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Xz ofHDOREEGLEL, BIZX DLROMAEGDE (7Y 08E) T, EE LTE
BOtEORETENMEDO T uy 2It8EnhdE 95, 20 E, (X,B) % t-(v, k, \)design
PSR, RIZ, C&F, LD [nk,d| code 9§ 5, ¢ =(c1,¢9,...,¢,) € C, (¢; €F,) ITX
UT, supp(c) ={i: ¢ # 0} Z c D support LS, X = {1,2,...,n}, B % weight w
DaA— K7 — FEED support £ 95, 95&, #GHE D, = (X,B) & C D weight w
IZX8 % support design &\ 5, Z D support design 122\ TIRD Assmus-Mattson DJE
H (1) WEHETH S,

Theorem 1.1 (Assmus-Mattson [1]). Let C be an [n, k,d] linear code over F, and C*+ be

the dual [n,n — k,d*] code. Let t be an integer less than d. Let vy be the largest integer

. . —9
satisfying vo — L%

where, if ¢ = 2, we take vy = wy = n. Let C*+ have at most d —t non-zero weights less

| < d, and wy be the largest integer satisfying wy — L%‘Ifﬂ < d+,

than or equal to n —t. Then, for each weight v with d < v < vg, the support design in C
is a t-design, and for each weight w with d+ < w < min{n —t,wo}, the support design in

C* is a t-design.
» % linear code C @ support design D,, H% Assmus-Mattson DEHLIZ & - T t-design
(t>0) &2 61X, ZDFF5% applicable to the Assmus—Mattson theorem & FE.3%,
ZZT, Dyl DOWTIRD LI BREHZEEF 25,
0(C) := max{t € N | Yw, D,, is a t-design}
s(C) :=max{t € N | Jw, s.t. D,, is a t-design}
ZOEZEPOSHONIZHC) >t L §(0)<s(C)TH5B, 2016 FOFH~ DigX [8] 125
WTIRD & 5 Rz RE L 72,
Problem 1.2. s(C) @ EfR%Z KD X,
Problem 1.3. §(C) < s(C) &% 258X EITRIVELI D ?
Problem 1.2 1Z2WT, ¢ > 6 O t-design DEFNIFIER 5 TV, Problem 1.2 13,
BERZD I I ATH5H extremal Type I code (ZDWTFHNR B HFETHEL 72,

INRBERAED ZRiEy, #HETIE e Nt 2EE U TEHDOHPZ LELAEZDPELLRWVWTT,
AREEAY OV FIMTEWETEEE L, 72, t AFELERTELNTVWALMEES2H D 7,
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2 Extremal Type II code DY R—bFH 1 >
2.1 §(C) & s(C) I T

& n ® extremal Type Il code 2 C' &9 %, ZIZTC D minimum weight (& d(C) =
4n/24]4+4 TH 5, £7z, Zhang [13] £V (i) n = 24m DIHH m > 154, (i) n = 24m + 8
DBE m > 159, (i) n = 24m + 16 DEH m > 164 THEELH STV S,

ZDa— FDRFD S IE Assmus-Mattson DEFIZ K - T (i) n=24m DHH 5-design,
(i) n = 24m + 8 DE;H 3-design, (i) n = 24m + 16 DHH 1-design HFHN 5,

5(C) & s(C) DIEDFREMEIZ DWW T N. Horiguchi, T. Miezaki and H. Nakasora [6] & T.
Miezaki and H. Nakasora [8] 2* 5IXDFERZHFT NS,

Theorem 2.1. Let C' be an extremal Type II code of length n.
(1) If n=24m, then 6(C) = s(C) =5 ordo(C) =s(C)=T1.
(2) If n=24m + 8, then 6(C') = s(C) =3 or5 < (C) <s(C) < 7.
(3) If n=24m + 16, then 6(C) = s(C) =1 or 3 < H(C) < s(C) < 5.

Problem 1.2 12D\, extremal Type II code IZHWT s(C) <7 TdH S, Problem 1.3
IZ2WT, Theorem 2.1(1) D n 7324 DFEHD & Z1F6(C) < s(C) L2 HZBEDREE W
ZeWnhd, ROMETIC) < s(C) BEEZ DML D DHGEITDONTIERD,

Proposition 2.2. If the case 6(C) < s(C) occurs, then one of the following holds:
(1) n=24m+8, m =58, 6(C) =6 and s(C) =7 with w = n/2;

(2) n = 24m + 16, m € {10, 23, 79, 93, 118, 120, 123, 125, 142}, 6(C) = 4 and
s(C) =5 with w =n/2.

Extremal Type II code iIZHBWT, §(C) < s(C) &7 2 FEHNIFT S T 7 < KRR
ETH D,

2.2 Extremal Type II lattice & spherical {-design

5(0) < s(C) DBEDOEEM, PS5V R—MTH A VOBR] & T T & spherical
t-design DR L DFLMNEIZ LB Z LB ITEND,

Theorem 2.3 ([12]). Let L be an extremal Type II lattice of rank n and Loy, := {x € L :
(x,x) =2m}. If Loy, # ¢, then Lo, is a spherical

11-design  (n=0 (mod 24)),
7-design  (n =8 (mod 24)),
3-design  (n =16 (mod 24)).



Bl Z 1L, (Eg)om I spherical 7-design TH 5D, Z L

T, {R® Ramanujan 7 B & DR D 5, Extremal Type II code

Theorem 2.4 ([12]). (Es)am is a spherical 8-design if 0o(C) =s(C) 7
and only if T(m) = 0, where (AR [8])
¢ [J—gm* =) r(m)q™ T
m=1 m=0 L
$ 5L, B4 Lehmer FAMEBRL TV, +
— Extremal Type II lattice —

Conjecture 2.5 ([7]). For all m, 5(L) = s(L) ?

(m) # 0 Lehmer F48 [7
755 & support t-design DRI & &1 & spher- l m) # 0 < 5(By) = s(E) \
ical t-design DEAfR] L DEHELMEZ £ L DB L EHAHD

WOTHD

3 R 48D triply even binary code DY R—hFH A >~
3.1 4(C) < s(C) DAl

F4IL[9] THCO) < s(C) DFl%E F X 48 D Triply even binary codes DHTH DI 7z, B
48 M triply even binary codes & Betsumiya and Munemasa [4] TR I N TS, TR
TTT64ATIED I — RO T —=ZDRIHEELED 2 TH A b 3| THEASNTWD, I THWL
5N TWSELS (Dimension, Code Id, [ Generators |) % AF& Tl (Dimension, [Code Id])
TR,

Proposition 3.1. If a triply even binary code of length 48 C' is applicable to the Assmus—
Mattson theorem, then one of the following:

(A) (7,[144]), (8,[129,130,131,132,133]),

(
(9,59, 60, 61,62, 63, 64, 65, 66, 67, 68,69, 1109, 1712, 1714, 1716, 1960]),
(10, [16,17, 18,19, 20, 21, 22, 549, 550, 554, 1001, 1245, 1246, 1247]),
(11,[6,7,154,520]), (12,[3]), (13,[1]).

(B) (2,[1]),(3,[4]), (4,[7]), (5,[12])
5(C) < 5(C) DPNFIRDFEIT X BHEHETH D,

Theorem 3.2. Let C be a triply even binary code length 48 in Proposition 3.1. Let D,
and D} be the support t-design of weight w of C and C*+.

(1) For allw, D, and D} are 1-designs.

(2) If C is a code in Proposition 3.1 (A) except for (13,[1]), Dg (and also D3) is a
2-design but is not a 3-design. For the other cases, D, and DL are not 2-designs.
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411HD §(C) < s(C) DBIDHTH, BbBELKRT— KERIZEITF 2.

Example 3.3. Proposition 3.1 (A) D 1 DT&»H 5 (7,[144]) D triply even code & C &3
%, %@ weight enumerator (%

Wo(z,y) = 2 + 327y + 1200y 4 327%™ 4 y**

ThHb, COINFFH CL % Miyamoto’s moonshine code [11] £ FEEN 5,

Proposition 3.1 & Theorem 3.27*%, 3 XT®D weight w2 UT, D, & DL % 1-design
Thd, SHIT, BHRFFD weight 6 1FHFHIT Dy 13 2-(48, 6,2520) design & 72> T\ 5,
(Dy; 1% 2-(48,6,2520) design D complement TH 5, )

Theorem 3.2 (2) THRWZ 1{EHD I — FIZOWTiHER D,

Example 3.4. (13,[1]) @ triply even code & extended doubling D(Goy) TH D, H7z,
Aut D(Goy) = 22 Moy TBH B, D(Gyy) = C" B L, D weight enumerator 1%

Wer(,y) = 2™ + 7592y + 667227 1y* + 75920y ™ + y**

Tbhd,
MacWilliams THZE

VVC’L (I,y) = 2_13W0’(§C +y,xr — y)

PO ZD C* Oa— KT — RO % EHH 3 % & weight 6 D I — K7 — R D%
MWAF =0Th>d, &oTC, DFIZ7 0y 7OEANEREETHLEHPRT AV THDZ
EMRIND, FORF D weight 6 ZFR\W 723 R T D weight w (2% L T, Proposition 3.1
& Theorem 3.272*5, D, & D} 13 1-design TH 5,

# 11Z21& Theorem 3.2 TF 5 115 BT 5 D weight 6 @ support 2-deign IZ2WT £ &
HTWVW5BZ,

3.2 Theorem 3.2 MEFEA

Theorem 3.2 DFEHIZDOWTIER S, £, ¥ & L T harmonic weight enumerator @
EBDOIHED B,

Definition 3.5. & n @ binary code % C, f € Harmy, £ 95, C & fIZB9 % harmonic
weight enumerator (&

ch T y Zf " —wt(c) wt(c)

ceC

THd,

{RIZ harmonic weight enumerator & t-design @ BEFRIXIRD Delsarte [5] 12 & %,

CHSEE B AEP SERIAH D F LD, TS 41 D 2-design X TR CIHATH 5,
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% 1: weight 6 @ support 2-deign (Z 2\ T

X7t | [Code 1d] 2-(v, k, \)
Weight distribution (i, A;) for A; # 0 fE £

7| [144] 2-(48. 6, 2520)
(0,1), (16,3), (24,120), (32, 3), (48, 1) 1

8 [129,130,131,132,133] 2-(48, 6, 1240)
(0,1), (16,15), (24, 224), (32, 15), (48, 1) 5

9 [59,60,61,62,63,64,65,66,67,68,69,1109,1712,1714,1716,1960] | 2-(48,6,600)
(0,1, (16,39), (24, 432), (32, 39), (48, 1) 16

10 [16,17,18,19,20,21,22,549,550,554,1001,1245,1246,1247] 2-(48,6,280)
(0, 1), (16, 87), (24, 848), (32, 87), (48, 1) 14

11 [6,7,154,520] 2-(48,6,120)
(0, 1), (16, 183), (24, 1680), (32, 183), (48, 1) 4

12 | [3] 2-(48,6,40)
(0,1, (16,375), (24, 3344), (32,375), (48, 1) 1

13 | 1] i
(0, 1), (16, 759), (24, 6672), (32, 759), (48, 1) 0

Theorem 3.6 ([5]). D, D3 t-design 27252 & &, fFED f € Harmy, 1 < k < tIZxX L
T ep, f(0) =0 23 Z L IXFAMTH 5,

Bachoc [2] 13X D & 5 7 MacWilliams B OHEXZ 7R U 7z,

Theorem 3.7 ([2]). We s(x,y) % binary code C & degree k D harmonic function f 2B
9% harmonic weight enumerator & 3 5,

Wes(,y) = (2y)* Ze s (2,y)
%I T, Zcy & degree n — 2k D homogeneous polynomial TH 2, $H &, REfHd

n/2 x T —
Zow o) = (~D 2 lch( =, fy)

Proof. C' % Proposition 3.1 (A) @ triply even code &9 %, 7272U (13,[1]) ZR<, 95
&, Assmus-Mattson DFEM & D T XTD weight w 2 LT, D, & DL & 1-design TdH
%, ZOWF Dy 2 2-design 127225 Z £ &R,

We,t(z,y) &2 C & degree 2 D harmonic function f (29" % harmonic weight enumerator
&9 5,

ch T y Zf 248 wt(c) w (c)

ceC

32 16 +bx24y24 +ax16y32
) ( 30 14+bx22y22+ax14y30>
>2ZC,f(x7y>

=(
=

rYy
rYy



ZZT, a,b#£0Th 5,
Theorem 3.7 £ 0, DEDERNZE AT TLRE o,V BFIET D,

224 r+y xr—y
ZCL,f(%ZJ) = (_1>2|_C’|Zc’f (W, NG )

=d(x+y)* @ —y) " +V(@+y) P @ -y +d@+y) "z —y)»

C* 13 minimum weight 4 £ 0, Zoo ; OHD 2 DRI 0TH D, £oT, OV =—-2d' %
55, WAIZ,

WCJ-,f(xa y)
= ()’ (0 + 9" (@ =) =20 (@ + )2 (2 — ) + (v + )" (@ = 9)")

5 &, EENZERIZED Wor ; OFD 22y DFFBUZ0TH L Z & 2155, Theorem
3.6 £ D, Di % 2-design TH 5,
Ol

4 Theorem 3.2 D—f%1t

£ X 48 @ Triply even binary codes D TR E 72HHRTH 5 6(C) < s(C) D% —Afb
U7zfE 5% [10) 21BN 5,

C % binary [n,k,d] code £LT1, € C &35, C ODRNFFE CLt DINT A —&IE
[n,n—k,d* | ThHod, $§5&, d-IFMEBTHS Z LIZIEREL THL, Assmus-Mattson D
FEH (Theorem 1.1) DFRMD S, MROEXE AT dt L HIZDWVWTH R 5,

dt—t=48{u|C, #0,0 <u<n—th (4.1)

ZZT, C,={ceC|wtlc)=u} TH %,

D, & D: #ENnEN C D weight u & C*+ D weight w D support design £ 5, §5
&, Assmus-Mattson DEM K D, D, & DL Idt-design THd, 2D LIIZLT, FF
C' 1% applicable to the Assmus-Mattson theorem TdH %,

£7, dF L HIZDOWTIRD & 5 BHIRAE S e,

Theorem 4.1. (1) If C is applicable to the Assmus—Mattson theorem with dt —t =1,
then (dt,t) = (2,1) or (4,3).
Moreover, we have 6(C) = s(C) = §(C*) = s(C*+) =1 or 3.

(2) If C is applicable to the Assmus—Mattson theorem with d* —t = 3, then (d*,t) =
(4,1),(6,3), or (8,5).

Z®D Theorem 41725, dt—t=10Dk &, §(C) < s(0) & 6(CH) < s(CH) DEE 1L
ERNZENGME, dt—t=3DLE, §(C) <s(CH) DEENRE D n & dDHEHER
ROEMTHZ %,



Theorem 4.2. Let C be applicable to the Assmus—Mattson theorem with (d*,t) = (4,1)
or (6,3). If the equation

[ N G

i=0
is satisfied, then Dy, is a (t + 1)-design.

Z @ Theorem 4.2 1ZFFE DIHZEIZX U T Assmus-Mattson D EHDFRILAK % 5 2 T W
%, [10] ® Appendix BIZ, (dt,t) = (4,1) D& &, n < 10000 2% LT, Z® Theorem 4.2
% ATz BRI n, d & weight w DRZHRE T WD, (dh,t) = (6,3) D& Zidkn < 10000
WU T, Theorem 4.2 % A7=3 n & dIFFELLBWI L Z2FERELTHL,

(dHt) = (8,5) DL &, §(CH) < s(CH) DHEMVEZ 2 AREME XN, FHEL L TRD
EHMRFONDG,

Theorem 4.3. Let C be applicable to the Assmus—Mattson theorem with (d*,t) = (8,5).
Then C' is the extended Golay code Goy.

(CH) < s(CH) DGEPEE 2 HEMZ BERT 2 —HOFN T, extended Golay code
Goy DH L WK T 2 5 X 51005 T & I BIRER N,
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