PRE—ZB BT 4 —7

ki /N

(SES

1 96 6 FEICFERALZTHHY - BB E2EHEINTH S, JHRE—XBEHIE, K
i REL S oxLTx—o, MEYER FT 7M. BT 57 BFUA -0 AV
R P WA WA BT B VWTIHEI N TWS, HEY—XEHRIZIZ4D20RERDH S ¢
FA 7 —M, AR, ARG AR, SHRETH AFRR, GG XD R
N7z, PR Y — X EBOFEETHRTRRIE. ZOHTEFELVVWRRTH D, [HOTELLD
HHENTLTWD,

SRIOFERTIE, 75 7OPEY — ZEH L 2 OLROHFERTH AT RITDOWTIRA,
ZOBUEI S, BHE - ZEBE BT 4 — 2 DKL EHET 5.

1 FRE—IEBOES
1.1 History

1. 1966 %, Ihara [22]: On discrete subgroups of the two by two projective linear group over
p-adic fields, J. Math. Soc. Japan 18 (1966), 219-235.
PESEANE PGL(2, F) (F : p-ifk) O H 2 MEEF O A2 A LT 572012, p-iE Selberg ¥—
A (BR—EIVNA—TE—SEH or FRE—SEEK) 2EHL. TORRETINKRT (FER
DER) 25X 7=

2. 1980 %, Serre [35]: Serre 13— XBBUIIER S Z 70X - 2B TH D Z & 215,

3. 1986 F, Sunada [38]: WPHEEAEIFEN S S 712 LT, GHRE— X EED 75 7 HERINEHR KR,
PEROTBHD 7 7 BERINGE %2 5 2 72,

4. 1990 %, Hashimoto [18]: KEAS/LIZ, —M DT F 71T U T, edge matriz & AW E — &
BB O BARTH AL R % 5 A 72,

5. 1992 %, Bass [4]: Bass iZ. —fkD 27 7 71T U T, Ol — X B DOBEET I A W 727 5L BT
NREREG T,

12 BFRE—YBEHROFT IV FILDESE

PRSI B  — 2 B R . —IRIICB W TEHE L 72 ([22]). £z, BHEEEL [20,21] 2B 0
T, PR - 2B EMREI TV,
GEMGHLT S, ZDOLE, 2 €eGIZHLT, 2 DRE o) e NIFRD LS IZEHRIND:
o (G,0.1): £=0,1,2,... 12D\,

Go# o, U =Go < G(gﬁﬁ\ﬁ)

»o
Gy ' =G, UGU =Gy, U\ G| < 00(£=0,1,2,...),

o (G0, II):
[U\Gi|=q+1



D
1. Gi=Ga+ (¢g+ 1)U,
2. G1Gy = G5+2 + ng_l(f > 2).
I, T IRIRDOEMETT2T G OWDHEEL T 5:
1. (T'1) T is torsion-free and T Nz~ Uz = {1},Vz € G,
2. (T'II) |U\ G/T| < 0.
ZorE, DIZERBEOERTEAFOEBHBETHZ I ENHMLNTWS,
il
G = PGL(2,k) = GL(2,k)/k* &5, ZZT. kITHBIIERATa Y2 MRKTH B, £72. O(P)
T kDB (BATTIV) 295, € GIZO2WT, IRD K5 H1TF (aij)i1<ij<2 EERIZEDNTES:
2
a;; € O and E a;;O = 0.

ij=1
det(aij)(’) = 'PZ(I).

YBLL, GE LR g= NP »DU = PGL(2,0) = GL(2,0)/0" ®% £ T, &t G, 1, 11 #7274,
T O&IEHE {7} £ {1} KL,

deg{7} = mingeal(z *yz) > 0
B, AP ITy #1 €T or FEAIZMAAH {~} # {1} PRIV ZI1Z,
Cr(y) = ={eeGla vz =1}

Eii7-TILTHD, TIT. Cr(y) B IHBITS v OHMEEETH 5,
PHESEAER T DEIRIIEEH 2 A RIS 72,

Definition 1 (lhara, 1966) FERE—YBEAKIIKRD LS IZEHEI NS :
Zr(u) = H(l D I

P

ZZT, PaT OFRTOFENHIEIEE2ES,
PR IZIROFER %2 5 2 /-
log Zr(u) = E 4 = EOO &um Np, = E deg P.
m m ’
Pm>1 m=1 deg P|m

BRI, &SIz, IR E BEEE n (122)).
p ZE 0 O ED T OBRREOERHE T 5. %7,

x(v) = Trp(y),y €T
ru<,

Definition 2 (lhara, 1966) fRR L-BA#IIRD LS IZEHZE I N S:

m umdegP o0 NTIL, m
log Zr(u, X) = > p >t % =D U
log Zr(0,x) = 1.

Zor &, P L-BEEEA A 7 —HTRRTES

Zr(u,x) = [ [ det(Ia — p(P)u?*® ") ™", d = deg p.
P



Gy I L-BEBORRETIARR 2B,

h
G=> Unl (h=|U\G/T),8; =2 'Gox; NI, Sij =S (> 0;1<i,j<h)

» Mg J
i=1
LT, ZorE, pMHLT) EORD XS RRHRIHEETE S 2L BM5NTWS

p(Ge) =AY = (> p(y)(£=0).

(£)
’yESi].

(y
(Y
A

degp = x(1)h.
PR L-BE O FEETFHAARRITMO LS55z 605,
Theorem 1 (lhara, 1966)

Zr(u,x) = (1 —u®) 9% det(Iy — Afu+ qu*)™". (1)

Zr(u) = (1 —u?) " Y2 Qet (1), — Ayu + qu?) . (2)

A1 = (asj) : as5 = |l’i_1G1CCj N1 <4,5<h).

Ll ERRETIARTE VD,

G = PGL(2,k), U = PGL(2,0) T. I B G O b= a v 7 ) -0 OEE, T = G/U %
(g+1)-ERIK, K=T\T=T\G/U ZER (¢+ 1)- LRI T 755, £/, T3 K D universal
covering T, I' = m(K) &7 5, Serre i3t ¥ — X B Zr(u) »* (¢ + 1)-ERIZ 57 K O¥— X B
THdILaEEH LI, TORBREXZIT T, WHELR. 77 7HEROMEEZHAWT PGL(2,k) 12T 2
BHRE — X BEBEER L 2, ROMIZBNWT, ZOEHREBAD,

1.3 U2 7EmORBEICLZFRE—IEBDOES

J27G=(V,E) %, ROEH5%V e EORETE, V=V(G) ROERESE., £=EG) XV
D2 KA u,v ZRESL uww = {u,v} OFE (ACHOEEVES). G D&Luv 2. (u,v),(v,u) €V XV T
B A 72 symmetric digraph %, Dg = (V, D(GQ)) &35, (u,v) % arc L5, Dg D arcs DES
%, D(G) = {(u,v), (v,u)luv € B(G)} 8L, e = (u,v) € D(G) IZ2WVT, u,v EZNTN, e DA
B REEVD, w=oe),v =te) <, £, e = (v,u) B e=(u,v) D inverse £\, G D
path P = (e1, - ,en) i €; € D(G),t(e;) =o(eix1)(1<i<n—-1)Z2d e, - ,en DIITH 5, n %k
PoREEWW, |Pl=n&7<. o(P) =o(e1),t(P) =tlen) £BE, P & (o(P),t(P))-path £\ 5,
path P = (e1, -+ ,en) @ backtracking £ 1. e; )} = e; 5HWA %5, oler) = t(en) D& F, path
P=(e1, - ,en) I cycle £\,

22® cycle C1 = (e1, -+ ,en) & Co = (€1, -+ ,en) BAMEELIX, HI2ERBELITOVT, € = etk
LB EeTHD, ZIT, RFE mod n TEX S, [C] TC 2ECAMEEET, cycle BO r % B”
X, B LRUHE I, RUCHEEH»S r ALUTTES cycle Th 5. cycle C »* reduced £ 1%, C & C? A&
17 backtracking b7 WIZ & TH B, 7. cycle C » prime 1, D cycle BIZDWT C # B”
LRBHIETHD (r>2) 77 G O prime, reduced cycle DFFIEIE, G DOH D/ v ICHTD GO
FARE m1 (G, v) DI E—D DA IEEIZ IS T 5.



Definition 3 (Sunada, 1986) 277 G OFRE—YBEHEUTO LS ICEHT 5!

Z(G,u) = Za(uw) = [J - /N7
€]

Z 2T, [C] 1 G ® prime, reduced cycle DFEfE¥EEAEEZH &, |C] X C DEITHS ([38,39] 2R k).
¥z, ue CT, |ul BF+HNhTVbDLT 5B,

2 S5 7BROBEICL ZFEE—IEROFRRGTHRET
21 FEOER

G )& n /\5\\ Vi, " ,Un "\L’%Oﬁﬁ‘%%ﬂﬁi 7 tj—é K g’\ G @F%?%ﬁ’iﬂ A(G) = (aij)lsl"jgn 72\

o 1 ifvw; € E(G) (or (”Ui,’Uj) S D(G)),
%= 0 otherwise,

Mo DREZE, degous = |{v; | viv; € E(Q)} LEET D, G DB vIZDWT, deggv =k(—E) D

LE GEEERAIZ 7V, BRBr e NIZDWT, N, % G DEZ r ® reduced cycles D% &
T 5,

Theorem 2 (lhara, 1966) G % n . m L% DEfE (¢+ 1)-EAZ S 75L&, GOfEEY—-X
BBIIRD LI ITEZ 6N S:

Za(u) = (1 —u?)" "™ ™ det(I, — A(G)u + qu’L,) " (3)
= exp(3" D). ()
k>1

(3) DAEBLEHEE — X EHOFBERFNRRTDSS 7IRCTH 5. £72. (4) BHEY — 2 HHOIER
HEEHTH 5,

wic, THIZS 7 G OREY — 2RO MEEBR 5,

I A7ELE

T2 KD, PHEY — X Z(G,u) 13 22 HROWMTH 5.

11 B X ([37,40)).

Ac(u) = (L —u*)"* 7 (1 - g*®)"*Z(G,w)

LB, 22T n=|V(G), m=|E@),r=m-n+1. ZOLE,

|
Ag(u) = (=1) AG(q_u)’
1. V) — v > YRR ([28,29)).
G% (q+1)-LERZI72F%, V-V PEOHL s =0 +it, Z(G,q°) = 0 and Re(s) € (0,1) 7
Y=
Re(s) = 1
2
GV =~ PROEL 2T, GRIVXIY VI I T7THDIEIFEMETHD Z M50
TWb, 22T, (q+1)-EHIZ 7 GRITXTv+ 2 ThHBLlE, GPROEMEREZT I L TH5:
A(G) DHEHE N IZDWT,
A#Fx(g+1) =N <2/q



22 —MRIST7ICHT BRRE-IBEROITINART

G%nil. mBEROEENMS S 73252 E REITH D = (duy) IFIRD & 5 7% n x n 474
Thb:
do = { degu if u=w,
w 0 otherwise,
F/-, 2200 2m x 2m 174 B = B(G) = ((B)e,f)e,feD(G) EJo= J()(G) = ((JO)eﬁf)e,feD(G) IZIRD
£ritEzxons:

(B)e’f:{ 1 ift(e) = o(f), (JO)e,f:{ 1 it f=e?,

0 otherwise, 0 otherwise.

ZokE, B-Jy %2 G D edge matriz £\ D,
—f% T 71T P — X EBOITHARERD T T TIFIRD L S 1252 65 ([4,18]).

Theorem 3 (Hashimoto; Bass) #Ef&2'5 7 G IZD\W\WT,
Za(u)™" = det(Izm — u(B — Jo))
= (1-u)™ "det(I, — uA(G) +u*(D —1,)) = exp(— D kst %uk)
ZZT, m=|EG),n=|V(G)] T, Nil&GDEZ k ® reduced cycles DI TH 5.

BAOANEZBABTIART, 2HFHOLAA2FRETIARTEV I,

3 FRE-IBEHRO—MIELE LTOR2EBMEL—IBAROER
31 HE2EMEY—SEBOES

G#%nil, mlEFOEMEHMZ 779252 E nxnitdl W(G) = (W) IFIRO LD ITEHRS
NnN5:

nonzero complex number if (u,v) € D(G),
Wyy = .
0 otherwise.

W(G) i& G @ weighted matriz £\ 5, w(u,v) = Wuw, 4,0 € V(G), w(e) = Wuw, e = (u,v) € D(G)
b SR
F/z, #izBEBw: D'G) x D(G) — C 2RO LD IZEHT 5:

w(/f) if t(e) =o(f) and [ #e 1,
we, f) =4 w(f)—1 if f=e",
0 otherwise.
ZDr X, cycle C=(e1,e2,...,e,) ITDVT,
we = w(e1, e2)W(ez,e3) - - - w(er—1,er)W(er, €1).
EB<,
Definition 4 (Sato, 2007) 257 G OE2MEEL—YFEBIIRD LS ILEEINS:

Z:(Gw,u) = [J(1 - weu!H) ",
&

ZZ T, [C] & G D prime cycles DFfEFZ E 5 ([33]).



w=1,1ie, wle) =1Ve e D(G) %56¥, F2MEL—KBEBILOUIL — ZBEBUZF LW
Z,(G,w,u) = Z(G,u).

il 7z 51, cycle C A% backtracking % &47% 51X, we = 0.

32 HE2EMEL—YBEHROFRETIART
35 2 TN ¥ — 2 O BT AZR RO X 51252 5h 5 ([33)):

Theorem 4 (Sato, 2007) G % n i3, m LEFEOHEFERL ST 7, W(G) & G D weighted matrix &
T5, ZOrE, GOE2HENEY— 2 ERO ¥

Z,(Gw,u)”t = (1 —u®)" " det(L, — uW(G) + u*(Dy — 1,)).

22T, Du = (duw) RIRD & 57 1 x n 41551 CH -

duu = Z w(e).
o(e)=u

RITHEEZ RN D,

(B3] iZBWT, B 2MINE Y — XEBOBARITHARRE G A7z, G % n ol mBEREOEREHM S 2
7. W(G) % G @ weighted matrix £9%, ZD&E, 2m x 2m 1741 B, = B (G) = (ng}))e,fED(G)
ERDESICHEZS:

BW)_{ w(f) if t(e) = o(f),

ef 710 otherwise.

ZDEE,

Theorem 5 (Sato, 2007) G % n i, m Wi FEOHEFERF ST 7, W(G) & G D weighted matrix &
T2, ZOLE, GOHE2HENEY — X EBOMABITH AR

Z1 (G w,u)”" = det(Tzm — w(By — Jo)).

4 T 7RBEENS R Emms et al DFEFR
41 EFIF—VDEREMES

BTV A — 7RO 3 200 H R 6BAI N
1. EFHEEM - 1988 4, Gudder [16];
2. EFEIA—bT bY 1996 £, Meyer [30];
3. EFavEasy—:
2000 %, Nayak and Vishwanath [31] ;
2001 4, Ambainis, Bach, Nayak, Vishwanath and Watrous [2];
2001 4, Aharonov, Ambainis, Kempe and Vazirani [1].
FROXBIZEWT, BHEEETFY +— IV EAIN., TOHEIHES N,
2002 £, Childs, Farhi and Gutmann [5] I3EHRHEEF I+ — V2 EHE L7z,
[ U<, 2002 4, SEEAE 23] R Z LO2REEFV+—VOBREER L5272, SH0HEITTEHE D
LD, BigoTwa,
Wiz, ®FU 4 — 27 ICHET 575 7 ABEEOEHNTE R E RS,
1. 2006 . Emms, Hancock, Severini and Wilson [9] &2 F 7 ® Grover(#E#) 1751 (Grover
7% — 2 OIEMFERITH) L ZDOES etc DAY MLELEZ, BENIZ 70557 RBBREIC
DWTOFEERR LU,



2. 2008 £, Emms [8] I& Grover {75l {lioT, 757 LOBMBBSEEF V4 —2 (Grover 7+ —
V) EEHRLT,

3. 2011 4, Ren, Aleksic, Emms, Wilson and Hancock [32] i&. Grover 174D L& OB A3 i
Y= 2B OBATHRIZRIZETHNS edge matriz iIZFLWI & AR U,

4. 2012 4, Konno and Sato [25] 1&, fHi¥— X B & 28 2 Wi E Y — & B O FE BT XA TR &
HWT, 7770 Grover {74l & 2 DEADRMELHADHRARE 5 X, HENIZ, Th5DA
R NIV RG],

42 U337 LOBBEREEFVA—Y

G%amidoEiEso 7845, ZOLE, Emms [8] IZi> T D(G) LOEEBIM Grover 7+ —2 %
B,

% arc e = (u,v) € D(G) 122WT, bIL~UL hE[ C*™ OIEMERIE L% & 572 pure state
Te = Tuw BF A5,  arc (u,v) 25 arc (w,z) ~OBBIF, v=w DL EOHLET LT D, &T
U4 — 27 DREIFIRD LD ITEET %:

'@Z} = Z auvfuvv Qo € C.

(u,v)ED(G)
arc (u,v) (ZRLFOIAAET DHEIFIRD LS IZEX 51D

P(je) = auva_uv-

(N
(v
:ﬂ

E QO = 1.

(u,v)ED(G)
MR Z > X LT A — 212 B WT, RIE oy, ¢ DEMRIZ, =2 V4741 U 238U T,
Yep1 = Uty

DEHIcER6NS, FARKIZLT, D(G) RokMFEREZ. Grover 75 U = (Uiw ), (uw)) EHWVWT, E
#795 ([15]):

2/ degwv ifv=w,z#u,
Utw, o), (u,w) = 2/degv—1 ifv=w,z=u,
0 otherwise

COBRT VA —2% G LD (BEEESE)Grover 7+ —27 2\ 5, Grover {7432 =X V{74 TH 5.

43 S 7EBEEICODVWTDFE

220777 GHPAE (G =2 H) &iE, w € E(G & f(u)f(v) € B(H) %7z ¥ &4
F:V(Q) — V) FETEZLTHD, 20L&, VI 7AMMERRD LS ICEX SN S:

Problem1l 220757 G & HIZRLT, G H»E>hERET L, ?
7' 7EBMEITIRZE, L \WZ ehbhoTWd, /2, RO S 2NEEH 5,

Problem?2 250457 G & HIZHUT, G = H & f(Q) = f(H) 27T L5575 7 DA% R
J(Q) BAFET B0,

SET, TOEIBALRER O > TR,
257 G ORMELEN &(G;\) = det(M — A(G)) 1, B2 DALETIER, &(G;)) = O(H; )
MOGREHRETZ7 G HMHET LI ERMoNTWS ([3]). £/, 77 70HEE— X3S, 1



B2 DALERTIEIR, Z(G,u) = Z(H;u) D> GE H %5777 G HMWFETSZEVMshTH
% ([6]).

BT U4—2%BLT, 5 7RABORET NVITY XL, 77 7EMMBEIHT 28 L WHEIZY 7
o —F 7%, Shiau, Joynt and Coopersmith [36], Emms, Severini, Wilson,and Hancock [10], Douglas
and Wang [7], Gamble, Friesen, Zhou, Joynt and Coopersmith [11] IZ& > T, EINhTWVE, T5
2. Emms, Hancock, Severini and Wilson [9] {F. [ 2 223 EET 2 THEZERH L,

KIEHTH A = (a;;) IKD2WT, ADESR AT = (ai*j) RO LD IZEHEIND:

©J

af = 1 ifas; >0,
0 otherwise.

DL &,

Conjecture 1 (Emms, Hancock, Severini and Wilson, 2006) G,H 2@ U85 A — X 2§D, SRIEAIS

Z27LTHLE,
G2 H< Spec((U(G)3)+) = Spec((U(H)3)+).

2 ZT, Spec(F) IZIEAITH F QAT bL (EHEAE) 24K, U(G) 13 G D Grover 75 TH 5,

757 GWIRFG A= n kA \p BFOBEMNT ST or (n,k, A\, p)-777 213 RO 4DD5M%H
=3z eTH B ([14)):
L V(@) =n;
2. GDOETvIZDOWT, degv =k ;
3. COBHET 5 25 u,v b N HOIED TUICBEET 5
4. COBEELRV 2 M,y b p MOIED SUTBERET 5.
(n,k,\, 1)-27" 7 71 k-IEAIZ T 7 TH 5, FIZIE 5822¥T T 7 Kopn 1 (2n,n,0,n)-77 7 Th D,
FOPRIFERZ S 712 U TR D 272780, G % H 52 Spec((U(G)*)T) = Spec((U(H)*)T) %
729, 1450 4 —1LHIZ S 7 G H B74£3 5 ([9))s
AvEax—%MioT, Emms et al [10] I¥HDMEA T T 7IZDWTHMT DI %2R U7z, BL. F
BHEIZTNIE, 77 7D/NE 5k (BREA?) 2BV T, Spec((U(G)3) 1) or @((U(G)3) ;N 13, M
B2 DRER LD,

5 Konno-Sato M EHE

5.1 Konno-Sato M EHE

2’5 7 ® Grover {THlOEMLIERIZOWT, BHRAXES X5 ([25]).
GEnm. mldaRFoEETI7 7292, Z0LE nxn il T(G) = (Luv)uvevia) BIRDE ST
EFHZT 5.

1/(degu) if (u,v) € D(G),
Tuw = .
0 otherwise.

75 T(G) 13 G FORMT v XL — 2 OBBTHTH D,
ZDEE,

Theorem 6 (Konno and Sato, 2012) G % n s vy,...,vn. mAEFOHFES ST TE, ZDLE,
G @ Grover 1741 U ORHELIEA -

det( Mz, — U) = (A2 — D)™ " det((A* + 1)L, — 20T(Q)) (5)

(A2 — D)™ " det((A2 + 1)D — 20A(GQ))

= o, - do, : (6)




SEBR. R4 12X 5. Q.E.D.
EH6.(5) L. T(G) DARZ MVEFRWT, Grover 74 U D ARY bV ERRT S ([9)]).

Corollary 1 (Emms, Hancock, Severini and Wilson, 2006) G % n 31X, m B & F20#EfEs 5 7 L9 5,
ZDEE, Grover 74 U DARZ MIVIFIRD XS 1252 651 5:

1. 2n flil o H4HE:
A=Ar+iy/1-A2.

ZZT. A X T(G) DEFMTH B,
2. 2(m—n) HoOEAME: £1(RCEEE).

EHL6.(6) £ 0. LAY T 7IZDWTIROKEREES (c.f., [9)]).
Corollary 2 (Emms, Hancock, Severini and Wilson, 2006) G % n 5i, m % fOEkk k-1EHI 75 7 &
T3, ZDr %, Grover {75l U DARZ MLIFIRD LS IZ52 605

1. 2n OREEH:
NS ELNVEDY,
STV o4

ZIT. Aa i G OBEEATS A(G) O FEA;
2. 2(m —n) MOEAM: +1(FUSEE).

5.2 Grover T3IDIER
g, PHIEE — Z B E Grover 175 DR EERS ([32]).

Theorem 7 (Ren, Aleksic, Emms, Wilson and Hancock) G % n i, m @z F2#EEsr 57295, @
DEMIE O(G) X 2L EERE, ZDL &, G D Grover 74 U DIEASDIKEIX, G OFEE — X B
XY 5, BARTHIAFRIZIBT K % edge matrix IZ5F LW ¢

B-Jo=(U)".
EM 3,7 £ 0. 757D Grover fTHIDIEA UT ORELEREE 5,

Theorem 8 G % n . m WERDHEHES T 7245, GOBNIEI(G) T2 U LELKE, ZDE &,
G @ Grover ITHIOILEH UT OREZEN:
det(Alap, — UT) = (A* — 1) " det((A\* — DI, — AA(G) + D).

EH 8 L0, FAIZS 70D Grover FFHIDIES UT DARZ bV, BTN A(G) DARY MLTEH
T (c.f., [9)).

Corollary 3 (Emms, Hancock, Severini and Wilson, 2006) G % n £i., m % FosEkk k-1ERI 75 7 &
T35, 2Ok E, Grover 741 U OILH Ut D ARZ MVIFRD XS5 2605 ¢
1. 2n OFEAMHE:
A:%“ii k—1-A2/4.
ZIT. A G OBHERA A(G) OREAHE;
2. 2(m—n)HOEHM: +1(FHLCLHE).

5.3 Grover 175D 2 FEDIEHR

%3, 25 7D Grover 751 U @ 2 BOILE (U OffEEM AR5 ([12]).



Theorem 9 (Godsil and Guo, 2011) G % m AEFFOEKE E- LRI/ 78U, k> 2 LIRE, ZDr &,
(U = (U")? + Lom.
EH 89 kD, 757D Grover 7410 2 ®OTA (U ORELIERZG5 ([19)).

Theorem 10 (Higuchi, Konno, Sato and Segawa, 2013) G % n s, m Q& FEOEE k-LHIZ 57 &7
U, k>22{kE, Z0rE, 2570 Grover {750 2 ROILA (U?)T ORME%EA:

det(Mapm — (U)T) = (A — 22" 2 det((k — 2+ V)L, — (A — 1)A(Q)?).

EH10 £, LAIZ S 7 G ® Grover 7510 2 BROILE (Ut O ARZ ML, Bi#TH A(G) DA
N7 PVTRT (cf, [9])-

Corollary 4 (Emms, Hancock, Severini and Wilson, 2006) G % n 5. m @& &0k k-LAIZ T 7 &
Uy k> 2 8ffiE. ZorE, Grover 751 U ® 2 ROIEA (UHT DARZ MLIIRD LS 1252605

1. 2n OFEAEH:
2 _ JIk 42
A= 24 22k+4iz')\,4 ——a,

Z I T, A ld G OBEEATH A(G) DEFAE;
2. 2(m—n) OEAMH: 2.

A i, Spec(U), Spec(UT), Spec((U?)T) 2 2 DALRIZZR SRV DM 2B 5,
G,H#%220D (n,k,\p)-777 (REAMTF7) 55, ZOLE,

Spec(A(G)) = Spec(A(H)) = {k,0,7}
ThdIehHmohTnwsb, ZIZT,

A—7)+VA o
2 )

(/\—T)+\/ZA:
2

0= A —=7)* +4(k — )

THYH., 0,1 DZHEE I n, kb, A\, p 12X > THRED ([14)).
% 1,234 &0, U, UT (UHT OEEMIIBEETHIOREMEIZ L > THRES NS, Thh b,

Spec(U(G)) = Spec(U(H)), Spec(U(G)") = Spec(U(H)™), Spec((U(G)*)") = Spec((U(H)*)™).

#>T, Spec(U), Spec(UT), Spec(UH)T) ik >T, G= HWPEIDERET LI LIFTER, .
ZOHFFEIZE Y, Emms et al [9] 1% Grover 174D 3 FDLEADARY MVEFHLU 7z,

5.4 Grover 175D 3 £DIEHR

EH9 DL, (UHT olpEeisbx 5,
GaJ7I77¢35, 20L&, GOAAg(G) %. G @ prime, reduced cycles DEIDR/MEL T 5,
(UH' ofEEMIZRD X 512525035 ([19)):

Theorem 11 (Higuchi, Konno, Sato and Segawa, 2013) G % n fi. m B &R0 k- LRIV Z 72 U,
k>2,9(G) >4 EE ZDLE,

(U = (U’ +'Ut.

(n, kb, \ 1)-277 7 GIZ2O2WTA>14#8561 g(G) =3 2450 T, PHEEMRT L2012, EH 11T
R TR0,
EM 11 A USRMADOTT, Grover 7510 3 RDIEADORMELIHA2E Z L3 TE X ([27]).
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Theorem 12 (Konno, Sato and Segawa, 2014) G % n 51, m A& FOHEAE k-EHIZ 778U, k> 2,
g(@) > 4 2fiE, ZDrE, G D Grover 751D 3 RDOIEAS (U)T 0% IEA:

det(Mam — (U)T) = (A = 49)™ " det(\I,, — A(A® — (3k — 4)A)
+ (A —E2AZ 4+ 2(k — 1)(K* — 2k + 2)1,,).
ZZT. A=AG).
nrs,

Corollary 5 (Segawa, 2014) G % n i, m BEFOEM L-FAIZF 72 U, k> 2, g(G) > 4 LIRKE,
ZorE. GO Grover {75 U @ 3 ROILEE (UHT O ARZ MLIRRD & 51252 505 ([34]):
1. 2n OREAH:

A= Aa(A -3k+4)

+ /A8 —2(3k — 2)A, + (13k% — 24k + 16)Aa — 8(k — 1) (k2 — 2k + 2)}.
ZZT, A X G DBEEATH A(G) DEAAE;
2. 2(m—n) OEHMHE: +2.

ZOfERDP S, TRIZHT 27 7E—FIFRDLSI1ZRD: G, H % (n,k,\,1n)-7 7 7T, k>2 %
T35, bL. GEHNP g(G) >4, g(H) >4 %273, TOXI%757 G, H PFETHL F
FUIARKAL,

LU, g(G) >4 R2WEAZ T 7 Glid, @2 4HUDPFHELRNZ ERbhrsTWVW5D,

55 FEDRHA

2015 %, Godsil, Guo and Myklebust [13] (& P4 D K H#il % 5 2 7=,
g(s,t) RD generalized quadrangle &, IRDZM% 7= T HkiETH 5.
1. ¥Diid (s+ 1) D lines iIZBL. 2D
2. ¥@Oline & (t+1) Nz2ET,
ZDL &, (s,t) XD generalized quadrangle @ line X7 Z 71 ((t+1)(st+1),s(t+1),t —1,s+1)-
757 @ERTS7)ICBR5IeRMoNnTWS, £72, ARE TRV 220 (52,5) RD generalized
quadrangles B’FEET B Z EAF SN T W5

H(3,5%), FTWKB(5).

H.X LY &, F0EN, H(3,5%) & FTWKB(5) @ line £2757¢95%, 20Or&E, X,V i
(756,130,4,26)-75 7T, X XY Th5.
Godsil et al [13] I&, 2y Eax—&2HWT,

Spec((U(X)*)") = Spec((U(Y)*)")

THhbHZERUEZ, Z0n 5, Emms et al @ FAIXAEIL LAz

5.6 Further remark
B, $ux 35 WO AMZE LT WS ([25)):

Problem 3 (Konno, 2012) Vn € NiZ2WT, 257 G ® Grover {7510 n #OLH (U™ Okt
HAZREE K,

11



SHOMEIE»m Y, HL W,
SHO ML, OB FETH 5:

Problem 4 Vn € NIZ2WT, ROY — X EBO RIS T AL R E2RER X:
k(G u) = det(Iom — w(US)T), m = [E(G)].

G %n i, mleEFoEE - LSS 7835, 11,13 X0, ROEEIFLNS:
1. r=2:

C2(GLu) ™t = (1= 2u)*" " det((1 + u(r — 2))°L, — (1 — u)A(G)?) (r > 2);

(G u)™t = (1 — 4u®)™ " det(I, — u(A% — (3r — 4)A)
+ w(A* - EPAZ 4+ 2(r — 1)(r? — 2r + 2)L)(r > 2,9(G) > 4).

ZIZT. A=A(G).

. HBEMTT, 297 G D Grover 774D n ROLES (UM 1245, fEEME525Z

HTE 72 ([26])

Theorem 13 (Konno, Sato and Segawa, 2018) G % ¢(G) > 2k — 2 %2584 r-EAIZ 5 7 2 9 5,

DEE,
k

(U7 =2 (U 4730 (U)) + 3 (e (UT) + 75" (Jo(UT))).

Jj=0

E
[un

<
I
(=}

ZZ7T. €,7;=0,1(j=0,£1,...,x(k—1),k).
ZORGEEMIPRITIZ RN, r <6 T, RE2TWS,
Corollary 6 (Konno, Sato and Segawa, 2018)
(U =Jo(U")’Jo + 1+ (U,

Jo(UM)3Jo + (UT)2Jo 4+ JoUTIo +UT

Jo(UT)2Jo +JoUHIo +UT + (UH)® if3<r<6,
(Ut =
+Jo(UT)2 + (UT)® ifr>7,

Jo(UT) Jo+Jo(UT)2To+ I+ (UT)>+(UT)®  ifr =34,
Jo(UM)4To + (UT)3To + Jo(UT)2To + 14 (UT)?

(U%* = +Io(UT)? + (UH)® if5<r> 11,
Jo(UN) o+ (U Jo + I+ (UT)? +Jo(UH)?
+(U")° if r > 12.

Zhnrob, SHIEEMEL. FREY-ZEREET Y 4 — 27 OEKREBERLTTE 20,

&

-
—

FRE — 2 E AWT, 77 7FEEMED PRICHRIRL 725, Fix 03 kBuzib o7z, L,

TRIZHT S ZhoDT Tu—FT, FEY-ZEEPRITBNITHE Z 2R, FRE—ZEEDET
U= OWFIZENT, LU EAEALUAEZZLE2METLIENTEZ, Ihho b, PlHE—

BV AWALRDBIZENT, &2, BRLULTIF<TL XD,

HEE

RIMS R (RFEED TREWHAEH L EET 2L RBOHE] To THHOB22H Y. £
W7 TR ATHE £ U KIEAELE (@K 1, B BAML EFEY. £, Afeo5Ic4k

DELT, TWELES & Uk, AHERELAE (REIEKRT) 0, E#HTLETFET,
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