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1. Introduction

In this study, we develop numerical methods for the L?-gradient flow of a planar curve of
the form
u = —grad E(u), t >0, (1)

where u is a time-dependent closed planar curve, E is a given energy functional, and
grad E/ is the Fréchet derivative with respect to the L?-structure with line integral ds.
The gradient flow (1) is energy dissipative since

%E[u] =— / | grad E(u)|*ds < 0.

Typical examples are the curve shortening flow (the curvature flow)
u; = K (2)

and the elastic flow (the Willmore flow)
2 (o2 Lo
u = —2¢ <V8K+§|K| |<>+|< (3)
with energy functionals
E[u] = /ds, and FE[u] 282/|K|2d8—|—/d8,

respectively, where kK = —u, is the curvature vector and V, is the normal component
of the arc-length derivative d,. Note that the elastic flow is a fourth-order nonlinear
evolution equation.

The purpose of this study is to construct a dissipative numerical scheme for (1), i.e., a
scheme which has the discrete energy dissipation property E[u}*'] < E[u?] at each time
step. In general, a numerical method that retains a certain property for a target equation
is called structure-preserving. It is known that the numerical solutions obtained by these
methods are not only physically realistic but also have the advantage of numerical stability
(cf. [3, 4]). In particular, structure-preserving methods are suitable for computations over
long time intervals.

In [5], we proposed a novel framework to construct structure-preserving numerical
schemes for (1). We introduce our results in the present article. Our method is based
on the discrete partial derivative method (DPDM) [7], which is a framework to construct
structure-preserving schemes for dissipative and conservative problems. We extend the



strategy of DPDM and derive a temporally discrete scheme for (1). The principal idea is
to discretize the chain rule rather than the equation (1) itself.

Our temporally discrete scheme can be formulated as a weak form. Therefore, for the
elastic flow (3), the scheme requires both trial and test functions to be twice differentiable.
In order to ensure the differentiability in the Galerkin method, we discretize curves by
B-splines [11], which are piecewise polynomials and continuously differentiable. When we
use piecewise polynomials of degree p, corresponding B-splines are CP~!-functions. Thus
we can derive a fully discretized scheme for the elastic flow (3) with B-splines of degree
p =3

Further, we will present a new result that was obtained after the conference. We
consider the area preserving curve shortening flow

w =K — (K), (4)

where
() = L[u]_l/K-VdSV, L[u] = /ds,

and Vv is the outward normal vector of the curve u. This equation has both the energy
(length) dissipation and the area preservation:

%L[u] <0, %A[u] =0,
where A[u] is the area of the domain enclosed by the curve u. We will give a numerical
scheme that inherits these two properties according to the idea of [8].

The rest of this article is organized as follows. In Section 2, we will introduce DPDM
for gradient flows of graphs of functions in order to explain the strategy to construct
structure-preserving numerical schemes. Section 3 is devoted to present our temporal
approximation scheme for gradient flows (1) that preserves the energy dissipation, and
we give fully discrete scheme in Section 4 with a short introduction to B-spline curves. In
Section 5, we present examples of the discrete gradient for the curve shortening flow (2)
and the elastic flow (3), which play an important roles in our scheme. In Section 6, the
area preserving curve shortening flow is considered and we construct a numerical scheme
that preserves the length dissipation and the area preservation. We present numerical
examples in Section 7, and finally concluding remarks are given in Section 8.

2. Discrete partial derivative method

In order to present the strategy to construct numerical schemes that preserves the energy
dissipation, we introduce the discrete partial derivative method (DPDM) for L*-gradient
flows of graphs of functions. The topic of this section is based on [7].

In this section, we consider an L?-gradient flow of the form

oF
=——, t>0 5
ut 5u7 ) ( )
where ‘;—5 is the first variation of a given energy functional E. Owing to the chain rule,
one can easily see that the flow (5) has dissipation property as follows:
d oF
—E:—d:—/ 24z < 0, 6
dt g Q du Qlutl v= (6)



where () is the domain in which equation (5) is considered.
We observe the above procedure in more detail. Although we can consider general
energy functional, we assume that E is represented as

Elu] = /0.1 G(u, uy)dx

for functions u defined over an interval I = (0, 1), where G = G(u,p) is a given density
function. Then, we have
0
ul = / EG U, Uy )dx

/ (u, ug)uy + Gp(u, Uy ) Uge|dx
—/ (u,u —QG(uu)utdx
2 ox PNTE

= ut dx,

under an appropriate boundary condition such as the periodic boundary condition. There-
fore, we can obtain the energy dissipation (6) from the chain rule for the density function

%G(u Uy) = Gy, ug )t + Gy, Uy ) Uy (7)
and the integration by parts.

Now, we introduce DPDM, which is a time-discretization method for gradient flows of
the form (5). The key strategy of this method is to discretize the chain rule (7). We first
discretize the differentiation in time by difference quotients. Let t, be a discrete time
level and u™ be the corresponding discrete solution. We replace the left-hand-side of (7)

and u; by
+1 o+l +1
Gu" ul ) — G(u™, ul) and utt — "
Tn T

respectively, where 7, :=t,,,1 — t, = 7,,. Then, we may get the following equation:

Gu™ w1 — G(u", u?) _ Au"Jrl —um N Bu:“ —u

Tn Tn Tn

for appropriate functions A and B. If we can find such functions, we define the discrete
first variation by

0Ey 0
——=A-—B
O(untt, u”) Ox
and the discrete gradient flow by
u™t —yn OF,
- n+1d n)’ (8)
Tn O(untt un)

Then, we have, under an appropriate boundary condition,

E[un-l—l] _ E[un] _ /<Aun+1 — " N Bu;H—l u;)dx
I

Tn Tn Tn




n+1 )
/(A - —B) YT g
Tn

+1 —u®
= dx
/5 u”+1 um) Tn

dx

which shows that the discrete equation (8) preserves the energy dissipation.

Since A and B correspond to the partial derivatives GG, and G, respectively, these
functions are called discrete partial derivatives and denoted by

oG oG
L R S /S
O(urtt, ur) Oug™t, uy)

Although they are not unique in general, we use these symbols to describe one of them. We
can construct discrete partial derivatives for a lot of energy density functions appearing
in applications. Let us consider the Allen-Cahn equation as an example. In this case, the
energy density function is described by

Lo 2 2
G(u,p) = §|29| + 4—62(U - 1)
for a positive parameter . Then, we have
x © —2
G(u,uy) — G(v,v,) = e U (up — vy) + (W +v Uk U)(u — ),
2 4¢?
which means
oGy (v +v*—2)(u+v) 0Gq Uyt
A(un+t um) 4e? Too(unttur)y 2

Therefore, the scheme of the DPDM for the Allen-Cahn equation is

n+1 n

u —Uu

Tn - 2 4e2?

Upe + Ve (U2 + 02 —2)(u+v)

If we impose the homogeneous Neumann boundary condition, we can obtain the discrete
energy dissipation. Generally, if the density function G is given by

= z_:l fm(u)g

for some functions f,, and g,,, then we can construct the discrete partial derivatives by

9Gq _ % S (W) = fin (V) g (Uz) + gin (V)

o(u,v) = U— v 9 ’
C0Ga (K () + fin(V) g (Uz) — g (02)
a(uwv Uﬂﬂ) a m=1 2 Uy — Uy ’



where we recognize that (f (u) = fm(v))/(u=v) = f;,(u) and (gm(uz) = gm (v2))/ (Ue—vs) =
gr.(uy) when u = v.
We mention the space discretization of (8). Recalling that (8) is equivalent to

u”“ —u" 8Gd 8 8Gd

Tn IR "o O(uptt ur)’

we can derive the weak formulation

u o 0G4 o) 0G4 y Vo
T ), \Ourthun) ) \o(urtt ug) ) ’

under appropriate boundary condition, where (u,v); = [;uvdz. Therefore, we can dis-
cretize the above equation by the Galerkin method, and we obtain the fully discrete
scheme of (5). Moreover, the energy dissipation property is preserved even in this case.
Indeed, substituting v = (u"*!' — u™)/7, as a test function, then we obtain

2
dx <0,

n+1 n

u —Uu

Bt = B _

which is valid even for the Galerkin method.

3. Structure-preserving temporal discretization for gradient flows
of planar curves

Now, we consider gradient flows of the form (1) for planar curves. In this case, we
discretize the chain rule

%E[u] = /grad E(u) - uyds(u),
for the energy functional E, rather than the density function, where we write ds(u) to
emphasize the dependence of the line element.

As in the previous section, we first replace the time derivatives %E [u] and u; by the
differences F[u] — E[v] and u — v, respectively, for curves u and v. In contrast to
the graph case, however, we should also replace the line element ds(u) by appropriate
measure. Although there may be several choices, e.g., ds(u), ds(v), and ds((u + v)/2),
we here choose ds((u+v)/2). This choice will be validated in a sense when considering the
area preserving curve shortening flow (Section 6). Then, we define the discrete gradient
grady F as follows.

Definition 3.1 (Discrete gradient). The discrete gradient grad, E' is defined as the func-
tion that satisfies the relation

9)

Elu) ~ B[v] = [ grady E(u,v)- (u - v) ds(* )

2

for any curves u and v.



If we can find such grad, F/, the temporally discretized scheme is constructed by

un+1 —u"

= —grady E(u"™, u"),
Tn

where 7, is the time increment and u” denotes the approximated solution at the n-th
step. Then, by the definition (9), the discrete energy dissipation E[u"*'] < E[u"] is
clearly established.

We present how to construct such discrete gradients. In order to describe that, we set
I =(0,1) and

H" = {ve H"(I)?* |v?0)=v¥(1), i=0,1,...,m — 1},

which is the space of closed curves of class H™ for m > 1. We denote the variable of the
parameter of curves by z. Now, assume that the energy E is given in the form

Eu] = /‘F(uz,uzz)ds, uecH.
Then, with the line element |u,|, we can write
1
Blu] = [ F(u., u.)lu.|d
0

Thus, letting G(u,,u.,) := F(u.,u,,)|u.|, we can consider discrete partial derivatives of
the new density function G, and we have

E[u] - E[V] = /01 |‘a(ai ’ (uz - Vz) + &) ’ (uzz - sz)‘| dz. (10)

uz,vz) a(uzza Vzz

Here, a(lalfi 3 is a vector-valued discrete partial derivative of the form

ow.,v,)

les ( les oG, )T
a(ul,zavl,z)’a(“?,za'UZ,Z) ’

0G4

ey is defined in the same fashion.

where u = (uy, uz) and v = (v, v2). The function
Therefore, integrating by parts, we have

- 1 0 6Gd 82 aGd
E[u]—E[V] —/0 l—am—{—@m] -(u—v)dz
flu vt 000Gy o? 0Gy
- /’ 2 [‘&a(uz,vz) +@6(uzz,vu)] '(“_V)ds(
for u, v € H2, which allows us to define

u—l—v)

u, + v,
2

T020(wv.) 92 (v |

We notice that the discrete gradient grad; E is not unique as in the case for discrete
partial derivatives.

grady F(u,v) = ‘

‘1l 0 0Gq 9* 090Gy ]



From the above construction, the discrete gradient flow is described as

n

un+1 —u u?;-l—l + 112

2

(11)

‘1l o 0Gy 92 oG,

Tz oM, ur) 022 9wz, u;@)] '

Tn

Moreover, we can derive the weak formulation of the scheme. Multiplying (11) by arbitrary
v € H2 and integrating over the curve (u"™! + u")/2, we have

un—l—l —u”
, 'V
I

Tn
6Gd aGd

(T ) (TS} wweHE (12

() (=) om0

We can also derive the energy dissipation from the weak formulation (12). Indeed, letting

v = (u""' —u")/7,, we have

zz )
/“

from the discrete chain rule (10). As in the graph case, this procedure is valid even in the
Galerkin method.

n+1 n
uz + uz
2

2

un-l—l —u® UZH_I + ug

2

E[u"™] — E[u"|

Tn

dz = —

Tn

4. Galerkin approximation by B-spline curves

In order to approximate the weak formulation (12) by the Galerkin method, we need finite
dimensional subspace of H2. In this study, we use the space of B-spline curves, which
is the space of continuously differentiable piecewise polynomials. Here, we introduce
periodic B-splines and then present the fully-discretized scheme for (1).

We first introduce B-splines. We say that a set of points = = {£1,&,,...,&:.} CRisa
knot vector if & < &4 for all 7.

Definition 4.1 (B-spline basis functions and B-spline curves). Let p € N={0,1,2,...},
ne Ny =N\ {0}, and = = {&,&,...,&.} be a knot vector.

(i) The i-th B-spline basis function of degree p with respect to = is a piecewise polyno-
mial function Nii that is generated by the following formula:

= §-& = irpr1 —&§ =
Nyi(€) = ——-N,,(6) + LNp—l,i—&-l(E)a §ER,
fz’—&-p - fz §i+p+1 - §i+1
fort =1,2,...,.n—p—1and p > 1, where Y is the characteristic function of

J C R. Here, if €i+p = SZ (resp. §i+p+1 = €i+l)a then the term (5 — 52)/(§2+p — 62)
(resp. (&ivpr1 — &)/ (&ixpr1 — &iv1)) is regarded as null.



(11

(i) A curve u: [a,b] — R? is a B-spline curve of degree p if u is represented by

N

=

n—p—1
(2)P;, z € la,bl,

u(z)= > N

=1
for some knot vector = and n € N,. The coefficient P; is called a control point.

In fact, if the knot vector is disjoint (i.e., i # j = & # &;), then it is known that
NpEZ- is a CP~!-function. For more details on the properties of B-spline functions, we refer

the reader to 2,9, 11].

In the present article, we only consider the periodic B-spline functions and curves. Let
I=[0,1], peN, N e N, and h =1/N. We define a knot vector = by
={-ph,—(p—1)h,....,14+ (p—1)h, 1+ ph}, (13)

N+2p+1

E= {52‘}2':1
and let N, = NpEZ- be the corresponding B-spline basis function. In this case, if N > p,

we can see that . o
d d
() 900 = () Nosent)
fori=1,2,...,pand m=0,1,...,p — 1. Therefore, the function
]VbJ(Z), S [07€7+p+1L
ZAS [éi-l—N? 1]7 (14>

Byi(2) = Bhpi(2) = { Npirn(2),
0, otherwise

,p is a periodic CP~*~function on I. The restriction N, ;|; for i > p is

for each i = 1,2, .
Definition 4.2 (Periodic B-spline). Let I = [0,1], p € N, N € N, with N > p, and

also CP~l-periodic on I. Thus, we can define a closed B-spline curve as follows.
h =1/N. We define a periodic B-spline basis function of degree p B,; = B, i by
B equation (14), ifi=1,2,...,p,
Pt NZilr, ifi=p+1,p+2,...,N,

where = is a knot vector defined by (13). We also define a closed B-spline curve as a curve

u: I — R? expressed by
N
u(z) =Y B, (2)P;, z€l,
i=1
for some {P;}¥, C R% Finally, we define the space of closed B-spline curves by
N
_'EE:EZm(Z)P% In GJRQ}.

i=1

B = {u(z) =

We illustrate the figure of B, ; for p = 3 in Figure 1. One can observe that each B, ; has
a compact support. Indeed, one can show that supp NEZ- = [&, &iypr1] in general. Thus

matrices appearing in the Galerkin method are sparse as in the usual FEM.
Since BR, € H2 for p > 2, we can formulate the Galerkin approximation for (12).
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Figure 1: Periodic B-spline basis functions B,; for p = 3 on I.

Scheme 1. Let p > 2. For given u} € B, find u}™" € BY, that satisfies

ws uh | uptt — g
2 y Vi
n I
0Gy ) ( 0Gy )
=\ == ——<,Vhu: — |\ —————<, Vh.2z VVhEBp. (15)
1 ) 5 1 ’ s ) N
(a(uz,—; ’ u27z) I a(uz:gw uz,zz) I

As mentioned in the previous section, we can show that the scheme preserves the energy
dissipation.

Lemma 4.3. Let {u}},, C BY be the solution of (15). Then, for any 7,, > 0 and n € N,
we have E[u}™] < E[u}].

Proof. Substituting v, = (u}™! — u?)/7, € BY into (15), we have

n+ 2

n+1 n
u, uh,z + uh,z

2

l_uz,

Eluy ] — Elug] _/1

Tn

dz <0,

Tn

which is the desired estimate. O

5. Examples of discrete gradient

In this section, we present the discrete gradients for the curve shortening flow (2) and the
elastic flow (3) as examples. We first consider the curve shortening flow. Let L[v] = [ds
be the length functional for v € H.. Then, for u,v € H., we have

Li) = LIv] = [ (.| = |v.|) dz
u, +v,

= [ ——— - (u—v).dz
AT

o[ u,+v,
[y ) meve

__/‘“z“’z 7O utv. .(u_v>d8(u+v>
B 2 0z \ |u.| + |v.]| 2 )




Thus, in this case, we can define the discrete gradient by

10 ([ u, +v,
— | — |- 16
8z(|uz|+|vz|> (16)
We next consider the elastic flow. Let F[u] = [(¢?|k|* + 1)ds be the elastic energy for

u € H2. Furthermore, let Blu] = [ |k|?ds be the bending energy so that £ = 2B + L.
We now derive grady; B. We recall that the bending energy B can be written as

u, +v,
2

grady L(u, v) := —‘

Blul :/ M“—v?)d% ueH,
0 .|

where det(u, v) = ujvy — ugvy. Therefore, it suffices to derive the discrete partial deriva-
tives of the density functional

det(u,, u,,)?

u.[°

G(uza uzz) -

Let u,v € H2. Then, we have

11 >det(uz,uzz)2%—d(at(vz,vzz)2
2

|u2|_5+ |Vz|_5
2

- [det(uz, u,.)? — det(vz,vzz)ﬂ. (17)

The first term can be addressed by the following calculation:

1 I - |UZ|5 — |v.° B Z?:O |U-Z|j|VZ|4_j

(w, +v,) (u,—v,). (18)

lu.|° - |VZ|5 N |UZ|5|VZ|5 B _|UZ|5|VZ|5(|UZ| + |VZ|)

From the bilinearity of the determinant, we have

det(u,, u,.) — det(v., v..) = det <uz — v, W) + det(uz ; AE Uy, — VZZ>. (19)

Summarizing (17), (18), and (19), we have

0G4 Yoo el [va* det(u,,u..)? + det(v., VZZ)2< o)
= — u z v z
O,z v1,2) u, PV P (Jue] + |v.]) 2 bt
—5 5
+ [u] ;L [Vl [det(u,,u,.) + det(v., sz)]—u2’zz ;— U2’Zz,
0Gy E?:o lw.||v.]*7 det(u,, u,,)? + det(v,, v..)?
= — (UQ z + U? Z)
O(ua,2, v2,2) u, Pve P (Jue] + |v.]) 2 7 7

_ u 7% + [ v, |7
2

0Gs v
- d t zy N2z d t 2y Vg
a(ul,zz,'ULzZ) 9 [ € (11 u >—|— e (V v )]

ul,zz + Ul,zz
92 )

u27z + U27z

9 )

[det(u,,u,,) + det(v,, v,.)]

10



0G4 Cw T v

ul,z + 'Ul,z
a(“Q,zzv U2,zz) 2

2

[det(u,,u,,) + det(v,, v,.)]

Hence we can compute grady B(u,v) by

0 0G4 9> 0Gq

. _ 9 090Gy | & 9Gq
grady B(u,v) = — - d(u,v.) T2 O(uzz, vze)

and eventually we obtain the discrete gradient for the elastic energy by

grady E(u,v) = % grad, B(u, v) + grad, L(u,v).

6. Area preserving curve shortening flow

In this section, we construct a novel structure-preserving scheme for area-preserving curve
shortening flow (4). The purpose of this section is to derive the temporally discretized
scheme for (4) in the weak formulation that satisfies the discrete energy dissipation

Llu™™] < L[u"] and the area preservation A[u™™!] = A[u"], where A[u] is the area
of the domain enclosed by the curve u and written as
1
=3 / u-vds

for u € HL. The result of this section was obtained after the conference.

We first review the derivation of the equation (4). Let A € R be the Lagrange multiplier
and consider an auxiliary functional E[u] = L[u] + AA[u]. Then, since grad L(u) = —«
and grad A(u) = v, the gradient flow for E is written as

U = K— AV. (20)

Multiplying this by v and integrating over the curve u, we have

d
- Afu] = / k- vds — AL[u],
since the chain rule for A is described as
d
th[ u] = /v - wds,

for an evolving curve u. Hence, if we set A = L{u]™! [ k- vds, we obtain £ A[u] = 0 and
the gradient flow is given by (4). Furthermore, multiplying (20) by u; and integrating
over the curve u, we have

d

/|ut|2ds———L[ | = Az Al

which implies 4 L[u] < 0 since the area is preserved.
Now, we discretize the above procedure. To do that, we set

11



which is the rotated vector. Then, the outward unit normal vector of u is described by
v = v(u) = ul, where u, is the arc-length derivative. Let u,v € H.. Then, we have

Alu] — A[v] = 5/0 (u-ul —v-vi)dz

1 Ly ol
:%/0 [(u—v)'uz Ve +u+v-(uL—Vj)]dz

2 2 N
1 1 1 1 . .
:_/ u—v)-uz tvy u.+tv -(uL—VL) n
2 2
ut
= / u-—v) +ve ——=dz.
2
Here, we used the fact that u-v+ = —u’-v. Therefore, it is natural to define the discrete

gradient of A by

-1
grady A(u,v) = ‘uz AE

(uz - vz)L B v(u - v)
2 B 2 )
With this notation, we obtain the following discrete chain rule for A:

Afu] — AWV] :/V<U;V>-(u—v)d5(u—gv). 21)

In the definition of the discrete gradient in Section 3, we mentioned that there may several
choices of the line element. However, in view of the above calculation, it is natural to
choose ds((u+ v)/2).

Since the discrete gradient of the length functional L is given by (16), the discrete
gradient flow for £ = L + AA is described as

19 w4+t w utl 4 ogn
Oz \ fuz ™| + [uz| 2 ’

un-l—l —u” u?;-l—l + 112

2

Tn

and the weak formulation is
n+1 n n+1 n
u, " +u,|u —u
\V
2 Tn /

n+1 n n+1 n
:_<112+1—+uzn,vz> —A( V(u tu ),V) , Vv eHL. (22)
[ Tz Y, 2 1

In the continuous case, we multiplied the gradient flow by the normal vector v to
determine the Lagrange multiplier. Therefore, we want to substitute v = v in the weak
formulation; nevertheless, v(u) ¢ H! if u € H.. To overcome this issue, we introduce
the projection of the normal velocity. In view of the Galerkin approximation, we consider
the projection onto a subspace of H.

n+1 n
u, " +u,
2

Definition 6.1. Let V C H! be a subspace and u € H.. Then, we define the projection
operator Py, : L*(I)* = V by

1 1
/(Pv7uw).v|uz|dz:/ w-vlwldz, Wev,
0 0

for w € L*(I)%.

12



Now, let u™™/? := (u"™ +u")/2 and v := Py ynrr2v(u"™/2). We set v = ¥ in (22).
Then, the left-hand-side becomes

(

by the definition of v and the discrete chain rule (21). Further, the right-hand-side of
(22) becomes

n+l _ n+1 n

n+1 n n
u;" +u;iu u 7{,) _ /V(un+1/2> . u —u d8<un+1/2>
I

2

Tn Tn

A" — Afu”]

1 n+1+u )
|un+1|_|_|un|

by the definition of v. Hence, if we set

[/lvl dS n+1/2

then, we can derive A[u"™!'] = A[u"], which is the discrete area preservation. Moreover,
letting v = ("™ — u")/7, in (22), we have

dz = A [ [3ds(ur )

n+1
+ul
-V, dz, 23
), e )

2

ds(u”H/?) _ _L[unH] — L[u"]

Tn Tn

un—l—l u

/—‘”

Tn

from the discrete chain rules. Therefore, the discrete area preservation property yields the
discrete energy dissipation L[u"*!'] < L[u"]. Hence, the scheme (22) with the Lagrange
multiplier A given by (23) preserves both the area preservation and the energy dissipation.
We here remark that the last term of (22) can be written as

ut 4 u” n+1/2|5,
( v( 5 ),V)I = (|u |V,V>I

by the definition of v.
The above argument is valid in the case of the Galerkin method. Thus we can derive
the following fully discretized scheme for the area preserving curve shortening flow (4).

n+1 n
u, " t+u;
2

Scheme 2. For given u} € BY, find u}™ € BY that satisfies

n+1 n
ntl/2, 0 — Uy
uy, . |———,Va
T I

n+1 n

W, > n+1/2) ~

=\ Va: | — AlwL Ve V) Vv, € BY, (24)
<|uh Yt g | 7 ( & )I N

where u /% = (w4 u?)/2, V), € BY is defined by
1 1
/0 Vi, - vh|uh+1/2|dz :/0 v(u"t?) .y |u"+1/2|dz Vvy, € BR,

and A € R is given by

n+1 n
! uhz +uhz

e TUhe g g
|uh "+ luj | :

|:/|_vh| dS n+1/2)
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By the same argument as in the semi-discrete case, we can show that the scheme
preserves both the area preservation and the energy dissipation.

Lemma 6.2. Let {u}},, C BY; be the solution of (24). Then, for any 7, > 0 andn € Ny,
we have Alu}™] = Alu}] and L[u}™'] < L[u}].

7. Numerical examples

In this section, we present several numerical examples. We will test our schemes (15)
and (24) and observe that energy dissipation and the area preservation are preserved.
Examples of the first scheme are the same as those given in [5].

7.1. Elastic flow

We present some numerical examples of the elastic flow (3) with a small parameter
computed by our scheme (15). The corresponding functional and its discrete gradient are
presented in Section 5. It is known that equation (3) has a unique time-global solution
(see, e.g., [1, Theorem 3.2]). Therefore, the turning number | [ kds|/(27) € N is invariant.

In the following examples, we developed several techniques for stable computation.
For example, we choose appropriate time increment 7,, according to the speed of energy
dissipation. We refer the reader to [5] for precise techniques of numerical experiments.
Videos illustrating the following examples are available on YouTube!.

Before presenting numerical examples, we recall the steady-state solutions for the elastic
flow. It is known that steady closed curves of the elastic energy are the circle of radius ¢,
the figure-eight-shaped curve with scale ¢, and their multiple versions (see Figure 2 and
[6, 12]). Their energies are

Elcircle] = 4we, Eleight-shaped] ~ ¢ - 21.2075,

respectively. The exact value of the latter energy is expressed by the elliptic integrals

(ct. [10]).
2e
(O O

Figure 2: Steady states of the elastic energy.

Example 7.1. We first show the simplest example with a circular initial curve. In this
case, the exact solution is a circle at every time, and the steady state is the circle of radius

'URL: https://www.youtube.com/playlist?1ist=PLMF3dSqWEii6910XvCtgDCI4PYijq_4L3
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e as mentioned above. Figure 3(a) shows the evolution of the curve at t ~ 0,0.1,...,0.6,
with parameters
p=3, =01, N=6, 7,=0.01,

where the initial curve is the L?-projection of the unit circle. We can observe that six
control points are sufficient to express a circle by a B-spline curve. The energy at t ~ 0.6
is F ~ 1.2583, which approximates the exact value of the energy at the steady state 4we ~
1.2566. Figure 3(b) shows the evolution of the energy. The discrete energy dissipation
property is clearly visible. In Figure 3(a), one can observe that the curve shrinks like the
curvature flow (2) until ¢ ~ 0.5, and it stops shrinking when the radius approaches to .

1+ -
6 .
= 0 -
%Al |
=
[£a)
1 . 2l |
| | |
-1 0 1
x
| | |
(a) Evolution of the circle. The outermost Yo o2 0406
curve and the innermost one are at Time
times t = 0, and ¢t ~ 0.6, respectively. (b) Evolution of the energy.

Figure 3: Example 7.1.

Example 7.2. The second example is shown in Figure 4. The initial curve is figure-eight-
shaped. The parameters are

p=3, =02 N=12, 7, <00l

Figure 4(a) shows the evolution of the curve at t ~ 0,0.2,...,1.2 and Figure 4(b) shows
the evolution of the energy. The energy at ¢t ~ 1.2 is F ~ 4.2433, which approximates the
exact value of the energy at the steady state ~ 4.2415.

In Figure 4(a), initially the small loop (the right loop) shrinks faster than the larger
one. When the scale of the right loop becomes ¢, the loop stops shrinking, and the left
one begins to shrink. Finally, the left one also stops shrinking, and the curve approaches
the steady state.

Example 7.3. The third example is shown in Figure 5. The initial shape of the curve is
a cardioid-like curve as shown in Figure 5(a). The parameters of the curve are

p=3 =01, N=12, 7 <0.005.

Figure 5 shows the evolution of the curve at ¢t ~ 0,0.2,0.4,0.6 and Figure 6 shows the
evolution of the energy. In this case, the steady state is a double-looped circle with radius
e = 0.1. Therefore, the energy of the solution at ¢t ~ 0.6 (E ~ 2.5228) is approximately
twice the value of that of Example 7.1.
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10 |-

Energy

= 0
1 . °r a
x
(a) Evolution of the figure-eight-shaped |
curve. The outermost curve is the ini- % 05 1
tial shape of the curve, and the inner- Time
(b) Evolution of the energy.

most one is the curve at ¢t ~ 1.2.

Figure 4: Example 7.2.

The behavior of the curve is similar to Example 7.2. That is, initially the smaller loop
shrinks until the scale is approximately €. Then, the larger one shrinks and the curve

approaches the steady state.

= > [ |
-1 ] 100 =
—1 0 1
(b) t = 0.2
&
1 N E 50 =
€3]
> > 0 —
-1 0 ! -1 0 ! 0oz 01 0%
v Time
()t~ 0.4 (d) t ~ 0.6. ) _
Figure 6: Evolution of the energy

Figure 5: Evolution of the curves of Example 7.3. of Example 7.3.

Example 7.4. This example shows a topology-changing solution. The initial curve is
shown in Figure 7(a), and Figure 7 shows its evolution. Figures 8 illustrates the evolution
of the energy. The parameters are

p=3, =02 N<20, 7,<0.005.

One can observe that the topology of the curve changes at around ¢t = 1.05 (Figures 7(d)
and (e)). At the same time, the energy decreases drastically (Figure 8).
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. I \ . 1 I \ . 15 N
0 2 0 2
x x
(c) t~ 0.5 (d)t~1.0 - |
2| . 2| . é
1f . 1 . sl |
R = T oo a
- I | . . I | . ‘ ‘ ‘
0 2 0 2 % 0.5 1 15
* r Time
(e) t~1.1. (f) t ~ 1.4. ' '
Figure 8: Evolution of the energy
Figure 7: Evolution of the curves of Example 7.4. of Example 7.4.

Example 7.5. The following two examples investigate problems with more complicated
solutions. The initial shape of the curve is shown in Figure 9(a), and Figure 9 shows its
evolution. Figures 10 illustrates the evolution of the energy. The parameters are

p=3, £=02 N<49 7,<0.005.

In this example, the topology of the curve changes frequently. For example, the loop
in the upper left of the curve disappears at around ¢ = 1.35. Since the turning number of
the initial curve is zero, we can easily determine before computation that the steady state
is a figure-eight-shaped curve. However, the evolution of the curve is quite complicated so
that we cannot predict the behavior. When the topology changes, the energy decreases
rapidly as in Example 7.4.

Example 7.6. The initial curve for this example is shown in Figure 11(a), and Figure 11
shows its evolution. Figure 12 illustrates the evolution of the energy. The parameters are

p=3, =02 N<54, 7,<0.005

The solution displays complicated behavior as in Example 7.5, and the topology changes
frequently. Since the turning number of the initial curve is one, the steady state is a circle
with radius €. However, as in the previous example, the evolution is too complicated to
predict. One can observe that the energy decreases drastically when the topology changes
as in the previous examples.

17



(b) t~04
2F = 2F =
s 0 B s 0 B
0 > 0 >
30 =
(c)t~1.3 (d) t ~ 1.45.
2 E 2 E
gﬁ 20 [~ —
g
> or N > or N =
10| —
—9 . 9 .
e R T
* v Time
(e) t ~ 1.65. (f) t = 2.0. ) )
Figure 10: Evolution of the energy
Figure 9: Evolution of the curves of Example 7.5. of Example 7.5.

7.2.  Area preserving curve shortening flow

In this section, we present a numerical example of the area preserving curve shortening
flow, which is computed by our scheme (24).

Example 7.7. The initial curve for this example is shown in Figure 13(a), and Figure 13
shows its evolution. Figures 14(a) and (b) illustrate the evolution of the length and the
area, respectively. The parameters are

p=3, N=21, 7,=00L

One can observe that the curve becomes convex and then goes to a circle. We can also
observe that the length decreases monotonically. Moreover, we can conclude that the area
is preserved since the scale of the vertical axis of Figure 14(b) is 107°.
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| |
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Time
(e)t~19 (f) t ~ 2.3
Figure 12: Evolution of the energy
Figure 11: Evolution of the curves of Example 7.6. of Example 7.6.

8. Concluding remarks

In this study, we developed numerical schemes for gradient flows of planar curves that
preserves the energy dissipation. The key-point is to discretize the chain rule for the energy
functional, and this idea gives temporal discretization of the gradient flows. Moreover,
with the aid of the smoothness of B-spline curves, we can construct fully discrete scheme
without approximating curvatures.

We can also consider area preserving curve shortening flow, which is our ongoing work.
We constructed numerical scheme that preserves both length dissipation and area preser-
vation. Our idea is to discretize the chain rule and the Lagrange multiplier. Thus, it
is expected that we can also construct a numerical scheme for Helfrich flow, which is
the gradient flow for the bending energy [ |k — koVv|?ds for a given constant o and has
constraints that length and area are preserved.

Our scheme, however, only consider the normal direction of curves in a sense. Due
to this, there are several examples that two control points becomes so close that the
computation may break. In the theory of polygonal approximation of evolving curves,
it is known that appropriate tangential velocity makes numerical computation stable.
Thus, it may be interesting to investigate whether we can consider tangential velocity
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() ¢ = 0.0. (b) ¢ = 0.1. ()t =0.2 () t = 0.3.
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(a) Evolution of L[u"]. (b) Evolution of A[u"] — A[u'].

Figure 14: Evolution of the length and area of Example 7.7.

that preserves the structure of flows. These problems remain an area for future work.
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