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ABSTRACT. In this paper, we introduce two iterative methods (one implicit method and
one explicit method) for finding a common element of the zero point set of a set-valued
maximal monotone operator, the solution set of the variational inequality problem for a
continuous monotone mapping, and the fixed point set of a continuous pseudocontractive
mapping in a Hilbert space. Then we establish strong convergence of the proposed iterative
methods to a common point of three sets, which is a solution of a certain variational
inequality. Further, we find the minimum-norm element in common set of three sets. The
main theorems develop and complement some well-known results in the literature.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||. Let C
be a nonempty closed convex subset of H and let T': C' — C be a self-mapping on C'. We
denote by Fix(T) the set of fixed points of S.

The monotone inclusion problem plays an essential role in the theory of nonlinear analysis
and optimization. Let B : H — 2 be a maximal monotone operator. The monotone
inclusion problem consists of finding a zero element of B, that is, a solution of the inclusion
problem:

(1.1) 0 € Buz.

The solution set of the problem (1.1) is denoted by B~10. A classical method for solving
the problem is proximal point algorithm, proposed by Martinet [9] and generalized by
Rockafellar [10]. In some concrete cases including variational inequalities, the monotone
inclusion problem requires to find a zero of the sum of two monotone operator. That is, in
the case of F = A+ B, where A and B are monotone operators, the problem is reduced to
as follows:

find z € C such that 0 € (A + B)z.

The solution set of this problem is denoted by (A + B)!0.
Let A: C'— H be a nonlinear mapping. The variational inequality problem is to find a
u € C such that

(1.2) (v—u,Au) >0, YveC.

This problem is called Hartmann-Stampacchia variational inequality ([12]). We denote the
set of solutions of the variational inequality problem (1.2) by VI(C, A). As we also know,
variational inequality theory has emerged as an important tool in studying a wide class
of numerous problem in physics, optimization, variational inequalities, minimax problem,
Nash equilibrium problem in noncooperative games and others.
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A fixed point problem is to find a fixed point z of a nonlinear mapping 7" with property:
(1.3) zeC, Tz =z

In order to study the variational inequality problem (1.2) coupled with the fixed point
problem (1.3), many researchers have invented some iterative methods for finding an element
of VI(C,A) N Fix(T), where A and T are nonlinear mappings. For instance, in case that
A : C — H is an inverse-strongly monotone mapping and T : C — C' is a nonexpansive
mapping, see [4, 5] and the references therein, and in case that A : C'— H is a continuous
monotone mapping and 7' : C' — C' is a continuous pseudocontractive mapping, see [3, 15,
19].

In 2016, Jung [7] proposed an iterative method based on Yamada’s hybrid steepest de-
scent method [17] for finding an element of Fiz(T) N VI(C,A) N B~10, where T : C — C
is a continuous pseudocontractive mapping, A : C' — H is continuous monotone mapping,
and B : H — 27 is a maximal monotone operator.

Some iterative methods for finding an element of Fiz(T)N(A+ B)~'0 have been provided
by several authors. For instance, in case that 7' : C — (' is a nonexpansive mapping,
A: C — H is an inverse-strongly monotone mapping andand B : H — 2 is a maximal
monotone operator, see [14].

In this paper, as a continuation of study in this direction, we introduce new implicit and
explicit iterative methods for finding a common element of the set Q := Fiz(T)NVI(C, A)N
B710, where T : C — C is a continuous pseudocontractive mapping, A : C — H is a
continuous monotone mapping and B : H — 29 is a maximal monotone operator. Then we
establish strong convergence of the sequences generated by the proposed iterative methods
to a common point of three sets, which is a solution of a certain variational inequality. As
a direct consequence, we find the unique minimum-norm element of £2. The main theorems
develop and complement some well-known results in the literature.

2. PRELIMINARIES AND LEMMAS

Let H be a real Hilbert space and let C' be a nonempty closed convex subset of H. We
write 2, — z to indicate that the sequence {z,} converges weakly to x. z,, — = implies
that {x,} converges strongly to x.

A mapping A of C into H is called monotone if

(x —y,Ax — Ay) >0, Vz, yeC.

A mapping A of C into H is called a-inverse-strongly monotone (see [4]) if there exists a
positive real number « such that

(x —y, Ax — Ay) > «a||Ax — AyHZ, Ve, y e C.

Clearly, the class of monotone mappings includes the class of a-inverse-strongly monotone
mappings.
A mapping T of C into H is said to be pseudocontractive if

1T = Ty|? < llo = ylP* + I(I = Tz — (I = T)yl*, Vo, yeC,

and T is said to be k-strictly pseudocontractive (see [2]) if there exists a constant k € [0, 1)
such that

1Tz = Ty|* < llo =yl + kIl(I - T)z — (I = T)y|?, Vz, y€C,

where [ is the identity mapping. Note that the class of k-strictly pseudocontractive map-
pings includes the class of nonexpansive mappings as a subclass. That is, T is nonexpansive
(e, |Tx — Ty|| < ||z —y|, Yz, y € C) if and only if T is O-strictly pseudocontractive.
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Clearly, the class of pseudocontractive mappings includes the class of strictly pseudocon-
tractive mappings and the class of nonexpansive mappings as a subclass. Moreover, this
inclusion is strict (see Example 5.7.1 and Example 5.7.2 in [1]).

Let B be a mapping of H into 2. The effective domain of B is denoted by dom(B),
that is, dom(B) = {x € H : Bx # 0}. A set-valued mapping B is said to be a monotone
operatoron H if (x —y,u—v) > 0 for all x, y € dom(B), u € Bz, and v € By. A monotone
operator B on H is said to be mazimal if its graph is not properly contained in the graph of
any other monotone operator on H. For a maximal monotone operator B on H and A > 0,
we may define a single-valued operator JZ = (I + AB)™! : H — dom(B), which is called
the resolvent of B.

Let B be a maximal monotone operator on H and let B~10 = {x € H : 0 € Bz}. It is
well-known that B~10 = Fiz(J /{9 ) for all A > 0 is closed and convex and the resolvent J /{9
is firmly nonexpansive, that is,

1Pz = T2yl < (x —y, JPw = JPy), Va, y € H,

and that the resolvent identity

JPr = Jf (l—;x—k <1 - g)Jf%)

holds for all A, 4 >0 and x € H.
In a real Hilbert space H, the following hold:

[z = yl* = llz] + [lyl* - 2(z, ),
and
laz + BylI* = all=l” + Bllyll* — eBlle — ylI* < allz|® + Bllyll*,
for all x, y € H and o, € (0,1) with o+ 5 = 1.
We recall that

(i) a mapping V : C' — H is said to be I-Lipschitzian if there exists a constant [ > 0
such that
Va—Vy| <lllz—yl, vz, yeC;

(ii) a mapping G : C' — H is said to be 7-strongly monotone if there exists a constant
7 > 0 such that

(Gz — Gy,x —y) >z —yl?, Vo, yeC.

We need the following lemmas for the proof of our main results.
Lemma 2.1 ([1]). In a real Hilbert space H, the following inequality holds:

lz+yll* < llzl* +2(y,x +y), Ve, y€ H.

Lemma 2.2 ([13]). Let {zn} and {z,} be bounded sequences in a real Banach space E, and
let {~vn} be a sequence in [0, 1] which satisfies the following condition:

0 < liminf ~, <limsup~y, < 1.
n—o0

n—oo

Suppose that T, 11 = YTy + (1 — vn)zn for allm > 1 and
limsup(||znt1 = 2nll = [[#n41 — 2al]) < 0.
n—o0
Then lim, ||z, — zp|| = 0.
Lemma 2.3 ([16]). Let {s,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1 —=&n)Sn +&nbn, Yn>1,

where {&,} and {0,} satisfy the following conditions:
(i) {&} € [0,1] and 377 & = oo
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(i) Hmsup, o0 0n < 0 or Y 07 1 &nldn| < oo.
Then lim,,—so0 Sn, = 0.

The following lemmas are Lemma 2.3 and Lemma 2.4 of Zegeye [18], respectively.

Lemma 2.4 ([18]). Let C be a closed convez subset of a real Hilbert space H. Let A: C — H
be a continuous monotone mapping. Then, for v > 0 and x € H, there exists z € C such
that

1
<y—z,Az>+—(y—z,z—aj>20, vyec
v
Forv >0 and x € H, define A, : H— C by

A,,a::{zeC’:@—z,Az)—l—%(y—z,z—x)20, VyEC’}.

Then the following hold:
(i) Ay is single-valued;
(ii) A, is firmly nonexpansive, that is,
|Ayz — Ayyll® < (x —y, Ayz — Ayy), Vo, y € H;
(iii) Fiz(Ay)) =VI(C,A);
(iv) VI(C, A) is a closed convex subset of C.

Lemma 2.5 ([18]). Let C be a closed convex subset of a real Hilbert space H. LetT : C — H
be a continuous pseudocontractive mapping. Then, for r > 0 and x € H, there exists z € C
such that

1
(y—z,Tz)—;(y—z,(l—kr)z—x)SO, Yy e C.
Forr >0 and x € H, defineT, : H— C by

1
Tie=9z€C:(y—2z,Tz)——(y—z,(1+r)z—xz) <0, VyelC,.
r

Then the following hold:
(i) T is single-valued;
(ii) T, is firmly nonexpansive, that is,
|Tvx — Toyll® < (@ —y, Tox — Tyy), Va, y € H;
(iil) Fiz(T}) = Fiz(T);
(iv) Fiz(T) is a closed convex subset of C.

The following lemma is a variant of a Minty lemma (see [9]).

Lemma 2.6. Let C' be a nonempty closed convex subset of a real Hilbert space H. Assume
that the mapping G : C — H is monotone and weakly continuous along segments, that is,
G(z + ty) — G(x) weakly as t — 0. Then the variational inequality

zeC, (Gr,p—2)>0, VYpeCl,
s equivalent to the dual variational inequality
zeC, (Gp,p—7x)>0, VpeC.
The following lemmas can be easily proven (see [17]), and therefore, we omit their proof.

Lemma 2.7. Let H be a real Hilbert space. Let V : H — H be an [-Lipschitzian mapping
with a constant | > 0, and let G : H — H be a k-Lipschitzian and n-strongly monotone
mapping with constants k, n > 0. Then for 0 < vl < un,

(WG = V) — (G = AV)y, & —y) > (un — )|z =yl vz, y € H.
That is, uG —~V is strongly monotone with constant un — l.
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Lemma 2.8. Let H be a real Hilbert space H. Let G : H — H be a k-Lipschitzian and
n-strongly monotone mapping with constants k > 0 and n > 0. Let 0 < p < ,2?"; and

0<t<1l. ThenI—tuG: H — H is a contractive mapping with a constant 1 — t7, where
T=1—/1—pu2n— px?).

3. MAIN RESULTS

Throughout the rest of this paper, we always assume the following:

H is a real Hilbert space with the inner product (-,-) and the induced norm || - ||;

C' is a nonempty closed convex of H;

B : H — 2" is a maximal monotone operator with dom(B) C C;

B~10 is the set of zero points of B, that is, B~10 = {2z € H : 0 € Bz};

in : H — dom(B) is the resolvent of B for \; € (0,00), t € (0,1), and liminfy_,g Ay >

0;

° Jﬁ : H — dom(B) is the resolvent of B for \,, € (0,00) and liminf,, . A, > 0;

e G : C — (C is a k-Lipschitzian and n-strongly monotone mapping with constants
Ky, 1> 0;

e V:(C — C is an [-Lipschitzian mapping with constant [ € [0, 00);

Constants ¢ > 0 and v > 0 satisfy 0 < p < i—;l and 0 < vl < 7, where 7 =

1— /1= p(2n — pr?);

A:C — H is a continuous monotone mapping;

VI(C, A) is the solution set of the variational inequality problem (1.2) for A;

T :C — C is a continuous pseudocontractive mapping with Fixz(T) # ();

Ay, : H — C is a mapping defined by

A,,a:z{zéC’:(y—z,Az)—l—

v

1
(y—z,z—x) >0, VyGC’}

for x € H and 14 € (0,00),t € (0,1), liminf; o1t > 0 ;
e A, :H — Cis amapping defined by

1
Aynx:{zeC’:(y—z,Az>+—(y—z,z—x>20, VyEC'}

n

for x € H and v, € (0,00), liminf,, s vy > 0;
o T, : H— (C is a mapping defined by

1
Trtx:{zEC’:<Tz,y—z>—r—(y—z,(l—krt)z—x)SO, VyEC}
t

for z € H and r € (0,00),t € (0,1), and lim inf; ,or; > 0;
e 7. : H— C is a mapping defined by

n

1
Trn:E:{zEC’:<Tz,y—z>—r—(y—z,(1+rn)z—3:>SO, VyeC'}

for x € H and 1, € (0,00), and liminf,, o 7, > 0;
e Q= Fiz(T)NVI(C,A)N B0 # 0.

By Lemma 2.4 and Lemma 2.5, we note that A4,,, A, , T,, and T, are nonexpansive,
VI(C,A) = Fixz(A,,) = Fiz(A,,) and Fiz(T,,) = Fixz(T,,) = Fiz(T).

Now, we introduce the following iterative method that generates a net {x;} in an implicit
way:
(3.1) zy = T (tYVay + (I — tpG)JP Ay,ay), t € (0,1).
For ¢ € (0, 1), consider the following mapping Q; on C defined by

Qir =T, (tyVa + (I — tuG)J{ Ay,x), Yo € C.
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Then, since T;,, J /{9 and A,, are nonexpansive, for z, y € C, we have
t

HQth - QtyH
= || T, (17 Ve + (I = tuG)J3 Ay x) = (T, (7 Vy + (I — tuG)J3 Avy)) |
<N (tyVa + (I = tpG) IS Ay x) = T, (3 Vy + (I = tpG) IS Ayy)|
< [tV + (I = tpG) IS Ayx — (Y Vy + (I — tpG)J Ayy) |
<tV = Vyll + (I = tpG) IS Aye — (I — tuG)J3 Ay |
< tyll|z — yl| + (L = t7)|lz — ||
= (1= (r=yDt)llz -yl

Since 0 < 1 — (7 —~4I)t < 1, @, is a contractive mapping. By Banach contraction principle,
¢ has a unique fixed point x; € C, which uniquely solves the fixed point equation

xr =Ty, (Vi + (I — tpuG)Jy Ay,a), t € (0,1).
We summarize the basic property of {z;} and {y;}, where y; = t’yV:ct—k(I—tuG)Jf; A,z

Proposition 3.1. Let the net {z;} be defined via (3.1) and let the net {y;} be defined by
y = tyVa, + (I — t,uG)thAytxt fort € (0,1). Let wy = Ay,xy fort € (0,1). Then
(1) {x¢} and {y.} are bounded fort € (0,1);
(2) x¢ defines a continuous path from (0,1) into C and so does y; provided ry, N, vy :
(0,1) — (0,00) are continuous and 0 < a < min{r¢, A, v} fort e (0,1);
3) limy o || Ay, 2 — T Ay || = limy s [lwy — T2 wy|| = 0;
4) limt_>0 HZEt — th = 0;
) limyo |z — ye| = 0;
) limyq ||y — JﬁAytxtH = limy_q ||y — Jﬁth =0;
) limyq ||2y — T 2¢]| = O
(8) limi—o [|lye — Tr,ye|| = 0.

(
(
(5
(6
(7

By using Proposition 3.1, we establish strong convergence of the path x;, which guaran-
tees the existence of solutions of the variational inequality (3.2) below.

Theorem 3.2. Let the net {x;} be defined by (3.1). Let ¢, A, v : (0,1) — (0,00) be
continuous and 0 < a < min{ry, A, v} for t € (0,1). Then x; converges strongly, as
t — 0, to a point q € Q, which is the unique solution of the variational inequality:

(3.2) (WG ="V)g,p—q) =20, Vpe.
By taking V=0, G =1, p =1 in Theorem 3.2, we obtain the following result.

Corollary 3.3. Let the net {x:} be defined by
xe =Ty, (1 = ) I Ay, 2), t€(0,1).

Let r4, A, v 2 (0,1) — (0,00) be continuous and 0 < a < min{ry, A, v} fort € (0,1).
Then x; converges strongly, as t — 0, to q, which solves the following minimum-norm
problem : find q € ) such that

lgll = min [|].

Now, we propose a new iterative algorithm which generates a sequence {x,} in an explicit
way: for an arbitrarily chosen xy € C,

(3.3) n>0, Tnt1 = Bntn + (1 = Bn)Ty, (e YV, + (I — aan)JﬁAynazn),

where {a,} and {8,} are two sequences in (0,1), and {r,}, {M\}, {vn} C (0,00), and
establish strong convergence of this sequence to a common element of 2.
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Theorem 3.4. Let the sequence {x,} be generated iteratively by the explicit algorithm (3.3).
Let {an}, {Bn} € (0,1) and {rn},{\n},{vn} C (0,00) satisfy the following conditions:
(C1) limy o0 oy = 05

(C2) 3202, an = oo;

(C3) 0 < liminf,_, B, < limsup,, . On < 1;

(C4) 0 <a<r, <oo and lim, o [Pri1 — | = 0;
(C5) 0 <a< A, <oo and limy,—s00 | Apt1 — An| = 0;

(C6) 0 <a <y, <oo andlimy, o0 [Vnt1 — pin] = 0.
Then {x,} converges strongly to a point q € ), which is the unique solution of the varia-
tional inequality (3.2).

By taking V=0, G=1, u =1 in Theorem 3.4, we obtain the following result.

Corollary 3.5. Let the sequence {x,} be generated by
Tnt1 = Bpn + (1= Bn)Tr, (1 — an)JflArnxn% n > 0.

Let {an}, {Bn} C (0,1) and {rp}, { W}, {vn} C (0,00) satisfy the conditions (C1), (C2),
(C3), (C4), (C5) and (C6) in Theorem 3.4. Then {x,} converges strongly to a point q € S,
which is the minimum-norm element of §2.

If in Theorem 3.4, we take T' = I, identity mapping on C, then we obtain the following
result.

Corollary 3.6. Suppose that Q1 = VI(C,A) N B7'0 # 0. Let the sequence {x,} be
generated by
Tnt1 = Bnn + (1 = Bn)(anyVa, + (I — an/LG)JﬁA,,nxn), n > 0.

Let {an}, {Bn} C (0,1) and {\,},{vn} C (0,00) satisfy the conditions (C1), (C2), (C3),
(C5) and (C6) in Theorem 3.4. Then {x,} converges strongly to a point q € Qy, which is
the unique solution of the following variational inequality:

(WG =V)g,p—q) 20, Vpe .
If in Theorem 3.4, we have C' = H, then we have the following corollary.

Corollary 3.7. Suppose that Qs = Fiz(T)NA'0N B0 # 0. Let T : H — H be
a continuous pseudocontractive mapping and let A : H — H be a continuous monotone
mapping. Let the sequence {x,} be generated by

Tpt1 = Pntn + (1 = Bu) T, (anyVa, + (I — anuG)JﬁAynxn), n > 0.
Let {an}, {Bn} C (0,1) and {rn}, { W}, {vn} C (0,00) satisfy the conditions (C1), (C2),

(C3), (C4), (C5) and (C6) in Theorem 3.4. Then {x,} converges strongly to a point q € §a,
which is the unique solution of the following variational inequality:

(WG —=~V)q,p—q) >0, Vpe€ Q.

Proof. Since D(A) = H, we note that VI(H,A) = A~'0. So the result follows from
Theorem 3.4. u

Remark 3.8. 1) It is worth pointing out that implicit and explicit iterative algorithms
are new ones different from those announced by several authors; see, for instance,
[6, 7, 14] and the references therein. In particular, we use the variable parameters
T, A, V¢ and 1, Ay, v, in comparison with the corresponding iterative algorithms
in [6, 7, 14] and the references therein.
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2) We know that Fiz(T) N VI(C,A)N B~0 C Fiz(T) N (A + B)710 (see [7]). Thus,
as results for finding a common element of the fixed point set of continuous pseudo-
contractive mapping more general than nonexpansive mapping and strictly pseudo-
contractive mapping and the zero point set of sum of maximal monotone operator
and continuous monotone mapping more general than a-inverse strongly monotone
mapping, Theorem 3.2 and Theorem 3.4 are new results, which develop and improve
the corresponding results in [6, 11, 14] and the references therein.

3) Corollary 3.3 and Corollary 3.5 are also new results for finding a minimum norm
point of Fix(T) N VI(C,A) N B~10, where T is a continuous pseudocontractive
mapping, A is a continuous monotone mapping and B is a maximal monotone
operator.

4) By taking V =0, G = I and g = 1 in Corollary 3.6 and Corollary 3.7, we can
obtain new results for finding the minimum-norm point of VI(C, A) N B~10 and
Fiz(T)N A710 N B710, respectively.

5) As applications in [14], by using Theorem 3.2 and Theorem 3.4, we can propose
implicit and explicit iterative algorithms for the equilibrium problems coupled with
fixed point problem for continuous pseudocontractive mapping.
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