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factorization of parametric univariate polynomial

over finite field
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Abstract

We proposed a new algorithm for factoring parametric univariate polynomial over finite field
by extending the Niederreiter algorithm. Our algorithm computes many pairs of factorization and
parametric constraint that are in a form similar to comprehensive Grobner system.
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D parametric factorizaton &5,
1. §= UleAi
2. Vad € A, U[i(fij) S L[QE] X, K B2 EAC L EFEM

3. ¥ € (Ai) g, 0a(f) ~1 T}y oa(fis) b

1.2 ARAFALORHFLET7ILITY XA

parametric factorization 2R 5 7N TV AL, NI A—REEGFHVEARKEOHRESHET LT
ALHEINTA—ZIZWIRTED LD IR T 2 THIE T 5, R—A L5 7NV TV XAIE, NFTA—X
DEMDIEDRMNL 1B Z L 2T 5720, b TVWAMEERHBEIZEGR UBEBRLUZITNER SRV,
ARFERTIE, MD3DDT NIV XLIZDWTHKRE L, Niederreiter 7V T ) XL % FEIRL 7z,

Cantor-Zassenhaus 7J)LJ') X Ls [CZ81]
distinct degree factorization (DDF) &IFIEI 5, LI Z REDE L WEERNE T2 572 5 2 HAD
N7 ORI ST DTN TY XL L, equal degree factorization (EDF) LIEXN 5, DDF TE 51
T BRI 152 5 72 5 ZTHA & BEIN T RT 2 TV TV XL SR I N5, FHEENNT < &
LINDD, HERT LTV XLTHY, ZOTNT) ALZEHIIRT 20RMHHETIARAVWEEZ,
SIENEER U i dr o 7z,

Berlekamp 7JV3') X /s [Ber67]
Petr-Berlekamp 1741 & W 3 4751 &2 fEEL L, Z DOz OREE L ke, HELIHA L KNS ET R E
ZIHR L D GCD §IHEZITS ZE TRFIZARL TV TV TV XLTH S, WENT VT XLT
» v, Cantor-Zassenhaus 7T AL LF UK K<HWSNT WS, ULEALAEDS, [FHIORKR
IZZEAFIRERADPBER 2D, KRRETENTRA-RIZET LM ELRLOEITLES>Z %
BARL, SENGERL 2o 72,

Niederreiter 7). 3') X & [Nie93]
Berlekamp 7L 3V X & FFRIZ, Niederreiter {751 & W 5175 2 MR L, £ DRZEMDILIE % KD,
GCD E[ %475 Z L CHFIZHML TV T TY XA TH 5, Hie LT, Berlekamp 7LV



ALEFERY, FFHBKRFICZERBREEZLEL LR, 20720, BBIIAATA-R258%
HADHRIZET D Ex 6N,

AFEKRTNT A =R E2ELLHEATHIGT DAL IEEET 5 Niederreiter 7V 3V A%, KRELIKD 3
ATV TIIDDPNT WS, INSTNFNDATY TIZBEWT, NTRA—=ZADHIERIRD NS,

1. KBTI RELERNIZHED E, Z O Niederreiter 1751 N DORERK
2. (N — E) OfpZeE0EEEZ KD 5 (B IFHBAATH)
3. HIELHEAN KN T NELIERA L O GCD FHHE 4 & TR+ %2 EH

728, Niederreiter 7V 3TV AL IZHB O ETAREZEAOMESMEZBEL LR WY, FI ATV TD
GODEBIZKELHELLEZ 2728, KEXROTIL IV XLTIE, BICEEANEEITHIZ & & LU,

2 parametric factorization ® 7J)L 31 X A

2.1 BEIHDBEMERBD/INT A —9 ~DHLER

AR D & 512, RFERTR—RA LT 5 Niederreiter 7V TV AL, FFH0HE, MEMOREKEIH,
GCD iR, 2R#EHE T2, NI A-2250LHADGEOEY S, REMOKKEHR, GCD
FIRIZDOWVWTERL THL, b, HERRT LD, MEROREEIHE L GCDEIHED I XA -2 50%
HAANDOILRIE, FTIFMAIMFIET 5,
£ 2 (parametric squarefree decomposition)

SCLMIZTHU, F={(A,F),...,(4,F)} £95%, 7272L, A; C S & parametric constraint TH 1,
Fi = ((fit, V)sev vy (firs7i)), fij € K[il][z] £F 5, ZDOLE, ANOFKMAEARTEZT RO, F 2£HERX
f € K[d][x] D S LD parametric squarefree decomposition & IF.35,

1. S=Uf_ A

2. Va € (Ai)y, oa(fij) € L] 1&, L ETRFSi5D ged(oa(fij), oa(fie)) =1 (5 # k)

3. Vd € (Ai)y, oa(f) ~o ITj oa(f)) <
E% 3 (parametric solution space (cf. [Sit91]))
SCL"iZNU, Z={(A1,Z1),...,(Ae, Z0)} £ T 5%, 772U, A; C S I3 parametric constraint TH Y,
&z{azh“@@}zgeKmTaﬁéo:@a%,uT®%#%ﬁtTt6@,Z%ﬁmﬁ%ﬁﬁﬁ
CZ=0,C e K[d]"*" ® S F® parametric solution space ¥ IT .5,

1. S =U! A

2.Vae A 2L, {0a(Zn),....04(Za)} 1, L EORXEEAER 02(0)7 = 0 DREFORE <«
E% 4 (parametric GCD (cf. [KLM™18]))
ScL"ZHL, G={(A1,91),---,(As,g0)} £ B, 7z72L, A; C S & parametric constraint TH D,
g e K[dle] £T 5. DL =, MFORNEHATHESE, GESERF = {fi,...,[.} C Kldlz] ® S
@ parametric GCD & IFX,

1. S =Ul A

2. Va e A iU, ogz(9:) & {oz(f1),...,05(fs)} D GCD <



2.2 F7ILIdYXLOHE

RO Y, HETIZMEE F R %E2FTF 572 BT, Niederreiter 7V TV AL ZFHWTNRTI A —RE2ELLIE
ROEBDRZITD 12D, BREDTILITY XLNZFRD ADDAT Y ThoiRIn5,

1. A RT R ELIHA D parametric squarefree decomposition % K& %

2. TR TIZH LT, %D Niederreiter 751 N Ok

3. (N — E) ® parametric solution space % K 5 (E LA {751)

4. FELEA L FE FNT L O parametric GCD F[ 574 & TEEIK 7 %2 EH
BURTIE, Thoilo20nTENENDEFEIZOWTHEZ RN TN,

parametric squarefree decomposition
BIRIR LT F %, NI A—RZ2EULHRNITHIET 2BITHIRL TWL 2 & T, parametric
squarefree decomposition Z5H T2 TNV TV X LAk 525, KAEKTIE, FITIRD 3 DDEH %A
W5 Yun 7V T Y XL [Yun76] Z LR U 7z,

e GCD El&
o ZIHARE
o ZIHAD p FiR

05 32D E, NIA-REFULEAINIGT 2R L 2T NI 5720, 2055 1
D 2 D% [KLM'18] % [Mon02] 72 & D JATHIZED FIETHEMRETH %, i, LHEAD p FTARIZ
B U TR RN BETIEH 505, NIA—REGERVWESLHAKIIRDEZLNTES (GE
HRIZ DWW TIFEIE 5%, parametric constraint & UT, A; TlEARL (A)f ZHWARERDH S),

Niederreiter 175 D&
Niederreiter {75 DFERRIZ BB LG R, LHEHRZ2 T/ THI 22, TNETNOEEBEILD H L THF5]
DHELZIZINT 57217 TH D, /oT, NIA—REEGULIEATH > THRHIEZTIIBE L LR,

parametric solution space
NTA—=REGUITHEPES K HFERIE, parametric system of linear equations (PSLE) & IEiE4
[Sit91], [FEX TEAGENREINT WS, AFEXRTER L 7 parametric solution space 1¥, PSLE
ZEKEEARBRRCRE L CTRA LD TH S, £b ozt &k, BHMOAETEIRAIRETH 5,

parametric GCD
WD AT v 7 TlE, parametric GCD 2# 0K LUEIHT 5 Z L THNKNT2KD D, giR0@D,
parametric GCD (ZBERID /1L [KLMT18] TEIAFRETH 5,

3 B

HE_X%\' Gigfﬁf}iﬂ%%ﬁﬂ@“%o %IEZT& f = ZC4 + U1£L’3 + uox +uq € Fg[’ul, ’UQ] [LL'] L:O\l\—’cﬁﬁﬁﬁé’ﬁ?io



parametric squarefree decomposition

ZDATY T THEZONLLHAE, ROWIZHELSHREIN5,

{ ( (0y, <u1u2 —uq)), {x4 + urz® + ugx + ul}) ,
(uy), {(x+u1)(x+uQ)3}),
(ul, u2 ). {z*}),
(us + 2), u1+2u1)),{(:c+u1)(w+1)3}),
(

(
(
(
(
((uz 4+ 2,u1 +2), (1)), {(z+ 1)*}) }

(
(
(
(

D55, BHIOXRT (((0), (uug —u1)), {z* + waa® + ugz + uy }) BAME, BEIZ 1IKEA T ORI
fREINTED, MEORAT Y T7OEMEIEAEL 25, TD72d, ML NTIHRERIADRTIZDOWT DA
ALTWL

Niederreiter 175 DMK
parametric squarefree decomposition DIH DX TIZE EF NS TV FH LN 24 + w23 + oz + uy
IZBI LT, #® Niederreiter 17512 Ff% 3 5, ZOLHENIT4RDDOTURND 4 x 41751 %5,

2 2
uj; —U U2 uj 0
2 2
—UuUg —UirUug — U2 —uy Uy
N = 5
1 —uq ujy  —us
0 0 0 1

parametric solution space
Niederreiter {74 N (2 U T, $¥#EHER (N - )% =0 %2f# &, %D parametric solution space %
RKdd L, MOREVFLND,

ui’uz + u% + u%u2 + u% —ujug —ug — 1 —u%u% + u%u2 + u%
UiUy — Uy — 1 0
Y
—udug 0
_U%UQ

parametric GCD IC & % BEH¥IEF DEE
BonHEICHOICHEKELEAYL, tOZHENX f(z) (SRIOHITIE, 2% + w2 +ugz +uy) &
D GCD ZEHEFIHT 2 2 L CHFZMO 5, Z0 GCD FIHDHRIZED, RIXA—-KD%
143 (2 DO parametric constraint IZ3f##E) T, GRBEENORT &, AL R THES
no (e RT ORI (((ue + 1Lug + 1), (1), {(2* + 1)(2> + vz +2)}) THB), £o7T,
L2 607z f(x) @ parametric factorization &, XA &5,

{ (0), (uug —uz)), {x4 +urx® + ugx + ul}) ,

(ug + 1,u; + 1), (1)), {(x2 +1)(z? +uyr + 2)}) ,
(u1), <U2>) {($+U1)(w+u2)3})a

(ul,u2),(1)), {z*}),

(uz +2>, <u1 +2u1)) (= +ur)(@ +1)°})

(ug + 2,u1 +2), (1)), {(z +1)*}) }

(
(
(
(
(
(



[Ber67]

(CZ81]

[GCLY2]

[KLM*18]

[Mon02]

[Nagl7]

[Nie93]

[Sit91]

[SS06]

[Wei92]
[YunT76]

Z £ X ®

E. R. Berlekamp. Factoring polynomials over finite fields. Bell System Tech. J., 46:1853-1859,
1967.

David G. Cantor and Hans Zassenhaus. A new algorithm for factoring polynomials over finite
fields. Math. Comp., 36(154):587-592, 1981.

K. O. Geddes, S. R. Czapor, and G. Labahn. Algorithms for computer algebra. Kluwer
Academic Publishers, Boston, MA, 1992.

Deepak Kapur, Dong Lu, Michael Monagan, Yao Sun, and Dingkang Wang. An efficient
algorithm for computing parametric multivariate polynomial GCD. In ISSA C’18—Proceedings
of the 2018 ACM International Symposium on Symbolic and Algebraic Computation, pages
239-246. ACM, New York, 2018.

Antonio Montes. A new algorithm for discussing Grobner bases with parameters. J. Symbolic
Comput., 33(2):183-208, 2002.

Kosaku Nagasaka. Parametric greatest common divisors using comprehensive Grébner sys-
tems. In ISSAC’17—Proceedings of the 2017 ACM International Symposium on Symbolic and
Algebraic Computation, pages 341-348. ACM, New York, 2017.

Harald Niederreiter. Factorization of polynomials and some linear-algebra problems over finite
fields. volume 192, pages 301-328. 1993. Computational linear algebra in algebraic and related
problems (Essen, 1992).

William Y. Sit. A theory for solving parametric linear systems. In ISSAC 1991, pages 112-121.
ACM, New York, 1991.

Akira Suzuki and Josuke Sato. A simple algorithm to compute comprehensive Grébner bases
using Grobner bases. In ISSAC 2006, pages 326-331. ACM, New York, 2006.

Volker Weispfenning. Comprehensive Grobner bases. J. Symbolic Comput., 14(1):1-29, 1992.

David Y.Y. Yun. On square-free decomposition algorithms. In Proceedings of the Third ACM
Symposium on Symbolic and Algebraic Computation, SYMSAC ’ 76, page 26-35, New York,
NY, USA, 1976. Association for Computing Machinery.



