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Abstract

We introduce a poset that generically adds a continuously increasing epsilon-chain of a length the least
uncountable cardinal. This poset is similar to a poset that consists of finite conditions and generically adds a
closed cofinal subset of the least uncountable cardinal. As an application, we consider a poset for the Strong
Reflection Principle of S. Todorcevic along this line.

Introduction

Let us review a poset that generically adds a closed cofinal subset of wy by finite conditions.
Definition. Let p € P, if

e p is a finite partial function from w; to wy.

o If i € dom(p), then ¢ < p(7).

e If i1,i5 € dom(p) with i1 < ig, then p(i1) < is.
For p,ge P, let ¢ <pin P, if ¢ O p.

Hence if
pEP,
dom(p) ={zo < x1 <+ < xp_1},
b= {(»To,p(ﬂlo))y (»lep(ﬂll))7 Ty (kalyp(ﬂlkfl))},
then

zo < pzo) <1 <p(21) <+ <71 < PTR—1) < W1

The following is standard.
Lemma. (1) P is proper.

(2) Let G be P-generic over the ground model V. Then the collection of points in the domains forms a
closed cofinal subset of w;. More precisely, let

C=|N{dom(p) | pe G} ={i<w |IpeGIjst. (i,j) € p}.
Then C is a closed cofinal subset of w;.

Let £ be a regular cardinal with £ > wo. In this note, we present a similar proper poset that generically
add a sequence (M; | i < w) over the ground model V' such that

e M; €V and, in V, M; is a countable elementary substructure of (HY ,€).
° Ifi<j<w1,thenMi€Mj.
e If j is a limit ordinal, then M; = U{M; | i < j}.
o HY =U{M;|i<w}
In particular, {wy N M; | i < wi} forms a closed cofinal subset of wy.

As an application of this line of poset, we present a poset for the Strong Reflection Principle (SRP) of
S. Todorcevic. (see [B] for a natural construction by the initial segments). There is another application of
this method in [MY], where we present a poset for the Mapping Reflection Principle (MRP) of J. Moore.
(see [M] for a natural construction by the initial segments.)
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Question. Do you see any new application of a plausible reflection principle that combines the two
features of SRP and MRP ?

The poset
Definition. Let s be a regular cardinal with x > ws. Let us first form a relational structure
(Hg, €).
Then we form a club C in [H]“ that consists of the countable elementary substructures of (Hy, €). Hence

C={N€[H”| N < (Hs, <)},
CC H,.

We next form a relational structure with an additional unary predicate C
(Hy, €,0).

Then we similary form a club D in [H]“ that consists of the countable elementary substructures of
(Hy, €,C). Hence
D={M e [H.” | M =< (Hg,€,C)},
DCCCHg.
Proposition. Let M € D. Then for any x € M, there exists N € C N M with z € N.

Hence M is a union of countable elementary substructures N of (H, €) that belong to M. More
precisely,

M= ]Jnm).

Proof. Let x € M. Then (H,, €,C) knows that there exists N € C such that € N. Since z € M <
(Hg, €,C), we can take N € M as such. Conversely, if N € CN M, then N is countable. Hence N € M € D
entails N = e[w] C M, where e : w — N onto with e € M.

O

Definition. Let p € P, if
e pis a finite partial function from D to C such that (dom(p), €) =*“linear”.
o If M € dom(p), then M € p(M).
o If My, Ms € dom(p) with My € My, then p(M7) € Ms.

For p,ge P, let ¢ <pin P, if ¢ D p.

Hence if
peEP,
dom(p) = {XO (S X1 c---c Xk—l},
p= {(XO7}/0)7 (X17Y1)7 R (kalyykfl)}7
then

(dom(p),€) ~ ({w1 N M | M € dom(p)}, < ) isomorphic by M — wy N M,
XoeYoeXjeYie e Xy 1 €Y.
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Lemma. For any p € P and a € H,, there exists ¢ € P such that ¢ <pin P and a € | Jdom(g).
Proof. Let p € P and a € H,,. Take (M, N) such that

e pachMeN.

e M eD.

e NeC.
Let g=pU{(M,N)}. Thenge P,q<pin P, and a € M € dom(q).

Lemma. P is proper.

Proof. Let p € P and H,,C,D,p, P € M*(countable) < Hy. Then M := H,NM* € D. Let N € C
with M € N. Let ppr« = pU{(M, N)}. Then pp+ € P and py» < pin P.

Claim. py~ is (P, M*)-generic.

Proof. Let D € M* be predense in P. We show that D N M* is predense below pp;«. To this end, let
p <pum~in P. Let ¢ < pand d € D with ¢ < d in P. We consider an M*-copy (¢’,d', M') of (¢,d, M) as
follows. Since Hy knows that there exists (¢',d’, M) € H,; such that

e ¢ €P.

e d eD.

¢ <d in P.

M’ € dom(q).

g NM =(gnM).

Since H,,, P,D,(gN M) € M* < Hy, we can take (¢',d',M’) € H, N M* = M as such. Let r = qU ¢’
Then r € P and r < ¢q,¢ in P. Hence D N M* is predense below pps-.

O

Lemma. Let G be P-generic over the ground model V. In the generic extension V[G], let

M =|J{dom(p) | p € G}.
Then
McD
Um=HnY,
(M, €) = “linear”.
¢ (M, e) — (w1,<) by M — ¢(M) = w; N M is order preserving.

Since the range of ¢ is cofinal in wy, the well-order-type of (./\/l7 €) is exactly wi. Hence there exists an
isomorphism 7 : (w1, <) — (M, €). We simply write M; for w(i). Hence M gets represented as an €-chain

(M; | i < wi).

Proof. We show that (/\/l, €) E=“linear”. Let My, Ms € M st. My # M,. Take p € G s.t. My, M, €
dom(p). Since (dom(p), €) =“linear”, either M; € My or My € M; holds.
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O

Lemma. In V[G], let (X} | k < w) be such that X € M and X}, € Xy for all k < w. Then
U{Xk | k<w}€M.

Hence (M; | i < w;) is continuously C-increasing.

Proof. Let p||—p“Xk € M and X, € Xk+1 for all k£ < w”. Since P preserves wy, we can assume, by
extending p, that there exists ¢ < w;y such that p | p“0 = sup{w1 N Xk | k < w}”.

Claim 1. There exists X € dom(p) s.t. 6 =w; N X.
Proof. Suppose not. Then we have (g, M) such that

qge P.

® q=<p.

M € dom(g).

w1 NM < 6.

If Z € dom(p) with w1 N Z < §, then p(Z) € M.

d <wiNg(M).

Hence ¢ |- p“there exists no X € M with wy N M < wy N X < §”. This would be absurd.

Claim 2. Let X € dom(p) s.t. § =w; N X. Then p |-p“U{Xx | k <w} =X € M”.

~ Proof. Let G be P-generic over V with p € G. Argue in V[G]. Since w; N X, <6 =w NX and
X, X € M, we have X; € X. Hence
UiXk | k<w}c X

Conversely, let z € X and p < pin P. Since X € D and so X = |J(C N X), there exists (M, N) such
that

e M eNeX.
e M eD.

e NeC.
epNXeM.
e r c N.

Let ¢ = pU {(M,N)}. Then q € P, ¢ < p, and qlFp“I Xy st. z €N € X;.”. Hence p|-p“X C
Xk | k<w}.

SRP

Definition. ([B]) The Strong Reflection Principle (SRP) holds, if for any set X with w; C X, any
S C [X]¥, and any regular cardinal A s.t. X, [X]“, S € H), there exists a sequence (M; | i < wi) such that
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e M, are countable elementray substructures of a first order structure (Hy, €, X,S), where X and S are
constants.

o If i < j < wi, then M; € M;.

o If j < wjy is a limit, then M; = U{M; | i < j}.

e For each i < wy, either (yes) or (nono) holds.
(ves) XN M,; € S.

(nono) For any countable elementary substructure M’ of (Hj, €, X, S) such that M; C,, M’, we have
X NM ¢ 8, where let M; C,,, M’ abbreviate M; C M’ and w1 N M; = w1 N M'.

In [B], a natural semi-proper poset for SRP by the initial segments is used under the Semi Proper
Forcing Axiom (SPFA). We design a semi-proper poset along the line of previous section.

Definition. Let us form a closed cofinal set C in [H,]“ by
C={Ne€c[H\”|N <(Hx€X,9}
Then we form a closed cofinal set D in [Hy]“ by

D={N e [H)\”| N < (Hj,¢,X,8,C)},where C is a unary predicate.

Let p € P, if
e pis a finite partial function from D to C such that (dom(p), €) =*“linear”.
If M € dom(p), then M € p(M).
If My, My € dom(p) with My € Ma, then p(M;) € Mo.

For each M € dom(p), either the following (yes) or (nono) holds.
(yes) XN M € S.

(nono) If M C,,, M' €C, then XNM' & S.

For p,ge P, let ¢ <pin P, if ¢ O p.

Lemma. (Pre-Semi-Generic) Let p € P, M* be a countable elementary substructure of
(Hp,€,Hy, X, S,C, P),
where Hy, X, S,C, P as constants, and p € M*. Then there exists M* (countable) < (Hy, €, Hy, X, S,C, P)
such that
o M*C, M~
e H\NM* €D.
e M? satisfies either the following (yes) or (nono).
(yes) X N (HyNM?) € S.
(nono) For any M’ s.t. (Hy N M%) C,, M’ € C, we have X "M’ ¢ S.
Hence if N € C with Hy N M2 € N and we set

q=pU{(H\NnM*> N)},

then ¢ € P, ¢ < p, and Hy N M* € dom(q).



Proof. Let p, M*, Hy as as above.
Case 1. There exists M’ € C s.t. HxNM* C,, M' and X N M' € S. Let

M*” :={f(s) | f€M*and s € (<*X)N M'}.

Then
Claim. (1) M2 < (Hy, €, Hy, X, S,C, P).
(2) HynM* € D.
(3) XNM»=XnM.
(4) M* C,, M*.
Proof. (1): We check by the Tarski’s criterion. Let

(HG,E7H)\3X7 S,C,P) ': “Elyqb(ymfl(sl)a"'afk:(sk))”'
Then there exists g : <X — Hy s.t. g € Hp and for any (y,t1,---,tx) with y € Hp, t1,---,tp € <X, if

(H97€7H>\7X7 S7C7P) ): “Qb(y, fl(tl)f" '7fk(tk))"7
then

(H97 S H>\7X: S:C7 P) ': “‘b(g(@h o '7tk>)7 fl(t1)7 e 7fk(tlc))”7
where (t1,-- -, 1) is regarded as an element of <“X.

Since X, (f1, -, fx) € M* < (Hp,€,H>, X, S,C, P), we can take g € M*. Hence
(H9363H)\3X7 S,C,P) ): “qb(g((sla"'33k>)af1(51)a"'afk(sk))”7

9((s1, -+, sk)) € M2,
Hence M* < (Hg,€,Hy, X, S,C, P).

(2): Since M> < (Hy, €, Hy, X, S,C, P), we have Hy N M* < (Hy, €, X, S,C) by the Tarski’s criterion
and relativizations. Hence Hy N M2 € D.

(3): Let z € X N M'. We want to show z € X N M”. Let us consider a map
f: <WX—>H97
(1, XTp) — 21 U=~ Uy,

Then f € M*, (z) € (<“X)NM', and f((z)) =2z € X N M.

Conversely, let y = f(s) € X N M#. Then there exists g € M* s.t. g: <“X — X, if f(t) € X, then
g(t) = f(t). We have g € HxNM* C,,, M'. Hence y = g(s) € X N M.

(4): Let a € M*. We first show that a € M*. Let us consider f : <“X — {a} s.t. constantly f(¢) = a.
Then f € M* and a = f()) € M*. Next since X N M* = X N M’, we have

W NM2 = NX)NM> =w, N (XN M>)
=N XNM)=inX)NM =wNM =w NM*.

Case 2. For any M’ € C s.t. HyNM* C,,, M', we have X "M’ & S. Let M® := M*. Then this M*
works.



Lemma. (Generic) Let M* be a countable elementary substructure of (Hy, €, Hy, X, S,C, P), q € P,
and Hy N M*# € dom(q). Then q is (P, M*)-generic.

Proof. Let D € M be predense in P. We want to show that D N M? is predense below ¢q. To this
end, let § < ¢ in P. Let r < ¢,d in P s.t. d € D. We consider M“-copy (r',d’, M') of (r,d, Hyx N M%) as
follows.

(Hyg, €,Hx, X, S,C, P) knows that there exists (r',d’, M') € H) such that
e 1’ €P.
e d eD.
e " <d in P.
o M' € dom(r').
o ' NM = (rn(HxynNM?)).

Since H)y, P, D, (rﬂ (Hx OMA)) € M* < (Hy,€,Hy,X,S,C,P), we can take (r',d',M') € Hy N\ M*
as such. Let w =7 U7’. Then v € P and u < r,7’. Hence D N M?% is predense below g.

O

Lemma. (Semi-Generic) Let p € P, M* be countable, and M* < (Hy, €, Hy, X, S,C, P). Then there
exists ¢ < pin P s.t. ¢q is (P, M*)-semi-generic.

Proof. Let M% be as in the previous lemma. Then we had ¢ € P such that ¢ < pin P and HyN M €
dom(q). Hence g is (P, M*)-generic. Since M* C, M?*, we conclude that g is (P, M*)-semi-generic as
follows. ¢ |-p“0 N M2[G] = 6 N M2”. Hence q|,“w} N M*[G] Cw) N M2[G) =wy N M2 =w) N M*.
Hence q |-p“w) N M*[G] = w) N M*”.

Corollary. ([B]) Assume SPFA. Then SRP holds.
Proof. Apply SPFA to P.
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