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§1. Finite Yangian

First, we recall the definition and some properties of the Yangian of finite dimen-
sional simple Lie algebra.
Suppose that g is a finite dimensional simple Lie algebra. Then, the Yangian Y}(g)

associated with g is one kind of quantum group, that is,

1. Yi(g) is a Hopf algebra associated with g and a complex number h.
2. When h = 0, it coincides with the universal enveloping algebra of the current

algebra glu].

Drinfeld found three different presentations of the finite Yangian; the RTT presen-
tation, the Drinfeld J presentation, and the Drinfeld presentation. The first one is
closely related to solutions of the Yang-Baxter equation. The second one is the origi-
nal definition given by Drinfeld. By using the third one, we define Yangians of general
symmetrizable Kac-Moody Lie algebras.

Let us recall the each presentations.
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§1.1. the RTT presentation

Definition 0.1. The Yangian for gl,, is an associative algebra whose generators are
{t§’"}|r =1,---,51<4,j <n} with the following defining relations;

1) 1) = ety = b Y

min{r,s}

+h Z t(a 1) Sr—i—s a—1) t](;”;—s—a)trg::;—l))

The Yangian for gl,, has a coproduct defined by

n r—1
A =t w1+10t) +nY St 0t )
k=1 s=1
As a quantum group, when h = 0, the Yangian for gl,, is equal to the universal
enveloping algebra of gl,, ® Clu].

Let us recall two applications of the Yangian for gl,,. First one gives the solutions of
the quantum Yang-Baxter equation. Second one gives the defining relations of finite
W -algebras of type A. In this report, we only write the result of the second one. This
is the work of Brundan and Kleshechev ([BK]).

Theorem 0.2. There exists a surjective homomorphism from subalgebras of the Yan-

gian for gl , which are called shifted Yangians, to finite W-algebras of type A.

§1.2. the Drinfeld J presentation
Suppose that g is a finite dimensional simple Lie algebra.

Definition 0.3. Current algebra glu] = g ® Clu] is a Lie algebra whose commutator

relation is
relation : [r ® u™,y ® u"] = [x,y] @ ™"

U(g[u]) has a minimalistic presentation as follows;

Proposition 0.4. U(g[u]) is generated by {x,J(x) | © € g} with the following equa-



tions;

xy —yx = [x,y] for all z,y € g,

J(azx + by) = aJ(x) + bJ(y) for all a,b € C,
J([z,y]) = [=, J(y)],

[J (), J(ly, 2] + [J(2), I ([, y])] + [T (y), I ([2, 2])] =
[ (@), J(W)], [z, J ()] + [ (2), J(w)], [z, ] (y)]] 20,

where J(x) is corresponding to x & u.
The definition of the Yangian is a deformation of this minimalistic presentation.

Definition 0.5. Y} (g) is an associative algebra generated by x, J(x)(z € g) subject
to the following defining relations:

xy —yx = [x,y] for all z,y € g,

J(ax + by) = aJ(x) + bJ(y) for all a,b € C,
J([z,9]) = [z, J(y)],

[J (), J([y, 2] + [ (2), J([z, y])] + [T (), I ([2, 2])]

=1 Y ([, 6al, [1y: &), [0 €D {ar &0 €,

a,b,ceA

(@), J ()], [z, J (w)]] + [[J (2), J (w)], [z, T (y)]]
=n? Z (([$>£a]7 [[yvgb]a [[Z7w]>£c”)

a,b,ceEA

+ ([2, &l [[w, &), [[2, 9], €l)){as &0, T (6) }
where {€4,8, 60} 7= 51 Yoreg, Sn)Er®)En(o)-
It also has a Hopf algebra structure.
1. coproduct
Ap(z) =z@1+1®a
AN(I(w)) 2= J(w) 1+ 16 (@) + ghle @ 1,9],

2. antipode



3. counit

where 2 is a Casimir element of g and c¢ is an eigenvalue of € in the adjoint represen-
tation of g.

When h = 0, it is equal to the universal enveloping algebra of the current algebra.
Thus, Y (g) is a quantization of g.

By using the Drinfeld J-presentation, Ragoucy and Sorba ([RS]) have obtained the

following theorem.

Theorem 0.6. There exists a surjective homomorohism from the finite Yangian of

type A to rectangular finite W -algebras of tyoe A.

In Section 4, we give the analogy of this theorem in the affine (super) setting.

§2. Affine Yangian

Recently, the Yangian is gotten attention. One of the trigger is the result of Schiff-

mann and Vasserot.

Theorem 0.7. There exists a homomorphism from the affine Yangian of gA[(l) to
the universal evnveloping algebras of principal W -algebras of type A. Moreover, the
image of this homomorphism is dense in the universal evnveloping algebra of principal

W -algebras of type A.

Unfortunately, the RTT presentation and the Drinfeld J presentation cannot be
naturally extended. We need to introduce the third presentation, called the Drinfeld

presentation.

§2.1. the Drinfeld presentation

Suppose that (g,h, A = {(aij)}ijep{x%,hi}ig) is a symmetrizable Kac-Moody
Lie algebra such that (z;,2; ) = 1. We set A (resp. A™, A™ A+ A7) as the set
of roots (resp. of real roots, of imaginary roots, of positive roots, of negative roots).

We take {;},.; as simple roots of g and fix a complex number h



Definition 0.8. Yangian Y},(g) is the associative algebra over C with generators :z:ii,s,

his (i € I, s € Z>() subject to the following defining relations:

[hi,s, hjr] =0, (0.9)
[:1;2_71737]‘_’5 = Oijhirts, (0.11)
h’(aia o )
[hirs1, 5 ) = [hiies T g gq] = iTj(hi,r@“ﬁ + 2 hiy), (0.12)
h(c, o)
[ajz;l,:r—i—l?x;'lfs] - [xzz'l,:wa:;'lfs—l—l] = iTJ('xi:rx;%s + aj;'lfsxi:r% (013)
Z I::C’i:’ro'(l)’ o I:xi:ro'(l—aij) ) m;‘fs]] - O. (0'14)

0651—%3»

We remark some facts derived from the definition.

Lemma 0.15. (1) When g is a finite dimensional complex simple Lie algebra, two
definitions coincide.

(2) - When h =0, Yy(g) is equal to the universal enveloping algebra of the current
algebra [g, g][u].

- When h € C\ {0}, Yin(g) is isomorphic to Y1(g).

Here after, we assume that h = 1.

(3) Yi(g) is generated by xfo,hm,hi,l.

Proof. We only prove (3). Let us set }Azi,l =hi1 — %hi,OQ. Then we get

~

1

+ +

rr =4 h; S 4],
( 0 J)[ 1y is 1]

O

After defining the Yangian of symmetrizable Kac-moody Lie algebras, it is natural
to consider whether it has a coproduct or not. In the case of affine Lie algebra, it has

been settled. Before defining the coproduct, let us prepare the concept of category

0.

Definition 0.16. The category O of modules over the Yangian Y7(g) consists of all
the modules V' such that:



1. V is diagonizable with respect to b.

2. Each h-weight space V), is finite dimensional for all p € b.

3. There exists A1, , Ay € h* such that if V), # 0, then A\; — p € > 7.1 Z>oa
for some 1 <1 < k.

§2.2. The result of Boyarchenko and Levendorskit
Boyarchenko and Levendorskii defined the ” Yangian” Y} corresponding to slo.

Definition 0.17. Y}, is an associative algebra with generators :z:lfi, hii: (ke€Z,i=

0,1), c and the following commutation relations;

c is a central element of Y},
+ 71 _ + + — .
[h07m7x0,k] = 220 sk [26.m+ To,n] = ho,m+n + Mmin o€,

[hO,m> hO,n] = 2m66m,—n7 [xf)t’m7 xf)t,n] = 07 [h1,07 xat’k] = :l:26k,0xit’k

_ 1
hik = [xtkaxo,o] - §h Z ho,mhon

m,n>0,m+n==k

[ho,1, ho(u)] = =2z (u) ™ xd (u) "], +2[zg (w) ", 2g(w) ],

o (), )] = (G ) ) = (o () T =) )a()
o (), 2 (0)] = (o () ) = (g ()™ =) )3(5)
g 2f )] = 2 ()" +ho(w) ™ ag ()" — 25 (W) + ho(u) "z (u)
[or o1 ()] = g ()™ + ho(w) 2 (w) = ag () + ho(w) ™2 (u)
[ho,1, ha(u) '] = =202 (u)", zg (w) ],
[ho1 ha(u) 7] = 2fay (u),ad (w)'],
[ho(u), [21, @9 1] — hothoo] = 20 (w) ", zg ()], + 20wy (w)" 2 (w) ],

- Q[xl_(u)_7x(—)i_ u)__]+ - 2[$T(U)__,$S(U)_]+

(
[hi1, [x;rb%_@]] = 0.
We have the following properties;

1. Yy coincides with U (sly[u]).

2. There exists an algebra homomorphism @: sly — Y}, determined by

dlc)=c, Plzxth)= xoi’k, O(h2t*) = ho s
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3. There exists an algebra homomorphism II: Y (sly) — Y}, determined by
W(zgo) = 250, W(hoa) = hig

4. Suppose that V and W are in the category O of modules over the Yangian Y3,.
Then, A: Y}, — End(V ® W) determined by

Alc)=c®1+1®c, Ald)=dxl+1®d,
Alzy,) =2, @1+ 10z, Ahoxr) = hok © 1+ 1 ho,

Ahro) =hio®1+10hio—2) w5 _;®ag;+2) af_; @,
j=0 j>0

is an algebra homomorphism.

We remark that there exists another definition of the Yangian of type Agl) given by

quiver varieties. This definition is as follows.

Definition 0.18. The affine Yangian Yz, ., (f:[g) is the algebra over C(eq,e2) gener-
ated by a7, hi, (i € Z/2Z,7 € Z>0) subject to the relations:

[hi,T7 hj,s] = 07 (019)

[[13,1}, xj_,s] = 6ijhi,7‘—|—57 (020)

[hiy()’x;lfr] - :I:aijx;'lfr7 (021)

[hiﬂ’ﬂ’xfs] - [hi’ﬁx;,tsﬂl =*+(e1 + 52)<hi,r$i:s + sthi,r), (0.22)

+ + +
[hiar+27xi+1,s] - 2[hi,r+la5’3i+1,s+1] + [hi,raxi+1,s+2]
+ (e1+e2) (hir170 , + 30 hirs)

+ (61 + E2)(h’iﬂ"xii—kl,s—l—l + xii—i—l,s—i—lhiﬂ“) +e1€2 [hi,T7 xii—kl,s] = 07 (023)

[xffrﬂ,xffs] — [xﬁ,azfsﬂ] =+(e1 + »32)(xjE i 4 atar ), (0.24)

2,71,8 2,81,

[x?,tr+2> 33?11,5] - Q[xii,rﬂa xii+1,s+1] + [xz'i,w xz:'t—l—l,s—l—Q]
+ + + +
+ (61 +e2) (T, 1Ty s T Ty o Tipat)

+ .+ + + + .+
F (61 + 52)(33i,r93i+1,s+1 + xi+1,s+193i,r) +e1e2 [%,w xi—l—l,s] =0, (0.25)



> e s By i) D =0G D), (026)

weGl_az‘j

where

aij =

21if (4,5) = (0,0), (1, 1),

-2 if (i,5) = (0,1),(1,0).
We do not know whether the defnition of Boyarchenko and Levendorskii is equal to
(1)
1

the one given by quiver varieties. Precisely, in the case of type A;’, the problem has

not been settled yet.

§2.3. The result of Guay, Nakajima, and Wendland

Guay, Nakajima, and Wendland solved the problem of the existance of the coprod-
uct in the case of affine Lie algebras except of types Agl) and AéQ). Their main result

is as follows.

Theorem 0.27 ([GNW, Theorem 4.11]). Suppose that g is affine Lie algebra except
of types Agl) and AéQ). And we also assume V, W are representations of Y1(g) in the
category O. Then, A: Yi(g) — Endc(VoW) given by

A(hi70) = hi70®1 + 1®h2‘70

A(%’,o) = a:ii’OQOl + 1@:1:2-%0

A(hi71) = hi71®1 + 1®hi71 + h@o@hi,() — Z (()é, ozi)xlia@xg
uEA+

is an algebra homomorphism, where =¥ is a basis of g such that (x¥,2' ) = 6.

Moreover, A satisfies coassociativity.
The outline of the proof is as follows;

1. construction of the minimalistic presentation of Yi(g).
+

2. construction of the operator J(h;), J(z; ) and showing their properties.
3. computation of the compability with the defining relations by the properties of

the root system.

First, let us recall the minimalistic presentation of Y7 (g).

Qiq Qg .
Theorem 0.28. Suppose that for any i,j € I with i # j, the matrix ( ]> 18
aji  ajj
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invertible. Moreover, assume also that there exists a pair of indices i,7 € I such that
a;; = —1. Then, Yi(g) is isomorphic to the associative algebra over C with generators

:z:fo, hio, hi subject to the following defining relations:

[hi757 h.jar] - O (0§T7 SS]-); (029)
[hio,x; ) = (i, o)z, (s=0,1), (0.30)
[ZC:T,%_,S = 0ijhirts (0<r+s<1), (0.31)
[61717 33';%0] = :l:(O[Z’ O[j)x;'lf17 (032)
(aia o )
(@i o) — i ) = =2 (w00 + 5070, (0.33)
1—a;;
ad(asfo) (xji’()) =0. (0.34)

If g is a finite dimensional simple Lie algebra except for sl; and an affine Lie algebra
except for type Agl) and type Aéz), then g satisfies
Qi Q45 ) . . .
(1) For any 4,7 € I with ¢ # j, the matrix 7] is invertible.
aji  Gjj
(2) There exists a pair of indices ¢, j € I such that a;; = —1.
Then, the Yangian of affine Lie algebras except of types Agl) and Agz) has this
minimalistic presentation. Next, let us recall the definitions of J(h;) and J(z).

Let us set two operators acting on representations in the category O:

1 1
J(h;) = hi1+vi,v; = 3 Z (o, 04)T qx — §hi2>

O{EA+

1
J(aF) = af +wi wi =+ [vi, 5] + Q(xfthi + hiz).

! (a’uaj)

When g is a finite dimensional simple Lie algebra,

Y(g) = (z,J(2)) = Y(g) = (x70, hi)

+ +
Zio = T
1 1
J(hi) e hiat g Y (00)Tata — Shi’

OLGA+

By using this operators, we can rewrite some defining relations of Y(g).

1.

[hi,07 hj’l] =0« [hi,O; J(hj)] =0



[hi’o,xil] = :t(Oéi,a/j).’Eil <~ [hi,07 J(.’E;t)] = ZE(OLZ,(XJ)J(.’E;t)

3.
21,25 0] = (20,27 5,1] = dijhin
= [J(af) ;] = [z, I(2;)] = 6,50 (hs)
4.
[hig, 25g] = (0, ay)aty <= [J(hi), 2] = £(0u, ;)T (aF)
0.
[xfpxji,o] - [x?,EOaxji,ﬂ = iw(%i,oxjjfo + xjjfox?,to)

2

= [J(@7) 7] = o, I (27)]

By rewriting defining relations, it is easy to show that A is compatible with these
relations. Thus, it is enough to check that A is compatible with [h;1,h;j1] = 0. In

order to prove this, we prepare more relations of J(h;).

Definition 0.35. «: a positive real root
s;: the simple reflection corresponding to a simple real root «;
w: an element of the Weyl group of g, such that o = w(«;).

w = S1---Sy: a reduced expression of w

where 7; := exp(ad(z7)) exp(~ ad(x7,)) exp(ad(af,))
Then, when o € A*®, we get
[J(hl)a xa] = (a7 ai)‘](xa)

By using this relation, we show that A is compatible with [h; 1,h;1] = 0 by direct
computation. In ordetr to prove this, we use the fact that (a,d) = 0 when g is of
affine type. Thus, we do not know whether the Yangians of other symmetrizable

Kac-MOody Lie algebras have a coproduct or not.
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§3. Main Result

FInally, we state the main result.

Theorem 0.36 ([Ul]). Suppose that g is of type Af). And we also assume V,W are
representations of Y1(g) in the category O. Then, A: Y1(g) — Endc(VRQW) given by

A(hi70) = hi70®1 + 1®h2‘70
A(:cm) = a:f()@l + 1®:cf0
A(hi1) = hi 101 + 10h; 1 + hio®h; o0 — Z (o, )x® @k

bl
OéEA+

1s an algebra homomorphism,.
The outline of the proof is similar to the one of Guay, Nakajima, and Wendland.

1. construction of the minimalistic presentation of Y;(g).
+

2. construction of the operator J(h;), J(z; ) and showing their properties.
3. computation of the compability with the defining relations by the properties of

the root system.

Here after, we assume that g is of type Aéz) and fix

I:={0,1},

2 -1
S E
ag + 201 = 0,

(alaal) =1,
A ={+2a; + (2n — 1)d, +a; + nd,nd|n € Z}.

First, we give the minimalistic presentation. Since A is not invertible, the Yangian of
type A§2> does not have the minimalistic presentation given by Guay, Nakajima, and

Wendland. We construct another minimalitstic presentation.

Theorem 0.37. The affine Yangian Y1(g) is isomorphic to the associative algebra

11



over C with generators :z:ii,O, hio, hi1 subject to the following defining relations:

[hi7s,hj7,~] =0 (0<rs<1), (0.38)
[hi,o,xjjfs] = :I:(ai,aj)xjjfs (s=0,1), (0.39)
[95;",}7%—,5] = 0ijhir+s (0<r+s<1), (0.40)
[ili,l, l’;lfo] = :|:(Oéi, ()Zj)ll?;%l, (041)

(aia « )
[@’fl,x;‘t,o] - [xfowi] = iTj(xfoxjjfo + xioxfo% (0.42)
ad(zy) " (25,) = 0, (0.43)

(g, aq)
[5’3(1):,2735%,0] - [xg,p%i,ﬂ = iT(xilmli,o + xli,ox(jﬁ)a (0.44)

where x(ij = m[ho,1 - %hi,OQ, (ho,1 — %hz‘,OQ,x&o]]~

In the similar way as that of Guay, Nakajima, and Wendland, we can prove A is
compatible with defining relations of minimalistic presentation except of the last one.
Thus, it is enough to check that A is compatible with the last defining relation. Next,
we prove the properties of .J(h;) and J(z). In order to prove the compatibility with

the last relation, we need to prepare the following relations;
Lemma 0.45. The following equations hold:

[J(hi)7 $(2n+1)5] =0,
[J(xli),xg] = J([xii,xg]) (if B+ «; is a real root).

We prove this relation by using the own properties of type AéQ). By using this rela-
tion, we can prove that A is compatible with the defining relations of the minimalistic

presentation.

§4. Affine Super Yangian

The proof of the existance of the coproduct for the Yangian of type AéQ) has an
application to the affine super case. We can define the affine super Yangians as follows;
(citeU2)

Definition 0.46. Suppose that m,n > 2 and m # n. The affine super Yangian
+ hiy (i €

z,r’x

Yo e (sl(mn|n)) is the associative superalgebra over C generated by i

12



Z](m +n)Z,r € Z>o) with parameters €1,e2 € C subject to the relations:

(s hjs] =0, (0.47)
[x’?,_’r?xj_,s] = 5ijhi,7’—|—57 (048)
[hi,o,.’lf;lfr] = :I:aijm;‘%ra (049)
€1+ &2 €1 — €9
[higr1, 2, g) = [hip @) o] = iaijT{himxjjfs} - mijT[hi,r@is], (0.50)
€1+ €2 €1 — &2
[aﬁfﬂrl,xﬁ] - [xﬁ,xji’sﬂ] = +ay; ,fr,xjjfs} — M= [azﬁ,xfs , (0.51)
Z [mii,rw(n’ [mzfrmz)’ B [mii,rwu—mjw ! xjfs e H - O(i 7 j)’ (0'52)
WES 1 4a,;|
(27, 25,] =0 (i =0,m), (0.53)
[[93;&—1,r7 xz'i,o]7 [x?,[m 33?11,5” =0 (i =0,m), (0.54)
where
(—1 if (4,5) = (0,1),(1,0),
1 if (i,5) = (0,m +n—1),(m+n—1,0),
2 ifi=j<m-—1,
Q5 = -2 ifi:j2m+1,
-1 ifi=j+1 and max{i,j} <m,
1 ifi=j+1and min{i,j} >m+1,
L0 otherwise,
(1 if (i, ) = (0,1),(1,0),
1 if (i,7) = (0,m +n —1),(m +n —1,0),
mij =S iy ifi=7—1,

—a;—1 ifi=7+1,

)

0 otherwise,

+

m.r and xZ, are odd and all other generators are even.

and the generators x

It also has a minimalistic presentation whose generators are xfo and h; 1 and has a

super coproduct defined by the same formula as one of the affine Yangian (see [U2]).

By using the affine super Yangian, we have the similar result as that of [RS].

Theorem 0.55. There exists a surjective homomorphism from the affine super Yan-
gian to the universal enveloping algebra of rectangular W -superalgebras of type A. In

particular, we obtain a surjective homomorphism from the affine Yangians of type A

13



to the universal enveloping algebra of the rectangular W -superalgebras of type A.

In the case when [ > 2 (resp. [ = 1). the theorem is proven in [U3] (resp. [U4]).
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