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Abstract
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Abstract

First, let us construct neural network for the Fisher’s iris data, we submit two species of iris
flowers (setosa, versicolor ). Next, let us extract trained network, we submit training data about two
species of iris flowers (setosa, versicolor ) and test data about one species of iris flowers (virginica).
Then, we consider a state excessively affected by test data and create a classification table. Second,
let a statistical model be a three-layer neural network with 1000 hidden units, we submit training
data about true density function. Then, an output of the neural network is excessively approximated
by training data. We show that over-fitting has occurred by comparing training and generalization
error. We plot trained neural network on training data and test data. Next, let the statistical model
be a three-layer neural network with 2 hidden units, we submit training data . Then, an output of
the neural network is not excessively approximated by training data. We show that over-fitting has
not occurred and plot RMS weights that evolve during submitting. Finally, we show that weights
at the end of submitting satisfy a set of parameters which true density function is realizable by the
statistical model.
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Za—F)axy b7 —2T [HilidH V¥R 2XED L, ELHETHHDI TEYE (over-fitting) ] H°
b5,
TE 1 (H0H%, $BET I BHHH)
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R, (w) = — Z log p(X;|w) — ay, log p(w).
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TOLEREBIY AV —S, :_121 logg(Xi) & FWT Ry(w) = RO (w) +nS, L RINB 7, %
HORHEELBIR f (2, w) = log 1 1A U TERUEE NI BB RD & 5 128D 5.
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HHTAADY R — b supp(p) (&3 N7 b W B f (2, w) FHSENZERR B E S DL T 5.
HONEARERT 557 A —ADHEE W = {w e RYK(w) =0} SR AEROLE wye Wy 2 LT
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TENRTA—R G ERTEDD.

@ :=arg max {i max{0, &, (u)}* + log gp(g(u))} :

K(g(u))=0
T D& SFEPNBHRB L(w) := — [ q(z) log p(z|w)dz & FEBBHLBI L, (w) :== -2 37" | log p(X;|w)
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Mathematica % FI\WTRD & 512 ASIT 5 [5].
FEBEDAY NI T ThO6=a—F Ay bT—I DS WY T Iz
trainednet = NetReplacePart|Net Extract[results|”TrainedNet”],” net”]] £ 3 5.
AT — 2 DEIDLEAE F T 71ZFE L 720DIZ results” LossEvolutionPlot”] £ 3 5.
T AT = RIZDOWTHRAKEIE L % KD 5 720D1Z results|” LowestV alidation Round”] £ 9 5.
TAMT =RIZDWTEK TV Y FTOEEE KD D72DIZ results]” FinalValidationLoss”] &3 5.
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LR (over-generalization)] &1, # L < FEHUZARITHEEIZHESGLTLUEY, BHZFEEH LN
ROIEMBEMEL B> TULEIREL TS,

HXH DN K (Sepal Length), A3< FriE (Sepal Width), {60 S & (Petal Length) {60 S 1E (Petal
Width) @ 4 {HOFHMED S| setosa, versicolor, virginica &5 3 FEEHODFE (Species) 12T 5T — X %
TAYVAT—=RE W {4.7,3.2,1.3,0.2} — {"setosa”} D LS I12KT.

Mathematica IZF08% SN T W AT — X 105 i, 7 A ST — X 45 H%ZRD X S5 IZAH U THEGHT.

trainingData = ExampleData]’ MachineLearning”,” FisherIris”,” TrainingData”];

test Data = ExampleData[’ MachineLearning”,” FisherIris”,” TestData”];

Mathematica % F\NT labels = Union[V alues[trainingData)]; £ AJI U, 3 FEH%Z 3HIZH D ITT 5.
LS 3MEHNTH A Y TV I—X—% enc = NetEncoder[’Class”, labels] £ AJ1$ 5.
MR bV 3FEBEHA T 5%y N T 23— X —% dec = NetDecoder[’ Class”, labels]; £ AJ1 5 5.
MR MVh 6 3MlEHNT 54y M T I—X—% dec2 = NetDecoder[”Class”,1,2,3]; £ AJ1T 5.
DT —RET AT =X (WO EMETE)ZROESICANLTEDS.

TrainingData := Normal[AssociationT hread|Keys[trainingData]— > enc[V alues[training Datal]]]
TestData := Normal[AssociationT hread[K eys[test Data]— > enc[V alues[test Datal]]]

T —2 (i, j ), () ZRDEIIZADLTEDS.
trainset[i-, j-] := Select[TrainingData, Last[#] == i||Last|[#] == j&]
testset[i-, j_| := Select[TestData, Last[#] == i||Last[#] == j&]
trainset[i_] := Select[T'rainingData, Last|#] == i&] testset[i-] := Select[Test Data, Last[#] == i&]
BRBABADAT (RET—&) &% (M) &2, 2T —X% (1, 2, 3%), 2T — % (4, j #l), (i §) 126
LT, RDEDIZANT 5.
train[l,2,3] :=< |”Input”— > Keys[TrainingData),” Target” — > Values[TrainingData]| >
trainfi-, j] =< |"Input”— > Keys[trainsetli, j]|,” Target” — > Values[trainset[i, j]]| >
testli, j-] =< |"Input”— > Keys[testset[i, j]],” Target” — > Values|testset|[i, j]]| >
test[i-] :=< |"Input”— > Keysltestset[i]],” Target” — > Values[testset[i]]| >

3.1 EH
EE 9 (V7 hxv o REH) w
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Zexp (xl(-k))

i=1
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t; :O(Z#k), tk =1 ’Eﬁf:?t: (tl,tg,-'-, tn),yz (yl,yg,'--, yn) C:S(j-bf, 7\:77\1?/}\\3];’_0"*%9%
ZE:=-" tlogy TEDS.

Mathematica & HWTRD & SIZ AT S [5].
EULKAEHINEE %KD B 72012 measurements[” Accuracy”] £ 5.
DR EFRRIE B72DIZ measurements|” Con fusionMatrizPlot”] &3 5.
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ABIFARTERT MV, BB TH S 4f@=a—F 0V 3y b7 —2 (§RJEHE, tanh, fEfE, YV 7 v < v

o AJE) #VEKT 572, Mathematica ZFHWTRD L SIZATITE L UTFDOX2 DEMIZELIENS.
parameter Net = NetChain[{Linear Layer[5], Elementwise Layer[Tanh],
Linear Layer[3], SoftmaxLayer[]},” Input” — > 4,” Output” — > dec]

AT (ARTGRZ MV =a—F) 3y b7 =2 Z@UHIE) &, B () o/v Ay bobE—4g
KxRKDBH. Mathematica ZFHWTRDESIZATILTAY b T TE2EKT DL, ANDOK 2 DAMNTH
HInsg.

trainingNet = NetGraph[< |"net”— > net,”loss” — > CrossEntropyLossLayer[’ Index”]| >,
{NetPort]’ Input’]— > "net”— > NetPort[’loss”,” Input”],
NetPort[”Target”]— > NetPort[’loss”,” Target”]}]|

: e Input vector (size: 4) ] { N ]
NEtChaln{ Wﬁd 1 Linearlayer vector (size: 5) Hgtoreph =] " Pt b
2 Tanh vector {size: 5) L £
3 Llinearlayer vector {size: 3}
4 Softmaxlayer vector (size: 3) & T
Output class Input =
Inputs Outputs
Input:  vector {size: 4) Loss: real

Target: index{range: 1..3)

2. Za—FNVERv NT—=T Ry TTFTT

3.3 7A4YRT—% (1,2#) 0%EH

Ny FH AL X% 35 L UT, K00 T7VY REETHHTTANT—X (1,2#) 0EXPENE LS5
DY RBTHEEEKRASL LD, T - (1,26) 2P I E572DIRDEIITANTS.

results = NetTrain[trainingNet, train[l, 2], All, ValidationSet— > test[1, 2],
BatchSize— > 35, MazTrainingRounds— > 500]

FEWROEN &, BROLRAH 3 DEMIZHIETNS.
FEED XY N % trainednet LEDT, ROEIIZADULT AT —X (1,24) ORFHEE KD S,

measurements = Classifier Measurements[trainednet, testset[1, 2]]

EMXIX1 TH Y EAE e D EENX 3 OAMIcH TN 5.

To 85s
T 500 ClassifierMeasurementsObject[ -l.
To 1000 Loss evolut t E olut t
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NetTrainResultsObject | Method SGD \
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FEEO=a2—F V3 Y T —=21ZBWVWT, Ny FH A X% 35 L UTHIRET— & (1,2,3 %) 0¥E%2 3¢
5. FANF—R (34) DEENEBNEBSD T Y FRTEEEKAS.
TGOV DEERDEIIZANTS.
resultsl = NetTrain[results]”TrainedNet”], train[l, 2, 3], All,
ValidationSet— > test[3], BatchSize— > 35, MaxzTrainingRounds— > 8]

BEAPRNTHET7 VY FEIZSTHY, PEMROERN & HROZAAX 4 DEMAZE TIN5,
FEED A Y b % trainednetl LEDT, RO EIIZASUTAPT—X (1,2,3 ) ODFRELZ KD 2.

measurements = Classi fier Measurements|trainednet], testset[1,2, 3]

IEREZ 13 0.666667 Td 0 8L & RV 4 DLARICH TN 5.

Total training time: 0.084 s

Total rounds: 8 Classifier: Net

Number of test examples: 45
Number of classes: 3

) | e 35 k VW Accuracy: 0.667 £0.071
NetTrainResultsObject | Method: SGD l
Final round loss: 0.537

Final validation loss: 0.916
Final round error 32.4%

Final validation error: 100.0%

ClassifierMeasurementsObject [
Total batches: 24 Loss evolution plot Error evolution plot:

— validation
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— training
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predicted class

4: TAVAF =% (1,2,3 #l) 0%H, HH

TV RBMRI0ODEERDLIIZANTS.
results2 = NetTrain[results[’ TrainedNet”], train[1, 2, 3], All,
ValidationSet— > test[3], BatchSize— > 35, MaxTraining Rounds— > 30|

HEPBNTH D7 Y FEIZ 13 TH Y, FEBROEN L HEADEMD K 5 OLEMAIICH TIN5,
FEBZD XY M % trainednet2 LED T, KOESIZATIUT AT —X (1,2,3#) O FHIEZEZ KD 5.

measurements = Classi fier Measurements|trainednet2, testset[1, 2, 3]

IEfE S 13 0.666667 TdH D ML & RV 5 OAMICE TIN5,

Total training time: 026 s

Tot: s: - " Classifier: Net
ol round 20 Class1ﬁerMeasurementsob]ect[ .l. iU

Number of test examples: 45
Number of classes: 3

Batch size: 35 \ Accuracy: 0.667 +0.071
NetTrainResultsObject | Method: SGD ]

Final round loss: 0,281 R T A

Final validation loss: ~ 0.368

inal r "

inal validation err

Total batches: 150 Loss evolution plot: Error evolution plot
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3. FANF—& (23H) OEENRNE BB Ty FETEBERZ S,
TOUYRBP100 DEERDLDIZATT .
results3 = NetTrain[results2[’TrainedNet”], train[1, 2, 3], All,
ValidationSet— > test[2, 3], BatchSize— > 35, MaxTrainingRounds— > 100]
FEREROE L, HADEILAIE 6 DLEMITHA S NS,
ZE%B DS Y b % trainednet3 L EDT, KDL SIZANUTFANT—X (1,2,3 ) O EREZ kD 5.

measurements = Classi fier Measurements|trainednet3, testset[1, 2, 3]

EMXIX1 TH Y AL e 2 EELH 6 OAMICH TN 5.

e: 0.52s

35 Rt =

5 N
NetTrainResultsObject SGD N Sl
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4.1 E=

& 11 (BEEUET L, E2BETI)

N A—ZweR" R ~OBE f(z,w) ITH LT, KCEES R' LORRERY = f(z,w) + Z %K
EBET VLN, 22T, ERAEIRES TERER Z 25205, y e RN, 8o 1o LT, BISOELLIE
FY B> SRR plylz, w) = L exp (_ ly—f@vw)‘?) EEEEFLL NS,

202

3<z<3DR" EO—BAHEITRIHEREM X 2 AN T 5. &% 218U T,Y = 5tanh(3z) + Z
TEE5 R LOWRERY 2 HET5. 22T HE ZHEH0, 48 o = 0.15 O R' EOERM I
B> ed5.

& 12 (BED9 M)

T Y DS RAENTEE q(yle) = 7 exp (- L2100 ) £tz S,

EFE 13 (2 #REFBH)
FEETN p(ylr, w) (U T, 2 FIRERBRK L, (v) == -2 37" (vi — f(z,w))> TEDD.

Mathmatica Z IV TTF AT =X =—a—F V32 Y b7 =2 DD 2 FiRAEE2 KD L7280,
meanTestLoss[net] := Squared EuclideanDistance[net[test X|, testY]/Length[testX]| & AJ19 % [6].
E#E 14 (RMS(=R¥HEAR) EH)

EA wy, wa, - wy WU T, RMS(—FFFHR) EAZE /LY w? TEDS.



4.2 BFEBEEZRITHE
30MEDAS) ws, ST ys, AJ17» 6 I~ DFIFET — X % Mathematica % IV TXRD & 5 IZ/EHKT 5 [7].

xs = RandomReal[Uni formDistribution[—3, 3], 30];
ys = 5Tanh[3xs] + RandomV ariate| N ormal Distribution|0, .15], 30];

data = Normal[AssociationThread[rs— > ys||;

ZZTAN% dataX = Keys[data); £171% dataY = Values[data]; £ UTHO BT I LN TE S,
30D AN x, B y, T AN T —2X& testData % xs, ys, data & ERRIZIER T 5.

Z ZTAN% testX = Keys|testDatal; 1)1 % testY = Values[testDatal; & UTHY T Z A TE 5.

— —

4.2.1 Za—ZIRy NT—UDER, IET—45 DEE

FEEFLELTHEI=Y NIZE 1000 TH B 3=a—F IV xy b7 —2 (E3EDEA% 0,53
DNATA%IZLET D) BERTE2DIZRDODEISIZANTEE, U FOMTOEMO LS IzHhEnS.

net = NetChain[{LinearLayer[1000], Tanh, Linear Layer[1,” Weights” — > {Table[0, 1000]},” Biases” — > None]}]|

QR ABLBEKE LT, =2 =032y b =22/ LT50000 77y REHIEL7-DIZROD &S
WZADT 2 e FEEROENALL NOK 7T O[O LS iIcHhEns.
resultsl = NetTrain|net, data, All, MaxTrainingRounds— > 50000]

1e: 30s
50000
50000
30
ADAM ‘\k_w&
0.00589

NetChain{ ol Input tensor
LI 1 Linearlayer vector (siz
2 Tanh vector
3 Linearlayer vector

Output vector (size: 1)

NetTrainResultsObject 3

X 7: =a—=5Vxy NTI—=2, 2y T =2 D%Y

FEBED=a2—F )02y NT—2 % overfitNet LEDT, TA M T —XIZWT 5 2 TAEZEHET 572012,
meanTestLoss[over fitNet] £ AJ19 % & 0.11079 & i1 ¥ N 5. T — 21259 % REERE K 0.00588716
FORELWFFDVEI 572 Z WRRRIND.

T —RET AT —RIIHLT, Za =TIV y NI =27 DEEEERTZHITRD LS ITANTS.

Show[Plot[over fitNet[z],z, —3, 3], List Plot[ List@@QQdata, PlotStyle— > Red]]

Show[Plot[over fitNet[x], x,—3, 3], List Plot[ List@QQtest Data, PlotStyle— > Orangel]
AT — X EADOHIMEIZR 8 DM, TA T =X EADEIMEIZNK 8 DAMIZHI T NS . 2EHED
Za—=I N2y bT—=PET AT —X%D FELTER.

(&)
w
|
|
%]
|
]
it}

8 Za—F %y M7 —27DOHHE (BEE)



K 10000 79 Y REETBHTT AT —ROERPERNE 255D v FERTEEEZKRAS X512, F
T — R EFEIELDITRDEIICANTS.
results2 = NetTrain[net, data, All, ValidationSet— > test Data, M axTraining Rounds— > 10000]

HEFPRNTHZ 77 FEIZ 6438 TH Y, ZEFEROEN & HERDEDVH 9T NS,

me: 13 min
20000 Loss evolution plot: \
20000 [y e

30 § o
ADAM e £ \ — training
00101 e S

1loss: 00775 b=y

NetTPaichsultsObj@ct' validation

9: —a—Fxy MT—2DFY (#FY)

Ko THRANTER 22725 7 > R TORERIEL: 0.0473004 1ZHBHE T 7 > N TORERIEL 0.0775414 X, T
AP T—=RIZXNT B 2 T 0.11079 KD H/NIWETH S.
BN A2 KA =2 —F )32 v U —2 % earlyStoppingNet L ED T, T —X LT AT —X
LT, =a—IWxy NV =2 DHIMEERTZDITRO LD ITATITS.
Show[Plot[earlyStoppingNet[z], x, —3, 3], List Plot[List@QQQdata, PlotStyle— > Red]]
Show[Plot[earlyStoppingNet[z], z, —3, 3], List Plot[ List@QQQdata, PlotStyle— > Purple]]

T — 2 EAOBIEIZ 10 DEMANZ, TA ST =R EAOEIEIZE 10 DARIZE DI NE. 2%
DZa—I)N3xYv NI —ZFTFANTF—X%5 £ ART 5.

= =
4 4
2 2
=3 -2 -1 1 2 3 3 -2 -1 1 2 3
-4 -4
» »
L ] »

10: =a—Slzxy b —2DHNEDS S 7

4.3 BEEEEIIRLWVIGE

4.3.1 Za—ZI)xy NT—0DER, IIET—9DEE

FEHETNVELUCHBEZ=Y MW 2 THE3E=a—FNVxv T —2 (HEAZE1EIEX5 L5583
JEIZ0E 0, NNATAZRLETD.) ZERT D7D RDEIITATTEE, ANOR 11 OEMIO X ST
HhEIhns.

net = NetChain[{LinearLayer[2,” Weights”— > {{5},{5}},” Biases” — > None],
Tanh, Linear Layer[1,” Weights”— > {{0,0}},” Biases” — > None]}|

2 A EBRBBE LT, =2 =3y N7 =2 LT 50000 77 Y REHIHL720ITKDE 512
ANT B L FEMROENAK 11 OAfIZH TN 5.

resultsl = NetTrain[net, data, All, MazTraining Rounds— > 50000]



Loss evolution plat

LinearLayer vector (size: 2
Tanh vector ( )
3 Linearlayer vector (size: 1)
Output vector (size: 1)

Ne‘tChain{ D;D,I‘ Input tensor

NetTr‘ainResultsObject[ -

11: =a—9Vxy  T—2, 2y bT =2 DFH

FERED=a—F N xY T =% fitNet LEDT, TAMT—RITWT 5 2 FiRkAZFHET 572012,
meanTestLoss[fitNet] £ AJ13 % & 0.0202818 L Hii XI5, FlIFT — 23T 2 #ERIEZK 0.0184928 &
RTRORELS 2L, BEEVEZ 5D 0T ENRRINS.

DT — 2T AT —=RIZHLUT, Za—F W32y N7 =7 DENEEZRTZDIZRDESITATIT 5.

Show[Plot[fitNet[z], z,
Show[Plot[fitNet[z], z,

I

—3, 3], List Plot[List@QQdata, PlotStyle— > Red]]
—3, 3], List Plot[ListQQQtest Data, PlotStyle— > Orangel]

T — 2 EAOHAEIZN 12 D[N, TA T —X EAOHAEIRR 12 oA ICHEHE NS, FEE
DZa—FNVFxy NI =T AT —X&ELTS.

e

12: =a—I9 0 xy b7 =27 DHIE

4.3.2 RMS(ZRTHEAR)EHDT 57

10000 7 v KRR T 28R TEILT S RMS EAE VT 7IZRTOIZRDESIZAANTDE, BLFD
13 DEMiCHEEINS.

results2 = NetTrain[net, data,” RM SW eights EvolutionPlot” , M axTraining Rounds— > 10000]
2000 77 ¥ R¥ET 5@ TEAT 5 RMS HADEZ XD LI IZATLTKDS.
results3 := NetTrain[net,data,” RMSWeightsHistories” , MaxTraining Rounds— > 2000]
FEFD=_a—F )%y b7 —2% netl LEDT, RMS EADHEEZ KDL SIZAILTRDS.

N1 = RootMeanSquare[Flatten[Net Extract[netl,1,” Weights”]]];
N2 = RootMeanSquare[Flatten[Net Extract[netl, 3,” Weights”]]];

AT =NV EEERTIZRMS EADEE ST 7IZRTZDIZROEIIZANTEE, BLFOX 13 DA
IZHhEns.

t1 = TimeSeries[Join[N1, results3[1,” Weights”]]];
t2 = TimeSeries[Join[N2, results3[3,” Weights”]]];
ListLinePlot[t1,t2, PlotRange— > All, PlotLabels— > 1,” Weights”,3,” Weights”]
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{1, Weights}
a8

{3, Weights}

aol {1. Weights} 2 |

e {3, Weights}

500 1000 1500 2000

13: RMS EAD S 5 7

4.3.3 EHDIURIE
10000 77 Y REHIETHRMETI VY NTOEADEERD D 7-HDIZRD L SIZANT 5.
resultd = NetTrain[net, data,” FinalWeights” , MaxzTraining Rounds— > 10000]
BRDOESIZHAETN, B 1 EOEAIN I THE I LHRERIND,
< |{1,”"Weights”}— > {{2.98904}, {2.98904}}, {3,” Weights” }— > {{2.49893,2.49893}}| >
BIEOEAXEL TS ZOLEHEIFOEADH A KD BHDIZRD L SIZANT 5.
w3 := Flatten[resultsd[3,” Weights”]]
RealSign[Firstresults4[l,”Weights”]]] * First[w3] + RealSign|Last[results4[1,” Weights”]]] * Last[w3]

4.99974 L I E N, B IEOEADHIIN S THB I VRERINS.

4.3.4 HAODMERRT 2/ A-SDKE
EEE T plylz, w) £ O qly|z) B L < 2 BRIENES V2 EZ S,
Vv ={we R4|p(y|x,w) =qylz) } ={we R4|a1 tanh(cix) + as tanh(cox) = 5tanh(3z)}
={we R4|a101 +asco—53=aici® +asce® — 532 =a1c1® +ases® —5-3° = 0}.
RIA—RERIROE 51K NS [3).
(a1,0,£5,+3), (0,c1, %5, £3), (£5,£3,a2,0), (£5,£3,0, c2), (£5N, £3, £5(1 — \), £3), (£5, £3, F5(1 — \), F3).
BRIV RTOE 1 E B IFOHADMEIRBIRED NI A —XLRTEENT VL I EDNN5.

Z EF X &

PEOVE R REGRTEE & R, AL R E 4, 2006.

Sumio Watanabe, Algebraic Geometry and Statistical Learning Theory, Cambridge Univesity Press 2009.
FELE R, N Xt O MG & ik 2w, 2012.

Sumio Watanabe, Mathematical Theory of Bayesian Statistics, CRC Press, 2018

N =

KOO

Mathematica F =2 — b U 7 )b, http://reference.wolfram.com/language/tutorial/ NeuralNetworksIntroduc-
tion.html

[6] Mathematica 72— b Y 7 )b, http://reference.wolfram.com/language/tutorial /NeuralNetworksRegularization.
html

[7] Mathematica F=2— bV 7 )b, http://reference.wolfram.com/language/tutorial /NeuralNetworksRegressionWith
Uncertainty.html

(8] BEFARIL, MFEE, FHE T IIE I 2RI OFIE, SIS AT 8% 2138, 2019.
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