(:yoy2:)

x E(—q:yoy1vy2:) "E(—q¢ “yoyrya:)

m>0

-
< E(y1) { 11 ECW@/T“@/S”“:)E(:yS”y{”yS”“:)} :
(54)
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> — —
772U HmZO Q1= ApG10a2 . . ., HmZO A 1= ...a2a100 £ EH<.

F13 2 1UiE Reineke AME7 0% R [3, (4.10)] DEFIICE>TWS. 2 LTI D%
IZHEWT Yo = T2, Y1 = L1, Y2 = q{1315132_1 %fﬁ)\bf%ﬁ%ﬂjj‘m&i (2) 75%\%"“‘5%5

BT 52 2ic&oC, HSR (3) DEHIZEHINLTVDEA, b— b2 P LOFRIE

BEE. AV BT 74 VETEE Uy(sly) ORSE RTAORERE H S 3 (780 MEFH
5
SIZEME 725, BpolEER (4) 1 DIV MOE 0 SEETES L FHIATWS [14].
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