
ON LOCAL MOONSHINE
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Abstract. In this paper, we will introduce Rouquier’s problems and gener-
al formulation of local moonshine conjecture. Some answers of Rouquier’s

problems are also included.
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1. Introduction

In [FLM], an infinite-dimension graded module V = ⊕n∈ZVn is constructed for
the monster group M. Borcherds proved the following theorem in [B1].

Theorem 1.1. (Borcherds 1992) The McKay-Thompson series

Tg(τ) =
∑
n∈Z

Tr(g|Vn)q
n

is a hauptmodul for some genus-0 congruence subgroup of SL2(R). In particular, the
dimension of Vn is the coefficient of qn of the elliptic modular function j(τ)−744 =
q − l + 196884q + ....

The existence of such infinite-dimension graded module with properties in this
theorem for the monster was known as the Moonshine Conjecture posed by
Conway, Norton, McKay and Thompson.

Let G be a finite group with W as a G-module over some field k. We denote by
W g the subspace of fixed points of g ∈ G in W . Let C be a conjugate class of G.

A function f : C −→ W is called axis map if f(cg) = f(c)g for c ∈ C and g ∈ G.
If c ∈ C, then f(c) is called the axis of c. There is a non-trivial axis map from C
to W if and only if W contains a non-zero vectors fixed by the centralizer of an
element of C. In [RY], Ryba gave the following suggestions: there should exists an
integral form L of the moonshine module containing axis of transpositions and if
we define

L(g) =
Lg/pLg

Lg/pLg ∩ (Lg/pLg)⊥
,

then Tr(h|Ln(g) = Tr(gh|Vn) for a p-regular element h of CM (g), where the trace
on the left is the Brauer trace. In particular, the dimensions of the homogeneous
components of L(g) should be the coefficients of certain hauptmoduls. This sug-
gestion is called the modular moonshine conjecture.

Let Ĝ denote
∑

g∈G g. The map N : W → W is defined by N(x) = xĜ. Then

Ĥ0(G,W ) = WG/N(W ), where WG is subspace of W consisting of fixed points
of G. It was shown in [BR] that the definition of L(g) is equivalent to the Tate

cohomology Ĥ0(g, L). We refer to [RY],[BR] and [B2] for details.
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The map N is a special case of trace map and the quotient WG/N(W ) is also
a special case of Brauer morphism for p-permutation modules. Based on this,
Rouquier put forward his problems. These problems and some answers will be
presented in the next section. Since Brauer morphism is closely related to Green
correspondence, we will give a general formulation for modular moonshine in the
last section.

2. Rouquier’s problems

Let O be a commutative complete discrete valuation ring with P as maximal
ideal. Let F be the residue field of O/P with characteristic p.

Let W be O-free OG-module. Then W is called p-permutation module if, when-
ever P is a p-subgroup of G, there is an O-basis of W which is stabilized by P (see
[B1]). Similarly, we can define p-permutation module for FG-module. A module
W is p-permutation module if and only if it is a direct summand of a permutation
module.

Let H be a subgroup of G. Let WH be the subspace of fixed points of H in W .
Let K be a subgroup of H. Then the trace map TrHK is a linear map from WK to
WH defined by

TrHK(x) =
∑

g∈H/K

xg.

We denote by WH
K the image TrHK(WK) in WH . In the case K = 1 and G = H,

TrHK(x) = N(x), where N is defined as in section 1.

Let P be a p-subgroup of G. We assume that W is a p-permutation module of
G over O or F . The normalizer of P in G is denoted by NG(P ). The NG(P ) =
NG(P )/P -module W (P ) is defined by

W (P ) = WP /(
∑
Q

WP
Q + PWP ),

where Q runs over proper subgroups of P . The Brauer morphism BrWP is defined
to be the natural surjection

BrWP : WP → W (P )(see [BP]).

In the view of Brauer morphism, we have Ĥ0(g, L) = L(P ) = BrLP (L
P ) where

P =< g > and g is a p-element.

Keep the notation V = ⊕n∈ZVn as in section 1. Rouquier put forward the
following problems in [R].

Problem 1. Is there an integral form L (as module) of V such that it is a
p-permutation module for some subgroup U of M and all prime divisors of |U |?

Problem 2. Given L and U satisfying properties in Problem 1. Let P be a
p-subgroup of U and let h be a p-regular element in NU (P ) then

Th(τ) =
∑
n∈Z

Br(h|Ln(P ))qn

is a hauptmodul, where Br(h|Ln(P )) is the Brauer character of h on Ln(P ).

The following answer for problem 1 is from [WY].
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Theorem 2.1. (W-Y) The moonshine module is a p-permutation module for <
g > (g ∈ M), where the order of g is p and p = 11, 17, 19, 23, 29, 31, 41, 47, 59, 71.

Remark 2.2. By using Brauer morphism, Ryba’s modular moonshine conjecture
should hold for a p-regular element h in NM (< g >) not only for p-regular element
in CM (g). But there is no result in this direction.

Next we will present another answer for problem 1.

Let Λ be the Leech lattice with a non-degenerate bilinear form < ., . > such
that < α,α >∈ 2Z for any α ∈ Λ. Let Λ̂ be the central extension of Λ by < κ >,
where κ2 = 1. We denote by ”-” the natural morphism form Λ̂ to Λ. The group of
automorphisms of Λ is denoted by Co0 which stabilizes the form < ., . > of Λ. Let
C0 be the group of automorphisms of Λ̂ which stabilize κ. Set

K = {a2κ⟨α,α⟩/2 | a ∈ Λ̂ and a = α}.

Then there is a natural morphism from C0 to Co0. It is also denoted by −. The
group Λ̂/K is an extraspeical group and it has a unique (up to equivalence) irre-
ducible faithful module T with dimension 212 over F2. The group C0 stabilizes K
and there is a morphism φ from C0 to Aut(Λ̂/K).

Set

C1 = φ(C0) ⊂ Aut (Λ̂/K)

C∗ = {g ∈ NAut (T )(π(Λ̂/K)) | int(g) ∈ C1},

where π denotes the faithful representation of Λ̂/K on T and int(g)(x) = gxg−1

for g ∈ Aut (T ), x ∈ Λ̂/K ≃ π(Λ̂/K). Let CT = [C∗, C∗]. Then int : CT → C1 is a
morphism of groups.

Defint M0 = {g ∈ Aut(Λ̂)|ḡ ∈ M24} ≤ C0. Then we have

1 // Hom(Λ,Z/2Z) // M0
− // M24

// 1.

Let M∗ := {g ∈ NAut(T )(π(Λ̂/K))|int(g) ∈ M0}. Then we can prove

M0 ≤ M∗ ≤ C∗.

Let MT := M∗ ∩ CT and let M̃ = {(g, gT ) ∈ M0 × MT |φ(g) = int(gT )}. Then
these groups can be presented as the following diagram:

M̃

π1

��

π2 // MT

int
��

M0
φ // C1.

Another answer of problem 1 in [WY] is as following

Theorem 2.3. (W-Y) There is a basis of V such that M̃ acts on it as permutations
up to ±1. Let VZ be the integral form of V with this basis. Then VZ ⊗ Fp is a p-

permuatation module of M̃ , where p is a prime divisor of |M̃ |.
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3. General formulation of local moonshine

At first we will show some standard results on representation theory of finite
group(see [NT]).

Let H ≤ G. An FG-module M is said to be H-projective if there exists an
FH-module W such that M is a direct summand of IndGH(W ).

Theorem 3.1. (Higmann criterion) The following conditions are equivalent:

(1) M is H-projective.

(2) M is a direct summand of IndGHResGH(M).

(3) The FG-morphism ρ : IndGHResGH(M) −→ M(
∑

t t⊗mt) 7→
∑

t tmt splits.
(4) There is an morphism θ ∈ EndFH(M) such that TrGH(θ) =

∑
t∈H\G θ ◦ t is

the identity of M .

A subgroup P of G is called a vertex of an indecomposable FG-module M if
it satisfies the following conditions simultaneously: (i). M is P -projective; (ii).
P is conjugate to a subgroup of H whenever M is H-projective. A vertex of an
indecomposable module must a p-subgroups of G. For any indecomposable FG-
module M , there exists uniquely a conjugate class of p-subgroups of G as vertices
of M . Let P be a vertex of M . An indecomposable FP -module S is called a
source of M over P if a vertex of S is P and M is a direct summand of IndGP (S).
Given a vertex P of M , then the source of M over P is uniquely determined up to
NG(P )-conjugacy, i.e. if both T and S are sources of M over P then there exists
t ∈ NG(P ) such that T t is isomorphic to S as FP -modules. The p-permutation
modules are modules with trivial module as source.

Let P be a p-subgroup of G. Assume that H is a subgroup of G containing
NG(P ). A subgroup Q of P is called a non-intersection subgroup of P relative to
H if there exists no x ∈ G − H such that Q is a subgroup of P ∩ P x. Denoted
by A(P ) and Ind(FG|A(P )) by the set consisting of all non-intersection subgroups
of P relative to H and the set consisting of all finite dimensional indecomposable
FG-modules whose vertices are contained in A(P ) respectively.

Theorem 3.2. (Green) Assume P is a subgroup of G and NG(P ) ≤ H ≤ G. Then

(1) For any X ∈ Ind(FG|A(P )), there is a unique module Y ∈ Ind(FH|A(P ))

such that X|IndGH(Y ) and Y |ResGH(X).
(2) Define a map f from Ind(FG|A(P )) to Ind(FH|A(P )) which sends X to

Y . Then f is a bijection.

The map f defined in above theorem is called Green correspondent with respect
to (G,H,P ).

Next to show the relations between Green correspondent and Brauer morphism
for p-permutation modules.

Theorem 3.3. (Broué) Let W be an indecomposable p-permutation module with
vertex P . Then

(i) . If Q is not conjugate to a subgroup of P , then W (Q) = 0.
(ii) . W (P ) is the Green correspondent of W .
(iii) . If W ′ is an indecomposable module whose vertex contains (up to conju-

gate) P , then W ′(P ) is a direct sum of indecomposable components whose
vertices contain P .
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Remark 3.4. The theorem does not hold true, if W is not p-permutation module.
In [], Brauer morphism for general module is defined.

Let V = ⊕n∈ZVn and let P be a p-subgroup of M.

We denote Vn(P ) the direct summands of indecomposable components ofResGNM (P )(Vn)

whose vertices contain P (up to conjugate).

General Local Moonshine Conjecture. Let h be a p-regular element in
NM (P ) then

Th(τ) =
∑
n∈Z

Br(h|Vn(P ))qn

is a hauptmodul, where Br(h|Vn(P )) is the Brauer character of h on Vn(P ).
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