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Abstract

Let H.(F) (F = R,C,H) be the space of Hermitian matrices, and we consider
the bounded symmetric domain D C H,.(F)C. In this article we present a result on
the computation of the weighted Bergman inner product on D of a polynomial on
the subspace H,/(F) @ H,»(F) and an exponential function on H,(F). Also, as an
application, we present a result on explicit construction of intertwining operators
from representations of Sp(r,R) to those of the subgroup U+, r").

1 Introduction

Throughout the paper let F := R, C or H, and write

H,=H.(F)={XeMF)| X=X}
Hf = H!(F) :={X € H,(F) | positive definite},
HS =H (F):=H,(F)2pC, M, =M, (F):=M,,F) 2z C.
For X € HE(F), let X be the C-conjugate of X with respect to the real form H,(F),
and for X € M, ,(F), let X* be the F-conjugate transpose of X. We extend X — X*
C-linearly to the map M (F) — M (F). Also we write d = dimg F so that d € {1,2,4},
and write n = dimg H,(F) =7+ &r(r — 1).
Next let D C HE be the bounded symmetric domain given by

D :={X € H | I — XX is positive definite}.
Then for f,g € O(D), the weighted Bergman inner product is given by

(o) = [ PG det(l = XX dx,

where we set

Cri= ( [ det(r - XT)*ax) - & _ r (Fx(i . i({f(; i))U) |

Here we omit the definition of det(I — X X) for F = H case. Then this converges for all
polynomials if A > 22 — 1. Let H,(D) C O(D) be the corresponding Hilbert space. Then



Sp(r,R) (F=R)

the universal covering group G of G = { U(r,r)  (F = C) acts unitarily on #,(D). For
SO*(4r) (F=H)

example, when F = C, G = U(r,r), the action is given by, for Ay + Ay = A,

TAL Ao ((é g>_1) f(X)

= det(A" + XB") ™ det(CX + D)™ f ((AX + B)(CX + D))

We note that det(A*+ X B*)~* det(CX + D)~ is not well-defined on G'x D if A\, Xy ¢ Z,
but is well-defined on the universal covering space G x D.

Next we consider the decomposition of P(HY) := {holomorphic polynomials on HS}.
First we recall the determinant det(X) on HC(F). This is a polynomial of degree r
satisfying

det(gXg*) = det(gg*) det(X) (9 € GL(r,F)¢, X € H (F)).

When F = R or C, this is the usual determinant, and even for F = H case such polynomial
also exists. Then for m = (mq,...,m,) € Z" with my > -+ > m, > 0, we define
Am(X) € P(H;) by
r—1
Am(X) = det(X)™ ][ det (()1<ije) ™™
k=1
and let
Pe(HE) := span {Am(ng*) ‘ g€ GL(r, F)C} C P(HF).

Then we have the following.

Theorem 1.1 (Hua-Kostant-Schmid, [3, Theorem XI.2.4]).
PH;)= @D PulH)

m1>e>my >0
We define another inner product (the Fischer inner product) on P(HE) by

0

_ 1 — 5
(f,9)r =7 (6_X> f(X)

— — [ S50 Pax

™ JHE

X=0
(see [3, Section XI.1]), and for A € C, m = (my,...,m,) € (Z>o)", we write
! d
O =TT (A=56-0) Q=200+ DO
Jj=1 mj
Then we have the following.

Theorem 1.2 (Faraut-Kordnyi (1990), [3, Corollary XIIL2.3]). For f = > fm, g =
Y gm € @Pm(H;c) = P(HE) we have

Foan= Y o g

> Smez0 (Mm
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Next we recall the reproducing kernel of (-, -)r. It is given by e (XA that is,
(F(X), ™) = f(A)  (f € P(HY))
holds. Therefore, for f,g € P(H) we have

(Fogin = (FOO, (o), D) Y = ({F(X),e"0D) g(a))

AX F,A

That is, f — < fs etr('z)>>\ does not lose any information. Moreover, by the result of
Faraut-Koranyi, we get the following.
Corollary 1.3. For f = fm € @D Pu(HS) = P(H|) we have
<f etr(-Z)> = 3 Lfm(A).
’ A (Mm

my2--2my 20

Now let = ' + 7", and define Proj, : HS — HS, Proj, : H® — HS, by

(T Yy o (x oy
Proj, (y* z) =, Proj, (y* z) = z.

Then again by the Hua-Kostant-Schmid theorem we have

P(Hy)= @ PuHy), PHn)= D PHy).

k1>->k.>0 11>->1,.1n>0

The aim of this paper is to compute
(F1(Projy(-)) fa(Projy(-), ™M) - (fi € PulHS), fo € Pi(HS)).

This is computable if k = (k, ..., k) so that Py, k)(HS) = Cdet(z)*. In the rest of this
paper we assume this.

2 Main result and applications

ro vz b
r,a € HS, y,be MS sy 25 CE HS,. Next, for k € Z>¢ we write k, := (k,..., k). Also, we
——

We fix some notations. For X, A € HE, we write X = (I* y), A= (a i) with

<

identify 1 = (Iy,... L) € Z" and (I,...,1»,0,...,0) € Z", so that

T d )
(M, 41 = (N ket bt o (/\ - 50— 1)) I1 <>\ - 5(] - 1))

J=1 k+l; j=r"+1 k
holds. Next, for l € Z" with [y > ... > Il > 0 and for f(z) € P(HS), we define
fmyn(Z,C) & Pm( ) (9 7) ( //) by

flz+¢) = Z Z fm,n(zvc>’
>3

morn ZO ni Z“-ZTLT// 20

This is a finite sum since fpn(2z,¢) = 0 if |m| + |[n| # |1|. Then the main result is as
follows.



Theorem 2.1. Let Re XA > 27” —1, k€ Zsy 1€ Z", 1, > - > 1 >0. Then for
f € Pi(HS), we have

<det(x)kf(z>a etr(XZ)>,\,X

- ?i;iﬁl: det(c — b*a~b) "M+ det <§C> det(c — b*a"H)M*7 £(¢) (A)
(A=5),, (B~ (e

:Wdt() ;m;fmm(ba b—c,c) (B)
=9, (k-2 L

:Wdet(a) ; (/\ i ) men( b,c—b*a b) (C)

= = /) det(a)® Z(—k})m (/\ + k — g'f’l> fm,n (b*a_lba C) . (D)

m,n

The proof is given in Sections 4 and 5. Especially, by (D) we have

Hdet( (2 H <d€t “f(2), det(2)" f(= )>
— <<det(x) f(z),etr(XA)>/\, det(a >FA
d

\— gr/ -

_ ( ),ﬁg/ ,) Z( k) <)\ Tk 57/) <det( ) fm711 (b*a_lb, C) ,det<a)kf(c>>F7A
A= g,,,/)k "
)\ k +1 A— gr

=r

(
D)
(r-

(N 11

S

] (—k)o., <>\ +k— %@’) (det(a)'f(e), det(a)*f () .,

2

ot

Corollary 2.2. Let Re A > 27” -1, keZs 1€ Z’“”, Iy, > -+ >1.n >0. Then for
f € PI(HS), we have
()‘ _T)k WS 2

d
2
Vs (= &) |det(@) s,

Hdet(x)kf(z)HQ

Now we assume 1= (I,...,1), f(z) = det(z)". We define ¥™(z) € Pn(HS) by
Z \Ijm(Z) _ 6tr(z)

my1>-->m ;>0

When 7 = 1 we have U™(z) = +z™. Also, for m = (my,...,m,»), we write m" :=



(myry...,mq). Then by [3, Proposition XII.1.3] we have

f(z+c¢) =det(z + c)l — det(c)l det (I i \/5—12\/5_1)l
—det(e) Y (=) (mt (Ve eve )

€ @ Pm(HS/>Z ® 7DL,"//—II‘IV (HS/>'LU7

my>--->m,n >0

and therefore fu, Ly—mv (2, 0) = (=1)™I(=1), det(c) @™ (\/E_lz\/E_l) holds. When r” =
1 this coincides with the usual binomial expansion

(z+c) clzl_: )™ ><)m Zl_: )" >mzmclm

m=0 m=0

Therefore by (D) we have
(det(x)" det(z)!, "))

- (/\ _ %TJ)ET” det(a)" Z(—k‘) ()\ +k— gr') 1, (b*a‘lb c)
e O ), S 2 Hm (A= 5r) S (7

(A N grr,)k " k d !
- s, ()\ - %7”) // det(a) ;(—k‘)m ()\ +k— 3" )LW i

=T

X

X (=)™ (=D det(e) 0™ (Ve bra T by/e )

. B k,. 20 /1, k)m(_l)m
a (Mg, 41,0 (A= 87), det(a)" det(c g( AN—k—l+dr+2)

x U™ (Ve 'braTlbye )

_k)m(_l)m ym (\/E_lb*a‘lb\/é_l)

_k>m<_l)m ym <\/E_1b*a_lb\/5_l)

A1 -4y Atk — 2y
— ( o )(E:\; ( i ! )LT’ det(a)* det(c)"
k+l,

Now we write



When " = 1, this is the usual hypergeometric function Z M . Then the above

result is summarized as follows.

Corollary 2.3. Let Re A > 27" —1, k,l € Z>y. Then we have

(A+z dy. )@u (A+k—§r”)£l

AX (A)kt,

x det(a)¥ det(c)'o ( N _Z’

<det(:c)k det(2)", etr(XZ)>

z+"’f by )

Remark 2.4. This o Fy coincides with a special case of Heckman-Opdam’s hypergeometric
functions of type BCy» (Beerends-Opdam, 1993 [1]).

This work is motivated by branching laws for the symmetric pairs

(Sp(r, R), U, 1")) (F = R),
(G,Gh) = (U(r,r), U@ ")y xUF@", 7)) (F=C),
(SO*(4r),U(2r',21")) (F =H).

We look at the example F = C. In this case, as representations of U(r') x U(r’) and

U(r") x U(r") we have
PHS) = @ PHS)~ B Vk(,«/)v X Vk(Tl)’

k1>-2>k,. >0 k12-->k,.1 >0
Cy _ CY ~ (GO (")
P(Hr”) - @ PI(HT”> — @ ‘/1 |Z ‘/i .
>0 >0 >0 >0

Here we omit the definition of notations. According to this decomposition, it is known
that the restriction of the unitary representation Hy, yx,(D;,,) of U(r,r) to the subgroup
U(r',r") x U(r",r") is decomposed as

HAH—AQ (Dr,'r> |U(7”,r”)><U(r”,'r’)
@ 7‘/ 7‘// A 7‘// 7,/
= Z HA1+>\2 (DT',T”v Vk( v X Vi( )> X HA1+>\2 (DT”,T'v Vi( v X Vk( )>

k1>-->k,>0
l1>->1,1n>0

(see [6, Theorem 8.3]). Now we take following functions

Y

— U(r')yxU(r")
filw) € (Puttf) o WV BT

— =) Ur"yxU(r")
f2(2) € (P(Hz) @ V7RV,

which are unique up to scalar multiple, and define a vector-valued polynomial F'(A) €
PHE VRV R R by

F(A) = (09, £1@) (),
Then the following holds.



Theorem 2.5 ([11, Theorem 3.10 (1)]). The following map intertwines the U(r',r") x
U(r”,r")-action.

J H)\1+/\2 (DT,T) — H)\1+/\2 (DT’,T”a Vk(r v X ‘/l(r )) lz’ IH>\1+/\2(DT”,TU ‘/l(r v X Vkr ))’

Fom= (D)o (x=(2 %)

0X
Especially, if k = (k, ..., k), 1=(l,...,1), then up to scalar multiple we have

a bl . k 1 —k,—l . —1 -1 -1
F <b2 c) = det(a)” det(c)'2 F} (_)\ s %,\/E boa 'bive |,

and therefore the following holds.

Corollary 2.6. The following map intertwines the U(r', ") x U(r", ') -action.

A

F i Hoagro (D) = Hing+i)+00+0) (Do) B H 3404 (i) (Dyrr 1),
0 T
o (2o (x- ()
xr=2z=0 Y2 <

20X
Remark 2.7. There are previous works on differential symmetry breaking operators by,
e.g.,

o Cohen (1975) [2): (SL(2,R) x SL(2,R), SL(2,R)),

e Peng-Zhang (2004) [12]: (G x G,G) (G: Hermitian),

o Juhl (2009) [5): (SOo(1,n), SO(1,n — 1)),

o Ibukiyama-Kuzumaki-Ochiai (2012) [4]: (Sp(2n,R), Sp(n,R) x Sp(n,R)),
o Kobayashi-Orsted-Somberg-Soucek (2015) [8]: (SOy(p,q), SOy(p,q — 1)),

e Kobayashi-Pevzner (2016) [9, 10]: (SOy(2,n),SO0y(2,n—1)), (Sp(n,R), Sp(n—1,R)
x Sp(1,R)), (U(n,1) x U(n,1),U(n,1)),

e Kobayashi-Kubo-Pevzner (2016) [7]: (O(1,n),0(1,n — 1)) (vector-valued case).

The result in this paper deals with (Sp(r,R),U(r',r")), (U(r,r),U(r",r") x U(r",r")) and
(SO*(4r),U(2r',2r")) cases.

We have another motivation. Although the weighted Bergman inner product

(f.90 = Cx [ F(X)g(X) det(l = XXPFdx

originally converges only when Re A > 27” — 1, this is meromorphically continued for all
A € C since

<f7g>>\ = Z <fmvgm>F

1
mi1>-->my>0 H;:l (/\ - g(] - 1))

m;



holds, and is positive definite if A > %(r — 1). Moreover, O5(D)z = P(HY) is reducible
if and only if A is a pole, and if A € (j — 1) — Z>o holds, then
M;A) = @ PwlH) (G=12..r)
1> >me >0
m;<g(j—1)—A
are non-trivial submodules. Also, when A = g(j —1) (j = 1,2,...,r), this pairing
becomes positive definite if it is restricted on the submodule M; (d( Jj— 1)), and makes it

infinitesimally unitary. For example, let F = C so that d = 2. Then O,(D)y is reducible
if and only if A\ € Z<, ; holds, and has a sequence of (u(r,r),U(r) x U(r))-submodules

Ox(D)g D Mp(A) D M,—1(A) D -+ D Muax{r0y+1(A) D {0},

Ox(D)g for A>r—1and M;(j —1) (j =1,2,...,r) are infinitesimally unitary.
In which submodule a polynomial is contalned is determined by the order of poles of

(f,g)x. That is, for f € P(HS) and for p€ Z", py > --- > p, > 0, if

O (.Y =1 (A 46— 1>)p (f, ey

is holomorphic for all A € C, then for j =1,...,r we can show that f € M;(\) holds for
A€ d(j—1)—p; — L.

NOW forkEZ>0,l€Z’” L - >l >0, we define p(k,1) € Z" by
p(k,l) = v
——
(k:+ oo k4 1ok, k,min{k, 1}, ... min{k, lr,,}) (r' > "),

(k + 0,k Lymin{k + Loy, b Y, mindk 4 Lo Loy},
min{k, l,»_p11}, ..., min{k, lrn}) (r'" <),

Then the following holds.
Corollary 2.8. For f € Py(HS),
(M (det()* f(2), "D

is entirely holomorphic with respect to \ € C.

AX
From this we can determine the submodules containing Py ,(H5) ® Py(HS).

3 Proof of the corollary on poles

In this section we prove Corollary 2.8. First we prove this for 7 > r” case. Then by (B)
of Theorem 2.1 we have

<det(x)kf(z), etr(XZ)>

AX T (g

—)men<b* a1 — )

(. men( _lb—c,c).



Now we recall that for f(z) € Pi(HS) we write

f(z+c¢) Z fmn(2,€) € P Pu(HS) @ Pu(Hy).

Then we can show that 3, fma(2,¢) # 0 implies m; < I;, and (—k)m # 0 implies m; < k.
Now for A € C, s € C", m € (Z>()" we write

r d .
A+98)m =] ()\—5(] —1)—|—5j> .

7j=1 m;
Then we have

<det(:z:)kf(z), e“(XZ)>
1

:mdet(a)k > (/\——r) men< —c,c)

A X

m<min{k, . 1}

= ! det(a)®

()‘>’_f,~/+1 ()\ - %l'r’) min{k, 1}

<Y (~K)m ()\ - g'r" + m) > foum (70710 c,c)

m<min{k,. 1} min{k s ,l}—m 1

det(a)* d N .
= (—k‘)m ()\ —=r + m) Z fm,n b*a b — GC),

(A)p(k,l) mgmg{:kru,l} 2 min{k,,,]}—-m 1 ( )
and therefore (X)) <det(x)kf(z), et‘f(XZ)>A . is holomorphic.

Next we prove the corollary for ' < r” case. In this case, since Y, fmm (b*a"'b — ¢, c)
in Theorem 2.1 (B) are not linearly independent, we use (C), so that

<det(x)kf(z), etr(XZ)>
(A B grl)k o Atk — gr’) ;

- T@H kin: ( (>\ _ %l,,,/) - Izn:fm’“ (b*a‘lb,c — b*a—lb)
_ det(a)" (A_ gr’) k,.+n w —1p . gx —1
Mo (g S (e

T

A X

m

A — gr' + n> > foun (0707 b,c = b'a ")
Er”

Now for z,¢ € HS, if rank z < 7’ then we can show that fmn(z,¢) # 0 holds only if
Myrp1 = Myrgpg = - -~ = m, = 0, and moreover Y ., fmn(2,c) # 0 implies

Lryj <m; <l; (1<j<r"—1'),
OSanZj (T”—'f’,<j§7’">,



Now we write 1" := (Iy,...,0), 1" := (l741,...,L»,0,...,0). Then we can show that if

1” < n <1 then
d,
A——r'+n —H 7‘+J—1)+n]
2 Er” ,]1 k

is divisible by

d d
11 (A——(r’+j—1)+l> :<)\——r’+l) :
l<]<7“” 2 k+lr1+1 l] 2 max{@ru +1”—1,er/}
k-l >l

Therefore we have

<det($)kf(z), 6tr(XZ)>>\,X

k
_ detla) 3 ()\ - gr' -+ n) > foom (ba7'b,c = b%a ')

()‘)ETH 1”<n<1

ko m
— dy
= (A 5T + l> maX{k ot 110,01} det<a)k
(M (A= 87 )’“T”H"
s DT e e )
| . foam (V5@ tb,c— b a b
1”<n<l (>\ - %lr’ + 1) max{k, /1" —10.n}
€ C[)]
1
S C\ ® P(H) = CN & PHD),
(>\) k. +1 ()\ ~ g )min{ﬁr”_l—l”’l} (A)p(kJ)

and hence (A)pk1) <det(:c)k f(2), etr(XZ)>AX is holomorphic. This completes the proof of
Corollary 2.8. ’

4 Proof of the 1st identity of the main result

In this section we prove the 1st identity of Theorem 2.1. For the proof we use the Laplace
transform. We recall that the Laplace transform £ : L*(H') — O(H;" +/—1H,) and its
inverse are given by

(EN(A) = [ e () dA (X € H +V=TH,),

1 ._ 1
(L7g)(X) = m /2+er

Here the 2nd formula does not depend on the choice of Z € H. Next, fora € C, s € C",
let

"X g (X)) dX (Ae H.

To(a+s):=(2m)7 H r (a + 55— g(j — 1)) :

j=1

I (a) =T, (a+0,),

10



I (o +m)

that ———+
so tha T (o)

= (a)m holds for m € (Z>o)". Then the following is known.

Theorem 4.1 (Gindikin (1964), [3, Lemma XI.2.3]). Let ReA + m, > 22 — 1. For
fePu(HS), A, Z e HF, X, W € Hf +/—1H,, we have

[ e A £(A) det(A)FdA = T (0 +m) (X + ) det(X + W)™,

I':(A+m) tr(AX) -1 Y —t —n
— ’ X+ W)™ det(X + W) dX = e ") f(A) det(A) 7.
T e, OO W) det(X 77 e ") £ (4) det(A)
In the 2nd formula we set W = 0. Then we have
I\ agm _ - 1
2 Get(A +r/ X1 det(X) X = —— f(A).
2ry—1)m ) prymi, 1K) detX) (A)mﬂ )
Then comparing this with the Faraut-Koranyi’s result
vi 1
(AN~
<f,6 >/\_ ()\)mf(A)7
we get the following.
Lemma 4.2. For ReA > 22 —1, f e P(Hy), A€ H;, we have
) (N agn _ _
LCDMNE S A0 N o A+r/ X1 det(X)dX.
(1.67D), = oo et [ X det(x)

This does not depend on the choice of Z € H.

*

Now we start the proof of the 1st equality. For X = (x ‘Z) € HE(F), we write

Proj, (yx* g) =z € HS(F), Proj, (yx* g) = 2z € HG(F). Then by the above lemma,

forRe)\>27”—1,AEH,fr,wehave

(det(z)"f(2), e“(XZ)>A7X = (det(Proj, (X))" f(Proj, (X)), ")

= det(A)—“%% /1 FHeW‘X) det (Projl(X_l))k f (Projy(X 1)) det(X) dX.
T — +V~1H,

A X

Then since for X = (;k g) € HE(FF) we have
ol ( (x—yz"ly) "t (- yz_ly*)‘1y2‘1>

— -y y) T oy ly)
det(X) = det(z — y*2'y) det(x) = det(x — yz~'y*) det(2),

11



we have

<det(x)kf(z), etr(XZ)>

A X
n (N RN
— det(A A+2 r tr(AX)dt o 1, x\—1
) G e, e (e =97
x f ((z — y*x_ly)_l) det(z — y*z~'y) " det(x) *dX
e L(A) TN
— det(A A+ r tr(AX) a1 1
i vl A (RS

x det(z — y*z1y) M F det(x) " F det(2)Pd X
n F

A) .
— det(A —A+2 7”( /// tr(az)+2 Reg tr(by™)+tr(cz)
A = My, ©

x f ((z - y*x_ly)_l) det(z — y*z~'y) " F det(x) ™ det(2)*dxdydz

. a\" T, - .
_ A —A+2 v r /// tr(ax)+2 Re tr(by*)+tr(cz)
det(4) det (80) (2my/—1) /) )1+ v=1H, ‘

x f ((z — y*x_ly)_l) det(z — y*z~y) " F det(x) ™ *drdydz.
Since f € Py(HS,), by using the inverse Laplace formula

FT// 1 n’
ﬁ /I+\EH,~ e f((z +w)~Y) det(z + w) Hdz = e~ ") f(¢) det(c)H

twice, for x € [ +/—1H,r, y € /—1M,,n, c € H}}, we get

1 r(cz o — *  — —
@/ T /z+mH Mf (2= yray) ) det(z — yraty) M
1 r(c *:C_l _n_”
T Lo+ kD) IS dete)
1 1 rlev =1 _n”
BT M C AT
1 1

tr(cz) oo —1 \—A—k
(A + k) (2my/—1)"" /.7+er,, e det(z —y'z " y) dz f(c).

Therefore we have

<det(x)kf(z), etr(XZ)>

AX

k
— det<A>—)\+% det 2 FT’(A) /// etr(az)+2 Rer tr(by*)+tr(cz)
oc) (2my/—1)" JJJi+v=iH,

x f ((z — y*x_ly)_l) det(z — y*z~y) " * det(z)*Fdadydz

1 . a\" T, .
_ det(A —A+2 det [ £ r /// tr(ax)+2 Re tr(by*)+tr(cz)
A+ k) et(4) ¢ (00) (2my/—1)" I+v/—1H, ‘

x det(z — y*z 1Y) N det(x) M Fdadydz f(c)

12



B 1 _a4n 2\ I (A)
(At k) det(A4) 7 det (0_c> (2m/—1)" /I+ﬁHr

1 Can a\" TN e
=00 m det(A)™* " det (8_c> O h) det(A)M*7 £(c)
_ 1 1 B A S A+

- —(/\)@r T det(c — b*a™"b) det(a)

e MY det(X) M FdX f(c)

k
x det (%) det(c — b*a 1b)M* % det(a)M* 7 f(c)

. k
— C(ligii)rl det(c — b*a_lb)_/\Jr% det <§C> det(c — b*a_lb)/\%_%f(c)‘

This computation is originally done for A € H,;F(F), but since the both sides are holomor-
phic, this equality holds for all A € H®(F). This proves the 1st equality.

5 Proof of the 2nd, 3rd and 4th identities of the main
result

In this section we prove the 2nd, 3rd and 4th identities of Theorem 2.1. We write b*a~'b =:

1

z € HS, and)\—gr’::,u, so that /\—%:)\—gr’—%:u—f—:: holds. Then our aim is
to prove, for f € Py(HS)),

det(c — z)‘“*f_fl" det (%) det(c — z)+ 2 f(c) (A”)
= (=F)m foan(z — ¢, ¢ ’
= (W, ; . 2 mn(z —¢,0) (BY)
_ (:U’ + k)n r 2 —z ’
- (/L)Eru zn: (M)n %}: mn( ) ) (C )
_ “&ﬁ;" S (B )anlt + Ffomn(2: ). ()

Since each side is holomorphic with respect to z, ¢, it is enough to prove this when ¢ —z €
H,. To do this, we recall the Riesz distribution. For Re > :f—,l,l — 1, let

1
P,«// (CY)

Ra(w) == det(w)*" 1, € S'(Huw).

Then R, (w) € 8'(H,~) is analytically continued for all & € C as distributions, and for

a=—ke —Zzo,
R_p(w) = det 0 kd
—k - ow 0

13



holds (see [3, Theorem VII.2.2]). This R,(w) is called the Riesz distribution. Especially,
when ¢ — z € H,, the formula (A’),

k
det(c — 2) T det (%) det(c — 2)" T f(c)

k
= det(c — 2)~ BT ot (620) det(c — z 4+ W)= flc + w)

w=0

k
= det(c — 2) 77 det (—g) det(c — z — w)HF=5 f(c —w)

w

w=0
k
(det ((;1) 5()) det(c — z — w)PHF=5 f(c —w) dw

= det(c — z)_“+%’/7, R_ip(w)det(c — z — w)*F== f(c —w) dw
wE(c—z—H:r,,)

= det(c — z)7H 7 /
we(

c—z—HJr,,

is viewed as the analytic continuation of

1

det(c — z)~ o

. k-2 IV k- _
Lo (—k) -/Hﬁ,m(c-z—H;,)det(w) 7 det(c — 2 — w)H (e —w) duw.

. . . _ Don(u+k) _ T u(B) cpos

Therefore, by putting —k =: «, p+k =: 3 so that (u)g, = FT"‘EM) = T argy it s
enough to prove

det(c — )~ Pt det(w)*= 7 det(c — z — w)* =7 f(c —w)dw  (A?)

Ht,ﬂ(c Z— HJF//)

D@L (B) B .
- Tw(a+B) Z a+6 Zf’““ o o
Z (2,0 — (€

o)l (B)
" Tt h) o a+6
BZCELICE ,;‘ah(ﬁ%fmyn(z’ 2 ")

Fr”(a)rr”(ﬁ)

for Rea,Re > %7 — 1. We note that the formula (A”) is written in a more symmetric
form

1"

det(c — z)7@ A7 / det(w — )~ det(c — w)* =77 f(c+ 2 — w) dw,
(z+H})N(e—H,)

but we do not use this expression for the proof.
To prove these equalities, for L, m,n € Z™" with {; > --- > L»s >0, my > -+ > my >
0, ny > -+ > mnm > 0, we define vector spaces P, (H @ HS), P}nn(H . @ HS) C
P(HS) ® P(HS) as
Paan(Hyor @ Hp) = {f(2.¢) € Pm(Hp) @ Pa(H) | f(2,2) = 0},
Pinn(Her © Hy) = {f(2,¢) € Pra(Hy) @ Pu(H) | f(2,2) € Pu(Hpa)}
N Pran(Hyir © Hp )b

Then the following holds.
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1

Lemma 5.1. (1) Let Rea,Re 8 > %7 — 1. If f(z,¢) € Ph,(HS & HS), then for
z € H} we have

1

det(z) " A+ / det(w)* 7 det(z — w)P =77 f(w, z — w) dw
HY,n(z—HT,)

_ I'v(a+m)ly (5 + n)

Tolat 54D f(z,2).

(2) Let Rea, Re f > %5 — 1. If f(2,¢) € Py o(H & HS,), then for z € Hf, we have

det(z)_a_mf_;’/ / det(w)o‘_z_’/’/ det(z — w)ﬁ_?_’/’/f(w, z—w)dw =0.

H;r/,ﬂ(z—H:,,)

When f(z,¢) € Py, o(Hy & HS) is a highest weight vector under the diagonal action
of GL(r",TF), this is proved by a similar way as in [3, Theorem VIL.1.7 (ii)]. Then by
GL(r",F)-equivariance, this holds for all f(z,¢) € P, ,(Hy & HS).

By this lemma, (A”) = (B”) is proved as

det(c — z)7@ A7 / det(w)*=7 det(c — z — w)?~7 f(c — w) dw
HJr//m(C z HJr//)
= det(c — z)7@ P+ / det(w)*™ 7 det(c — z — w)* 7 Y frun(—w, c) dw
H*m( mn

c—z—HJr,,)
F//(Oé—l—m
= m,n C—Z C
%: Fr”(a+5+m 2n:f ) )

_ L) (5)
- Twla+p) Z(a+/3 men Z=60),

and (A”) = (C”) is proved as

det(c — z)~oF+7 det(w)* 7 det(c — 2z — w)* =7 f(c — w) dw
H;L,,ﬁ(c—z—H;L,,)

:detc—z’“’mﬁ_’/’// detwo":_’/’/detc—z—wﬁf% 24c—2z—w)dw
(oo [ detw)H detle— 2 - u) )

= det(c — z)@ A+ /Ht/m(c_z_d}?%w)"_% det(c — 2z —w)P=7 I;l foan(z, ¢ — 2 —w) dw
:ZPT//( ) ! /8—'—[[ Zf
n r //(CY + 5 + n m e n

- Fr”(a)rr” (B)
R Z(a+6 Zf“‘“

On the other hand, the proof of (A”) = (D”) is more Complicated First, by the
GL(r",F)-equivariance, it suffices to prove for one non-zero f(z) € Py(HS). Here we set

fz) = ¥l(2),
Ul(2) € PI(HS), S T(z) =0

l12--2>1,.1n>0
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Then we sum up the formula (A”) with respect to 1. Then we get

> det(c — z)_a_“%”/ det(w)a_:_'/’/ det(c — z — w)ﬁ_:_'/’/llfl(c —w)dw
1

H;L,,ﬂ(c—z—H;L,,)
= det(c— 2)7* Pt / det(w)*=7 det(c — z — w)?~ 7 Wy
H7,N(c—z—H7,,))

n

1 _ _ 1
=det(c —z)" "7 / det(vc— z fwve—z 1)‘1_%
H;,ﬂ(c—z—H;,)

1)6—%/7/- etr(c—w)dw

x det(I —vc—z 1w\/c—z

— det(w)*= 7 det(I — w)?= 57 (@) —tr(Ve—zuve=2) gy,
HY,n(I-HY,)

= det(w)= 7 det(I — w)? =7 etrl@)=trw(e=2) gy,
H;’m(liH:/)

— det(w)a_%)T det([ . w),@—%ﬁetr(wz)-‘rtr((l—w)c)dw‘
H,n(I-HY,)

Now we expand et (@) +tr(zw) aq

tr(wy)+tr 2w) _ Z (Z ;(; 23y, W ) —+ K;m(:c, A y,w)>
€ EB (EB ( w(Hy ® Hi)g . ® Pryn(Hy @ HS,)y,w)
& (PanlHr @ HS e e @ P n(HS @ HS»y,w)) :

Then B!, (2,¢) = KL, (2,6, 1,1) = KL (I, I; z,c) holds. Therefore, by Lemma 5.1 we
get

> det(c— Z)—a—ﬁ+’,?—,',/ / det(w)o‘_z_j’, det(c — z — w)’g_:_//’,\lfl(c —w) dw
. "

;,H(C—Z—H:,)

= det(w)®= 7 det(I — w)P~ w7 erwa)tr(lI=w)e) gy,
H:;,I'T(I—H:F,,)

"

= det(w O‘_Z_’l’l det(I — w)P~ "
/HW_H;/) (w) (I —w)

xZ(Z Jw I —w;z0)+ K, (w,]—w;z,c))dw

_ L (o+ m)lhn (8 + )
- lgn T (a+ 8+1)

F,,«// « F,,«// =1
= Z T ( i_ )ﬁ) (Oz(f—)ﬂ) Z(a/)m(ﬁ)n‘l}m,n(z7 c).

I mn

K,ln,n(f, I;z c)

1

Then projecting both sides t0 @ Prn(H5 © Hy), we get (A7) = (D”).
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