On Soergel bimodules

BT FCAT

BZE
Soergel MANIAFDHH 722 ERICHE DI BEILEEIPBONZDT, FNIZO>VWTOHE %
15.

Soergel i & 2 ELEH [Soe07] 225D & 5. (W, S) % Coxeter R& L, k &k, V%
Wok EORERRTGEE LTS, UTHIZSIZAERTHLLRETS. R=S(V)%2VE
DN LTS, ZHITIZERIZWHEAL, IR VOREE 22352 & TIREN
SRE LS. SOTEHBLE WOTEHFERL NS,

EE1 VHIEBEETHD LIE, ROZEEDHZINDEILTHS.

(1) VIZREER W ORH.
(2) t € WIZHUT, codim(Ker(t —1)) = 1 & t B’ TH 5 Z 2 IXFAMH.

—fIT, WBMBEM = @, ,M iz LT, TOXRKSTSL M(k) 2 M(k)' = M,
M(k) = @, Mk) & EDSB. s € SIKHLTR = {fe R|s(f) = fl s
&, WA ST RIBEB, % B, = R®p R(1) L& DD 3.

EE2 81,..,85 € SBIUPnezizfLT, Ml RINEE

le Or le Qr " ®gr le(”)
225, ZOROMBEOEMOEMRAT & LTHNSHEM R MEE% Soergel MiIINEE &
W,

8 % Soergel BIMNAE? SR 2B LT 5. S IXMAMBECHEMEEE & 2BETHL TVR
WZZIERLTE I 5. § OHH Grothendieck #f (8] &1, {[M] | M € S}tk vk
gEh, BRR[M, o M) = [M] + [My] izk 0V EHEINZ ZIBETHS. [§] i}
[M][My] = [M; ® M| £ O o[M] = [M(1)] iz & D Z[v,v | REDHEEH A B, 727
UviEREITLTHS. Soergel DE{LEHIX, ZD [S] 5 Hecke BHEMAEIZAR S Z & % ik
5. EHEOFEMRERDZDIZ, Hecke R A 2EHEL TH L. EHMLIE Soergel [Soed7]
ZHES.

EHE3 {H, | we W} TERIh, ROMBRAICLVEHIND Z[v, v | RfE 7 &
BX.

o (Hy—v')(H,+v)=0(s€S).



On Soergel bimodules

e« H,H, =H

wq

w, (wy,wy € W, E(wlwz) = Z(wl) + Z(wz)).

E<HSNTWBLED, H W {H,|we W} 2HELT5HE Z[v,v | BTH 5.

Soergel DELEHD EFRD/-DIZVW DL OMEB LS 2¥MT 5. ERERM
BEMAPEETHZ LI, M ~ QR(n;) %55 n, € ZWFETHILTHS. TDOLE
gk(M) = > v € Z[o,v | 2Bz € WikEKaz:V - V 2EDEN, %

1

Y57 (z) % D(z) = {(vav) | v € V] 2@Eshs. 352, B c SEHLT
supp(M) C Spec(RQR) =V x V' i3 I'(z) DAREADHIES LB Z L, BHIPOE
G5,

X 4 (Soergel [Soe07]) VH W OHEMBERIRE L SIX, IRAFKDLD.

(1) x € WIZK U TEBENZ Soergel @mHIINEE B, € § T, supp B, = U I'(y) 8LV

y<z

BfElI(x) ~ R((z)) iz S DB —DHFET 5.

(2) S DEBMNRIIDZ x € WELDFn € ZIZHLT B, (n) L.

(3) BeStre WIHLT, Wit &%k RIME B, EEHENTTHS. B € SI14
LT ch(B) = ;Vv-f@) grk<B| F(m))HQ, € H 252, [B] b ch(B) & Z[v,v 1] &
BORE (S|~ H 25X5.

EHPS, {ch(B,) | ¢ € W} R H OREEZEXS. chark = 0751, ch(B,) &
Kazhdan-Lusztig 2B & —83 5. (W,S) Ml Weyl L LTHEX 50 TW 54
1% Soergel [Soe90] 12 L h RENT WS, —fkDIHHE X Elias-Williamson [EW14] (2 & Y 3t
HI Nz, ) D& Kazhdan-Lusztig K & 1Z—HE T, H OF-REEE25X 5.
EEDHERIZE D, Z OREEIIER p DK ETES X - ERAREE D REN 72 K O B
BELELBELDZ N> TE /.

Lusztig PRIZEN/- DD T 7 1 > Weyl BEIZ 53 % Kazhdan-Lusztig ZIEHATH -7 Z
EhORBBREING L DIT, FEBIZET 2HNRBEEORIRIIBVWTIET 7 1 » Weyl B
WZX 3 % Soergel Ml %Z2EZEXZDNERTHS. ZDHEXIZE DT E, Riche-Williamson
[RW18] i, I REBEDMEIBE DI ch(B,) Wik snd Z 2 2 FHL, h %
Coxeter & U7z p > 2h — 2 2 S IEBENEE 2T 2 AR ZO PRI/ LN
% Z & %R U 7z. Achar-Makisumi-Riche-Williamson [AMRW19] iZ & b Z D Z DIEE
ARBRENII2D, p > 2h — 274 51F, BRARBEEOBHRBE OB ch(B,) K& b
5zoh3. ST, TOBOVTHEW, T C G 2FEXTWAEHNREHS LB H—
S, X(T) 22 0O#ERL UK, X (T) ®, k 2EX500¥ERTHS. LirL, Z
X7 714> Weyl HOERB & UTIZRETIIARL, FICHEMEBEIZIZRDERV. fEo

2
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T Soergel IZ &2 EMEZTOFE FWAT 5 Z LIETE2R\. Elias-Williamson [EW16] 1%,
VB RSER G & ICE S 24 e /RN L0k L, ZoEkx e EiRickd—
D (Be»G5tb2m723) VIEHULTHLLBE D 2E#L, ZDE®D Karoubian &
& Kar(2D) 7% Soergel O RE{LEBL DR % i 723 Z & & /R U 7z. Riche-Williamson @&
T, ZOEPHELNTWS.

X C, Elias-Williamson 2 X 2B D %, ot BRI X VR NnG. #-T, H
LHLLDSDEZRLIF—ANTHNZETERINS. Lhrd, ZTOBERNIEEICEH
Thb. b THAMBENL] EBPIEELRVDR LIS DIXARTHAS. A
DHIWIZZDMWIZEZEZEZX5 L THS.

ZOMRERRE S, T 4B 5 B, OREMITICE, &2 € WIZHTE757
[(z) BEEAREE T, VEBRETR WY, HAsz ¢ WIHT 5 D(z) 55 L
TLEIEWVWS ZEMRID, INHEHADOBLEBITTWS., ZOFEREH LI, R
DES%, BWRIZT supp(B) ODIEHRZF-E-BE2EZHILIZLED. Q & ROEKRL
5. RCERINLE CH, Wl R IMBEOBEDORDD &5,

%% 5 mﬁﬁ%@MRMﬁmnﬁﬂ@M®RQ:e%mw@@ﬁ(MxM@%Wymg
LBEECeEHLS., ELm e MogEmf = o(f)mz2®TD f e RIZHL Ty,
CleBITBE o: M — N2, WHEO O RMFEOERTITH-T, o(Mj) C N %
BTCOxr e WIZHLTiiZd2D0DI L THhb.

— Ml R ANEE MIZH LT, m € M|F(m) Emf = z(f)m% f € RITHL Tt
T TROD, Mo M| EbEEEOMEE L TRADTENLDOTHS. ZOIL
Mo, BUVIBERSIEIDMM = &, Mg 1& MO R AL L TORIED A
SEED, LoTC WA RMFOZTEDTIHIE L B> TWE I eAbRrs. €D
HEUITEWT, BRI UVIFLIRERBL TEPNDS. MMNe CIZNLT, MONel %

M®N = <M®R N,(EBW:ng ®o Ng)%W) CEDEDS.

BIF, Elias-Williamson [EW16] (Zf6\, VIZIROZEBFZFLTEL. K s € SITHL
Ta,eV,al e V BEASNTHY, WeAMAETILA2HET 5.

(1) (o, ) = 2.
(2) s(v) = v—(v,a))a, (vE V.

(3) a, # 0, a¥ # 0.

chark # 272561, =DOHOERMEF—DH»SMKS. ZDLE, B, = RQp RIZCON
KOG %
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,Q(55®1—1®s(5$)) T =e,
(BS)ZZ RO, ®1-1®94,) xr = s,
0 x Fes

LEVEDDIENTES. 1EL, 6, € VIE(S,,0)) = 1 &MEITILTHY, LI
fRIZZ DO D HiIZkohw, ind, bODﬁ\ﬁtpisuppW( ,) C {e stz kb —TEMZ
EED. BRIFFAMKIC, BS %, sq,....5,€ S;n € ZITHLT

B, ® - ® B, (n)
DEDONZLOEMODENKNTFPo/RONINREENr S LB LTS, Z05LGOELE
Bz FIRT DR, ROREEZBL L LT 5.

RE 6 st DA mAPERERZHMs,t € SIENLT, M = B,® B, ® - B&U
N=B®B,® % B, B,ZZBIZmfET >V )VLtDtdd D& oK
IRETD s, t THLT, H5HM - NTH->T, (1 1) (1®1)® - € M%
(1®1)(1®1)® e NIIBTELDOINFHET 2.

DEMEEEWHRTIONRESTEI2ONRLVONEFHIZIZLLSRVWD, BHIC
MCTEL+NEMELE UTLANRNEH B, p b SFRERZVE, BHREHELSBET 71V
Weyl # & 2 DRENEZ O+ 5% 5723

WMET (s,t) C Wk {s,t} DERT2MAMEL TS, HU st DML ERE 25 H
s,t € SITHUT VD (s,t) ~NOFIRAFEME L S, (KE 613 s, 2L Tz b,

SEEA Soergel I2& B b e b L DREERE (GEH4) 25, wy & (s,t) DEEITLET 5. K
S (s,0) LEHL 4 W T DT, B, "ML, THUE M,N OERIKNT& %5 2 &b
»%. M~ B, < NZE4EHBETIE, REOH L5, ]

supp,, B = |z € W | B? # 0] £ 5<. ihB-+B®Q=@%W&;+Bg@@&
BTeF 5. VEWORE L UCTERETHLHAIE, supp B = Uycqupy (3L '(7) TH Y,
B & Bl t#WTé ULOHREDS LT, EH A LE<ALERFRLITE. A0
fib, COBAIEEEEENTES 2L kS,

EH 8 ([Abel9]) KE 6 DRI ZIRES S &, RAKD LD,

(1) &z € WIZHUTHEBERNERNR B, € §T,supp,, B, = {y € W |y < z}s
KO (B, ~ R(E(x)) 255 0H5EAHHET 5.

(2) S DEBHING B S 2 € WHEUn € ZIZHLT B, (n) &AL
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B)B € St € WIZNLUTERKRINEE B ZEHBNEFCHS. B € SITHLT
ch(B) = » v grk(B")H, € H £ 5L ¥, [B] v ch(B) & Z[v,v™!| BRI

reW

8] ~ H 2 5-A 5.

VICET 54 FOBEDS LT, S BKOME L SBEAMTHS 2 LAVRE N5, VA GKM
N 20, EED w,wy € WB XK 81,5, € SITHUT, wys;wyt # wysswy b 72
518w, (ay,) & wy(ay,) B L R ZLTHS.

* Elias-Williamson 12 & 0 E€# 172 & D O Karoubian wWi& Kar(2).

o W H' Kac-Moody #®D Weyl B TH 5512, LK EDONY T 1 GO 74 B [FW14].

e VHGKM &M% 729 61E, (W, S) I3 5 Moment graph D EH 7 g D
723 P [Fie08].
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