Geometrical constants of Day-James spaces
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Abstract

We describe some recent results on the von Neumann-Jordan (NJ-) constant
Cnjy(X) and the related geometrical constants of concrete Banach spaces X. In
particular, we calculate the constants for X being a class of Day-James spaces
Ly by using the Banach-Mazur distance d(X, H) between X and H, where H

is a two-dimensional inner product space.

Definition 1 (i) Let X be a Banach space. The NJ-constant Cxj(X) is the smallest

constant C for which ) )
JI R R i e
C 2([[=[1* + [[wll?)

holds for all 2,y € X not both 0 ([2]). An equivalent definition of this constant is

|z + ylI* + ll= = yl*
211> + llyl1*)

where Sy = {rx € X : [|z|| =1} and Bx = {z € X : ||z|| < 1}.

CNJ(X):SUP{ 2$€SX, yEBX},

It is well known (cf. [5]) that
(i) 1 < On3(X) < 2 for all Banach spaces X

(ii) X is a Hilbert space if and only if Cyy(X) =1

(iil) Cny(L,) = 2%/ ™i{pe}=1 wwhere 1/p+1/p =1,1 < p < o0
(iv) X is uniformly non-square if and only if Cx;(X) < 2

(v) Ong(X) = Cny(X™) for all Banach spaces X.
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Neumann-Jordan type constant,



Definition 2 (cf. [5]) Let 1 < p,q < oo. The Day-James ¢,-¢, space is the space R?
with the norm || - ||, , defined by

1z 9)llp,  xy =0,
1, 9)lp.g =

1z y)llg, =y <0,
where || - ||, is the £,-norm on RZ.
Theorem 1 ([3, 14, 15, 16, 17]) (i) Ifeither 1 < p <2, 0or p > 2 and (p—2)22/P~2 <

1 then
Ong(0y-t,) = 1422772,

ii) If p > 2 and (p — 2)2%7=2 > 1, then
(i)

11—
Cuallert) = 5+ 50—y
0

where ty € (0,1) is the unique solution to the equation

(t — tP~Y) (1 + tp)2/p—1

— — 1.

In particular,
3+
4

IS

Ony(loo-tn) =

We first calculate the NJ-constant for X being a class of Day-James spaces ¢,-{, by

using the Banach-Mazur distance.

Definition 3 For isomorphic Banach spaces X and Y, the Banach-Mazur distance
between X and Y, denoted by d(X,Y), is defined to be the infimum of ||T|| - || 77|

taken over all bicontinuous linear operators 7" from X onto Y (cf. [11]).

Lemma 2 ([5]) If X and Y are isomorphic Banach spaces, then

% < Cnu(Y) < Oxg(X)d(X,Y)?,

In particular, if X and Y are isometric, then Cxj(X) = Cny(Y).



Lemma 3 ([5]) Let X = (X, ||-]|) be a non-trivial Banach space and let X; = (X, || -

1), where || - ||; is an equivalent norm on X satisfying, for o, 3 > 0,

allzl] < flzfh < Bll=l], e X.

Then
CY2 62
@CNJ(X> < COny(Xy) < ECNJ(X)-
For a norm || - || on R?, we write Cxj(]| - ||) for Cxs (R, ]| - ]]))-
Definition 4 A norm ||-|| on R? is said to be absolute if ||(|z|, |y])]| = ||(z,y)]| for any
xz,y € R.

From Lemmas 2 and 3, we have the following.

Theorem 4 ([7], cf. [6]) Let || - ||,]| - ||z be absolute norms on R?. Assume that

(i) (R2,]| - ||z) is an inner product space.

(i) el e < @yl < Bll(z,y)lla for any (z,y) € R? (a,f are the best con-
stants).

(iii) In (ii) it satisfies either «l|(1,0)||lz = |/(1,0)|| and «||(0,1)||lz = /(0,1)], or
811, 0) 1 = (1, 0)]| and BII(0, Dl = |0, 1)

Then

2
Calll- ) =25,

We calculate NJ-constant for X being a class of Day-James spaces, by using The-

orem 4. For 1 < g < p < 0o, we define a new norm || - || x on R? by

1Tz, y)llp, |l = [yl,
1Tz, y)llg, | < yl,

Iz, 9)llx =

where T'(z,y) = \/Li(x —y,x +y). Note that Cxy(¢,-¢,) = Cxi(]| - ||x)- Also define

(@, )l = V/22/p=1a? 4 22/a-1y2 - (1< g <p < o0).

Note that both norms || - ||x and || - ||z are absolute and satisfy the conditions in

Theorem 4. Applying Theorem 4 we obtain the following.



Theorem 5 ([7]) If 1 < ¢<2,¢g<p<ocand 2¥P~24(p —1) < 1, then

22/19@3 4 22/q—2/p)
(1 +t0)7 + (1 —tg)0)%/a

COni(bp-€y) =

where
(22/9=2/7 — ¢)(1 + t)7 !

<1}.
(22/q—2/p + t)(l — t)q—l -
In particular, if 1 < ¢ < p <2, then (1) holds.

to = sup {t € (0,1):

Corollary 6 ([3, 14, 15, 17]) If either 1 < p < 2, or p > 2 and 2%772(p — 1) < 1,
then
CNJ(gp—gl) =1+ 22/p—2'

Remark 1 Let 1 < ¢ <2,q < p < oo and 2%/772/4(p — 1) < 1. Theorem 7 gives that

if H is an inner product space with dim H = 2, then
d(l,-L,, H) = 1/ Cny(€,-L,).
We next consider some other geometrical constants for Day-James spaces.

Definition 5 ([9]) Let X be a Banach space. The James type constant of X is

t o t\ 1/t
sup{(||x+Ty|| —;—Hx il ) :x,yESX} if t # —o0,
Ixa(T) =

sup {min([|lz + 7y, [l — 7yl)) - 2,y € Sx} if ¢ = —oo

for 7> 0 and —oo <t < 0.

In [9], px(7) = Jx1(7) — 1l and J(X) = Jx —oo(1), where

|z + 7yl + [l = 7y
2

pX(T):sup{ :x,yESX}
is the modulus of smoothness of X and

J(X) = sup{min{||z +y||, |z — yll} : 2,y € Sx}.

is James constant of X ([4]).



Definition 6 ([9]) (i) Let X be a Banach space. The von Neumann-Jordan type

constant of X is
Ct(X) = Sup{Jx,t(T)2/(1 + 7'2) 0< 1< 1}

for —oo <t < 0.
(ii) Let X be a Banach space. The constant C{;(X) is

, |z +ylI* + [lz — yl?
C (X):sup{ cx,y € Sx ¢
N 2([[=1* + llyll*)

Note that Cy(X) = Cxy(X), Co(X) = Cz(X) and C;(X) = Jx2(1)?/2, where

= + yllllz =yl
[l + lyl*

Cz(X) :sup{ cx,y € X, not both zero}.

is the Zbaganu constant of X (]20]).

Some properties of Cy(X) are found in [9]. For example,
1< J(X)?/2 < C_oo(X) < Cz(X) < C1(X) < Cny(X) < 2.
for any Banach space X. If X is an L,-space, then
J(X)?/2 = C_o(X) = C2(X) = C1(X) = Cry(X).

If X is a Hilbert space, then all these values are equal to 1, and if X is not uniformly

non-square, then all these values are equal to 2. If X is ¢y-¢, then

Cy(X) = VB < Cy(X) =2 +4N§ < g — Ol (X) = Clyy (X).

Note that the dual space X* of X is f5-f,. Then
. 3
Ct(X):§ (—oo <t <2).

In particular,

3
Cz(X™) = Cny(X7) = 7
Also,
o 3422 3 i}

We give these constants for X being a class of £,-¢, spaces, as an improvement of

Theorem 5.



Theorem 7 Let 1 < ¢ < 2,¢ < p < oo with 22/P~2/4(p — 1) < 1. Let 1/p+1/p' =1
and 1/¢+1/¢' = 1. Let ty be as in Theorem 5. For all ¢ with —oco <t < 2,

22/19@3 4 22/q—2/p)

Pullyte) = Clly o) = (g T =gy

i C Ol (@)
In particular, if 1 < ¢ < p <2, then (2) holds.
Corollary 8 ([9, 14]) Let 1 <p <2and 1/p+1/p' =1. For all t with —o0 <t < 2,

Cliy(Up-1) = Cyi(ly-log) = 14+ 24772 (= Ony (£,-01)).
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