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1 BEA
1.1 R - AxD M EH
Y — ZBEECC L BB OMESRIZE L T, MREH L XS —#HOEH A H 5. Riemann

¥ — 2B ((s) DA, MEEEH X Bohr & Jessen [1] 12 & > THRANCGEHI N, D
R4 IR RIRERT R A2 e S 7z, BUFIE Laurinéikas 5] 12 K2 ERTH 5.

L. E o> 1/2%EETS. £72T >0 LT (C,B(C)) Lok Pr, %
~ 1
Prq(A) = T ({t € [0,T] [ ((o +it) € A})

LEHT S, 72720 pn 13 1IRTE Lebesgue WETHS. Z0OL ¥ b 5HERAE Q, HHAE
LT, T oo E P, it Q, IZHIURT 5.

FRERC BV T, C(s) DRDDIZ logC(s) ZHVWTERING

Pr.y(A) = %m ({t € [0,7] | logC(o + i) € A, o +it € G})

EWOMERAFEIZOVWTERTLILEL\. ZOHAICET = oo DEE Pr, MK
5 &0 RMERNE Q, WFEETDDEN, £33 log((o +it) DARPES GIZDOWT
BARRIXL S22, FPFEHR D ={s=0+it|oc>1/2} DEFELGL LT,

G=D)\ U {o+ilm(p) |1/2 < o <Re(p)}

¢(p)=0,00
Re(p)>1/2

YEDD. THE ((s) FHEREME G128 2HEERTFAEKT, logl(s) % G LOFH
LML UCTEHZT DI N TES., 208 E log((s) DAFE%E, Re(s) > 1 TO@EED
Dirichlet fF#EFRRDEK D LD & 5 ITER.



MHERIIE Q, 1 2 ¥R Lebesgue HIEE o 123 U CHExHE TH D Z 2SN T W5,
FEBE, »D5IEAMEEBES M, BMFEEL T, Q, &

Qu(4) = /A M, (2) |dz

LERREND. 7272U Lebesgue FIE X |dz| = (2r) " tdady L EHUEL TWD. B M,
EHWD &, €M 113 log (o +it) DFFHEIZBET 2 AKX

o1t Sy /
lim T/o B(log (o + it)) —/C@(z)l\fa(z) d2]

PMEZDOAFEGER O 1T U THDILDEE WAL N TES. FEEEKERA

MK [2] 1, 20 M, &\ 5 B#h Dirichlet L BIEK L(s, x) O FHAMEIZET 2O AKX
Ave, ®(log L(s,x)) = / O(z)M,(2) |dz| (1.1)
C

T ZEIZERL, TOX5ITY— X0 L BEBODMEDAG A 5 8 U 2 5 1L I
% TM B L4372, 22T Ave, i Dirichlet 8852 x 2B 3 252 RTH, BEL
EFIE [2, Section 2] 2L TWZE 2\,

1.2 S V4% A Euler A W-#IR

Riemann ¥ — Z D Euler FEF xR

i —1
Co+it)=]] (1 - p_(U'Ht)) (1.2)
p
EEVWHLTB IS, AUICENSGE p @ ZHERERIZANLTEI LD, FVX A
Euler 78 & XN B HERER

1

(o x)=T[(-p7xX,)" (13)

P
WEHIND. 2720, X =(X,), 3T :={2€C||z| =1} Tl % & 2 HHEREHRD
MIRFITHD, & X, 3T ETHRIZAHLTWD L3 5. Buler B (1.2) Ot siEE
o>1TH5h, 7YX Euler B (1.3) % almost surely DFEIET o > 1/2 128 U TR
THZ iR IARSHETH .

AT OMBRAE Q, X M B# M, 1%, 7> XL Euler # ((0,X) ODSETHR T L
LETE5. EBEQ, 1dlogl(o, X) DRI —T 5 LAGEHTET,

P(log((o,X) € A) = Q,(A) = /AJ\/L,(Z) |dz|
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HH NI
E [(log ((0, X))] = /C $dQ, = /C B(2)M, (2) |dz]

RY Y\ B E NS, 7272 L P(E) RHE E OfRE2 £ L, EX] BHERER X
DFFEERT. ZOXIBRBIEANSEZD L, Pr, 2 Q. ICHIRT 2 &5 HHEE,
C(o +it) DIEDIRDFEND ((0, X) LESBEBLTWE Z DA NLHRE S ZTWD &
E25. ZOHAMTIEEE R X N7z Lamzouri-Lester—Radziwilt O3 [6] T FEM 72
HRPBONTNS.

2 RELEAMIIHT S M B

PR g #F8E L, Sk(q) 2 To(q) ICNT2EI k DEAMAIATEAD L TR LT 5.
722 DHEJE L U T primitive form 2KDES Bi(q) 2 & 5. Dirichlet L B D EIFE
2B S AA (1.1) O LEABIZE TS ME UT, fe Brlq) 28 Lz &0 L B
L(s, f) DMEDTARNIT 2 M BB OWSEH, Lebacque K& Zykin K [7], A K&
MESHEHZEF I 8] 12 & o Tl o7z, o OIFEO HEL, BYLERTED o
WY Avey AT S D M B M 12U T, FEHEAX

Aves ®(log L(s, f)) = [C(P(z)/\/ls(z) |dz| (2.1)

ERTIETH 7, BAREEIZE > THRRMBRIZEES b o7z, iS5 2L,
R s WEBTHLDENTL > T M B M, ORRMHPRIEZZDLZDTH-T, 22
DEZE BRI TV L SIT RS, ARO TR (2.1) 25822 B Tt L7260
ThHb. (12720 s WEBOGHEIIZADDEBIENBRELRS.) 7B, UNOHE@RTIE L =2
95, ZNIZIEEROMBALD-DE WS HEE H 20, FEHR THRE! L B D H 25D
TR UEE A W TWT, BT 4] TIRIDHBRIZOARINTWE L WS HIEE H 5.

2.1 T4 L Euler FBOHERK
1.2 fiz iy, CREL L BIEL L(s, f) 12695 7 > X 4 Euler 8 L(s,Y) 2k $ 6 Z &
IZ&oT, BWO M BB M, B2 28T, Iz fe S %
£ = 30 Al 2mne (1) =1
n=1
& Fourier BHILTHEL. &<IZ f € Ba(q) DEEITITARE L B L(s, f) @ Euler F&AY
1

L(s, f) = (1= Ap(@)g™*) " [ det (1 — p~5A,(f))
PF£q

(2.2)



LUTHEZBNE. 272U A(f) i p# q i H LT Ap(p) = 2cos0,(f) £ BV & %,
Ap(f) = diag(er) e~ () 2 UTEHINDZHMITHTH B, £/ [ = diag(1,1) &
WRAFHITH B, T2 K L Euler BABYITHERT 21213, A (f) OAMGICET 2585
FH L 7%, B IETI A (f) B, f 2B L7e & SHOLAHERERTH 5 h0 & 5 12
> TWAZ Y AL, RS A)(f) OATEE TS IR 0,(f) DA%
FARNIE I VDY, T L TIX IROHHED Petersson formula W2 LFEIATE 5.

AR 2. Ep,...,pr ZEET S, ZOL SEED r ZECERGEE F 2L T,
S > “’fF(epl(f),---,@pT(f)):/[ | F(by,...,0;)dpsr(61) - dusr(6r)
feB2(q) 0,m]"

ME DD, 72720 wy = 47r|1|f|| I¥ harmonic weight T, pugr & Sato-Tate IETH 5.

ThROBGEMDM 0y, (f),.... 0, () & wp TEAMIFZE, [0,7] LT pgr OER
HEIZELTRIZAHLTWEDTHS. TIT (0,7 IZfli% & 2L HERZH O RS
(©p)p T, % O, W Sato-Tate WEIZEHLT—HKRIZDMITHHDEEZS. TH5IZTDO,
EHVT, YV =(Y,), & p ICHLTY, = diag(e!®,e ) LB ZLILL > TED .
BAED#EfD S &,

—1

L(s,Y)= H det (I — p~°Y,) (2.3)

CEHETE. TDT XA Euler BAAYIZTGAD L EBOMEAFLETODVTWEH0
MEFIZBIZETZ 2 Iz LT, RIZFOME 2 TFIZAZELTBL.

i 3. PR (2.3) i almost surely T Re(s) > 1/2 1T/ UTINHET 5. £72 L(s,Y) iF
BEEBEOMRER 2 ED DN, LI s WEBOGH ZFEBMEOMELERL 5.

il 4. HEH s =0+ it PEHETRVWEE, logL(s,Y) DHAHIE 2 IRt Lebesgue &
Lo WZRU TR SRR TH L. X 51z, JEAEEEE M, BEEL,

P(log L(s,Y) € A) = / M, (z) |dz|
A
PMIEED A e B(C) Iz U THLd 5.

@ 5. HEM s =0 PEBTHDLE, logL(o,Y) 2 EBEDOHEREH L ANIX, £D
A1 1IRTT Lebesgue I pq (23 U THERITH 5. X 512, FEEMEBEER M, A
FEL,

P(log L(0,Y) € A) = /A./\/lg(m) |dz|

PEED A c BR) IZHUTKILT S, 727U |dz| = (2n) " V2dx & § 5.
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22 F#ER, BLUERDAE

FREREZRARBENC, FHOEY HE2EVICEDTEL BLELH L. £9 1.1 HioMHEs G
EFBRIZ, f e Ba(q) LT

Gr=D\ |J {o+ilm(p)|1/2 <o <Re(p)}

L(p,f):O
Re(p)>1/2

LREDD. £l GplitBI D logL(s, f) DR log ((s) LRBKIZHRD S, D& SHHHE 2
DEX wr ZAWVT, AR (2.1) ZXO LS IZERELT S -

s=otitgROLE  lm S wpb(log L(s, ) :/(C@(z)./\/ls(z) 2], (2.4)

q— o0
f€B2(q)
SGGf

s=c€eRDEE lggo Z wi®(log L(o, f)) = /Rfl)(:c)/\/la(m) |dz|. (2.5)

feB2(q)
UEGf

ZZT M, e M, lxxnth, EdRoMmiE4 LaE 5 TOHAaMEEREKTHDL. 61
TAMEBDZ 5 AL LT, E=CEZERIZHLT

Co(E) ={®: E — C | ® I¥B RN ),
I(E) ={1a | A& E E® Lebesgue I Zxf9 % continuity set}
U{lg | BE7IZ E\BIEEIZEF5a 7 ES }

CREDDLH., ZTOLETEMBIEIUATOED THS.
B 6. HEMs=0+itxo>1/2 2 UTHEETS.

1) t£0E T3, ZOLE (24) 13, FED & e Cy(C)UL(C) I/ LTHULT 5.
(i) t=02F2%. ZDOLZF (25) &, (LED & c Cp(R) UL(R) i LTHILT 5.

LIRS R = [a,b] x [¢,d] C C®KM J =[a,b] CRIZDWT 1g € Z(C) BL T
17 € Z(R) RO Y208, ZOHAITIE (2.4) ¥ (2.5) OFEHOFMM /6 NDS. FEfl7s
FiRIE [10] &2 ZEWZE 0.

PUF, SEH 6 OFIWOKEN BRI ERRED. T F(9) = Xjep, g, scq, vf EBE,
(C,B(C)) Lo E P, 5LV Q, %

Ps(A) = —— 3 wilallogLis,f)),  Qu(4) =P(logL(s,Y) € A)
F(Q) f€B2(q)

SGGf



TE->TEDS. ¢ 2 00DEE Fg) » 1 THDBILIFHBHEZIIRINLDT, Py,
Hg—ooDEE QATIIHT B L XX RENE, & e Cy(C) ITLT

lim ) wf@(logL(s,f)):/Cq)dQS

q—r 00
feB2(q)
SEGf
DS, AMAILED, s—o+it ¢ RAS NI (2.4) D D € Cp(C) DEEIIENR S

. F72 0 e I((C) (Di% H, Gt - IMARIZ L S [3, Lemma A] D E%Eﬁii)‘b (2.4) BHED.
—~Jfis=c€eRDEE, P,, X Q, FHENT (C,B(C)) LoOMRAELED LM, FEE
CEANR=075 P s(A) = Qu(A) =0 DD DI LIERT S, Thbb Py, &
Q, 13 (R,B(R)) FofExHlETHH Y, FABOHERT (2.5) 2RI ILMNTE .
Q%OOODK%PJS?? Qs IZHIURT 2 Z L Z2FFHT 2121%, Th o ORPEBIEK

fq,s(w) = m Z wflpw(lOgL(S:f))v gs(w) =E Ww(lOgL(S,Y))]
1 feB2(q)
seGy
ZHWSE KW, 72720 2,w € CIZNUT ¥,(2) =exp(iRe(zw)) LEDHD. ZDL X,
tm £y 1) = g,(a) (26)

MEH we C TR EDZ LEREIE, g — 00 T Pys 2Oy ILHIRT 5 2 2AES. 5
Fas(w) — gs(w) ZFMT B 720012, (2.2), (2.3) RHRTH B -7

L(s, f;y) = Hdet (I—p_SAp(f))_l, L(s,Y;y) Hdet (I—p° p)_l

<y <y
BEERD. B, BRINIZIEy=1ogq b DT p=qDEIEFZ LTIV, ZDL X

fas(@) = —— 3" wppp(log L(s, f;)) + #ET,
Fla) 570
SEGf

gs(w) = E [ (log L(s,Y;y))] + #AEH
DDA K DD Z L DGEHTE 20T, #ERHEIE

Y wrw(log Lis, f1y)) — E[¢u(log L(s, Y;y))]

feB2a(q)
SGGf

ZEHiiT 5 Z IR EI NS, ZIZT, EEINZ y I L TR

L
F(q)

th&p—) > wipw(log L(s, f;y)) = E [hw(log L(s, Y3 y))]
feéSG(q)
s€Gy

MO DZEIFFHE2 ZHWTRESZ LIZERET S, 7268 2 OIFFHDY Petersson
formula (I2&£2Z & 2B VWH LU, BEAHOFMEIZFEL <175 &, ROFERVPESNS.

6



AT HE B s=0c+itzo>12 LTCHEETS. FTFAREVEHK qIZHLT
y=logqg 35, ZOLETEDR>0IZHLT,

> witw(log L(s, f;y)) = E [Yu(log L(s, Y5 y))] + O (q‘l/Q(log q)2>

fe€B2(q)
SEGf

2 |w| < R OHFPHTH D LD, 772U implied constant (£ o0 & R IZOAEFT 5.

ZORBEIZE 5T (2.6) DREN, ¢ 500 DEE P DS Qu IWHIRT EZ 2ES.
PAEAERL 6 OFEHD i TH 5. EH 6 DMk E LT, (2.4) % (2.5) O BRI RGRA
iz R 5121, METICBTS R ¢ ITRFI R TEZRLI LIRS, fhme LTI,
Wit < R BREOFMARONE Z L n 5.

23 WL D2HhDEE

231 M, & M, OEFRME

AR TIZRARZe Do 7205, M B M, B L M, 1Z1F Schwartz distribution O PR
DEHAAREL UTOHEENRAS. M, 13C EOBEETH, M, IZR LOBEBTH 3D,
25 121E Schwartz distribution & U TDIRD & 57> > TR H 5 -

t—=00D&E, Morit(2) = My(2)d(y).

7272U §(y) i Dirac DT VX TH 5.

2.3.2 EHODOEY A
AR TIE harmonic wight 2 HW2 5B %2F 2720, f € Br(q) 27252 L TIiE

1
B 2 20

f€B(q)
EZEZLDLEHARATHD. ZOGEIZERAMKOEREZRTIENTES. BH5DIIHiE?2
7213 T, (2.7) DFEOFIZITX L TE
) 1
B T 3 PO ()t = [P0 0) s (52 6

o~ |B
= |Be(9)| ;5o

WD LD, 7 LAy 13

2 1 sin’ 0

_ V2 4 442
P p)-l—psm@

ELTEHESIND p it Plancherel HIETH L. THid Serre [11] IZ X 2FERTH YD, FEH
IZ1% Peterssom formula O Y 12 Eichler—Selberg OAXNBHWSNS.
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233 fotE—4E% - L BRI DOBE

B L B L(s, f) D& T D Euler FIOKRTE 0,(p) TL>TREDDTH-T, TD
D ETRUODRE2 ThH D, —fRIZY — XY L B Euler fiz i % HHE(IZ
MUT, HUHE2 O LS RFERINEY R TR Y SLODOTHNIE, EH 6 OFEMO TR
At TE s LI NG, ZOHEHTORIBIO—2IZ, 3REPSH TS Artin L B D
5 (9] BB B, FE Galois 7 3 ¥RIK K 125 LT, Dedekind ¥ — X B Cx (s) %

Ck(s) = ¢(s)L(s, px)

S D 2 IRBERIREL pe D Artin L BB L(s, pr) Db 5. 3K K 2Hhr Lz ED
EEEEZ D L, WY M BEBEBERTET, TND (2.5) OFELZEZT Z & A%EH
TE5DTH5. i 2 1R THMERL LTI, AHEKE F. Thorne KiZ & - THEHA
SNz 3IMERDE A EIFARX [12, Theorem 1.3] BV HNE. T HIZTDEHITIE, (2.5)
D 2 FEIEMPRIRR @ IZDVWTHAET 272, ZHNETRONRD 5 7ZBIRHAH S 2
ote. LX) & TBWEEELN

SHEE. ARSI 2019 £ RIMS HFENSE (RER) T EEGR & T OFE ) I281) 585
DR Z LRI N DTYT. REETHLIHARERLEZZHENSBMHGFEIZL>T
B0 E. EBLEHNZUET. £AARWSIE, JSPS BHFE JP19J12037 OB % 517 7=
HDTT.
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