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Abstract

In a Hilbert space, concepts of attractive point and acute point studied by many
reseachers. Moreover, these concepts extended to Banach space. In this paper, we
introduce a new class of mappings on Banach space corresponding to the class of
all widely more generalized hybrid mappings on Hilbert space. Moreover, we intro-
duce some extensions of acute point and prove some acute point theorems and some
extensions of weak convergence theorems.

1 Introduction

In [24] Takahashi and Takeuchi introduced a concept of attractive point in a Hilbert
space. Let H be a real Hilbert space, let C' be a nonempty subset of H and let T be a
mapping from C into H. = € H is called an attractive point of T"if ||z — Ty|| < ||z — y|
for any y € C. Let

A(T) ={z € H[|lz = Tyl < llz -yl for any y € C}.

A mapping T from C into H is said to be generalized hybrid if there exist a, 3 € R such
that

af| Tz = Tyll* + (1 — a)|lz — Ty|* < BTz — y|I* + (1 = B)l|lz -y

for any z,y € C. Such a mapping is said to be («, 3)-generalized hybrid. The class of all
generalized hybrid mappings is a new class of nonlinear mappings including nonexpansive
mappings, nonspreading mappings [21] and hybrid mappings [23].

Motivated these mappings, in [16] Kawasaki and Takahashi introduced a new very wider
class of mappings, called widely more generalized hybrid mappings, than the class of all
generalized hybrid mappings. A mapping T from C into H is widely more generalized
hybrid if there exist «, 3,7, 9,¢,(,n € R such that

al| Tz = Tyl* + Bllz — Tyll* + y|ITz - y[|* + 6]l — yI*
el = Tal* + Clly = Tyll? +all(z — Tz) — (y = Ty)|* < 0



for any z,y € C. Such a mapping is said to be («, 3,7, 0,¢, (,n)-widely more generalized
hybrid. This class includes the class of all generalized hybrid mappings and also the class
of all k-pseudo-contractions [3] for k € [0, 1].

There are some studies on Banach space related to these results. In [25] Takahashi,
Wong and Yao introduced the generalized nonspreading mapping and the skew-generalized
nonspreading mapping in a Banach space. Let E be a smooth Banach space and let C' be a
nonempty subset of . A mapping 7" from C' into F is said to be generalized nonspreading
if there exist «, 3,7, 9,¢,( € R such that

ad(Tz, Ty) + Bo(x, Ty) + v9(T'z,y) + 6¢(z,y)

for any z,y € C, where J is the duality mapping on F and ¢(u,v) = |[ul|* —2(u, Jv) + ||v||.
Such a mapping is said to be («, 3,7, 9, €, {)-generalized nonspreading. A mapping 7" from
C into F is said to be skew-generalized nonspreading if there exist «, 3,7, d,¢,( € R such
that

ad(T'z,Ty) + Bé(z, Ty) + vp(Tz,y) + dd(z,y)

for any x,y € C. Such a mapping is said to be («, 3,7, 0, €, ¢)-skew-generalized nonspread-
ing. These classes include the class of generalized hybrid mappings in a Hilbert space,
however, it does not include the class of widely more generalized hybrid mappings. More-
over they introduced some extensions of attractive point and proved some attractive point
theorems. x € F is an attractive point of T"if ¢(x, Ty) < ¢(z,y) forany y € C; x € E'is a
skew-attractive point of T if ¢(Ty,x) < ¢(y, z) for any y € C. Let

AT) = {weE|d(z,Ty) < ¢lr,y) for any y € C};
B(I) = {r€E|d(Ty,z) < ¢ly,x) for any y € C}.

Let C' be a nonempty subset of a smooth Banach space E. A mapping 7' from C' into
E is said to be generalized nonexpansive [4] if the set of all fixed points of 7" is nonempty
and ¢(T'z,y) < ¢(x,y) for any € C and for any fixed point y of T'. Let C' be a nonempty
subset of E of a Banach space E. A mapping R from F onto C is said to be sunny if
R(Rz+t(x — Rx)) = Rx for any € E and for any ¢ € [0,00). A mapping R from E onto
C is called a retraction or a projection if Rx = x for any x € C.

On the other hand, in [1] Atsushiba, Iemoto, Kubota and Takeuchi introduced a concept
of acute point as an extension of attractive point in a Hilbert space. Let H be a real Hilbert
space, let C' be a nonempty subset of H and let T' be a mapping from C' into H and k € [0, 1].
x € H is called a k-acute point of T if ||z — Ty||> < ||z — y||> + k|ly — Ty||? for any y € C.
Let

Ap(T) ={z € H| ||z = Ty||" < llz — y||I* + klly — Ty||* for any y € C}.

Moreover, using a concept of acute point, they proved convergence theorems without con-
vexity of C.



Motivated these results, in this paper we introduce some extensions of acute point and
prove some acute point theorems and some extensions of weak convergence theorems.

2 Acute point and skew-acute point

Let E be a smooth Banach space, let C' be a nonempty subset of E, let T' be a mapping
from C into F and let k,¢ € R. = € E is called a (k, ¢)-acute point of T" if

¢z, Ty) < ¢(x,y) + kd(y, Ty) + £d(Ty, y) (2.1)
for any y € C. z € E is called a (k, ¢)-skew-acute point of 7" if
O(Ty, ) < dy, ) + kd(y, Ty) + Lo (Ty,y) (2.2)
for any y € C. Let
i o(T)
={r € E|¢(x,Ty) < ¢(z,y) + ko(y, Ty) + Ld(Ty, y) for any y € C};
By o(T)

={z € E|¢(Ty,v) < ¢(y,r) + ko(y, Ty) + £d(Ty,y) for any y € C}.
It is obvious that
'Q{kl,fl (T) - rQ{kz,fz(T)? ‘%kl,fl (T) - ‘@kz,fz (T)

for any ]{31,]{32,61,62 € R with £ < ky and 47 < 4.

3 Acute point and skew-acute point theorems

Let E be a smooth Banach space and let C' be a nonempty subset of E. A mapping T'
from C' into FE is called a generalized pseudocontraction [11] if there exist a, s, 51, B2, 71,
V2, 517 527 £1,¢&9, Cl, CQ S R such that

a1 Tz, Ty) + asp(Ty, Tx) + frd(x, Ty) + Fap(Ty, x)

+e1¢(Tx, ) + e2¢p(w, Tx) + Cip(y, Ty) + CLd(Ty, y)
<0

for any z,y € C. Such a mapping is called an (o, ag, 1, B2, 71, Vo, 01, 02, €1, €2, C1, C2)-
generalized pseudocontraction.

Theorem 3.1. Let E be a reflexive and smooth Banach space, let C' be a nonempty subset
of E and let T be an (ay, ag, 1, B2, V1, V2, 01, 09, 1, €2, (1, (2 )-generalized pseudocontraction



from C' into itself. Suppose that there exists z € C' such that {T"z | n € NU{0}} is bounded
and suppose that there exists A € [0, 1] such that

(1 =X (a1 + B +71+ 1) + Moz + B2 + 72 + d2) > 0;
Mag +71) + (1= XN (ag + 52) > 0;

A(Br+61) + (1= A)(re +62) 2 0;

(1=XNe1 + A% > 0;

A+ (L= X)eg > 05

(1 - /\)(Oé1 + ﬁ1) + )\(ag + ”)/2) > (.

. (1=XN)¢1+)Ne2 Ae1+(1-A)¢o
Then there ezists a <_ (I=N(a181)+t M (az+12)?  (1=N(a1+81)+A(az+72

)) -acute point.

Theorem 3.2. Let E be a strictly convez, reflexive and smooth Banach space, let C' be a

nonempty subset of E and let T be an (ay, as, b1, B2, 71,72, 01, 02, €1, €2, (1, (o) -generalized
pseudocontraction from C' into itself. Suppose that there exists z € C such that {T"z | n €
NU{0}} is bounded and suppose that there exists A € [0, 1] such that

(I =X) (a2 + B2 +v2 + 02) + AMoq + 1 + 71 + 1) > 0;
Mag +792) + (1 = N)(ay + 31) > 0;

A(Ba+62) + (1= A)(n +61) 2 0;

(1=XNez + A& > 0;

Ao+ (1= A)er > 0;

(I =X)(ag+ B2) + AMag +7) > 0.

, (1—M\)Ca+Ae Aea+(1=A)C ,
Then there exists a <— (1_A)(a2+ﬁ2)“(;1+%), — (1_A)(a2+ﬁ2)“(;1+71)) -skew acute point.

4 Weak convergence theorems

Theorem 4.1. Let E be a strictly convex Banach space with a uniformly Gateaux differ-
entiable norm, let C' be a nonempty subset of E, let {x,} be a sequence in C and let T
be an (a1, g, B, B2, 71, V2, 01, 02, €1, €9, (1, (o) -generalized pseudocontraction from C into E.
Suppose that there exists A € [0, 1] such that

(1 =X (a1 + B +91+ 1) + Aoz + B2 + 72+ d2) > 0;
Mag +71) + (1 = N)(ag + 32) > 0;

ABr+061) + (1= A)(r2 +62) = 0;

(1= X1+ A > 0;

MG+ (1= A)eg > 0;

(1 — )\)(011 + 51) + )\(012 + ’YQ) > 0.



If {x,} is weakly convergent to q and {x,, — Tx,} is strongly convergent to 0, then

q & ﬁf_ (1—=X\)¢1+Aeg o Ae1+(1-N)¢o (T)
(I=XN)(ag+B1)+ A (az+72) " (1-A)(a1+B1)+A(az+72)

In particular, any fized point of T belongs to

,,(27_ (1—X)¢1+Aeo _ Ae1+(1—-N)¢o (T)
(I=-XN)(e1+B1)+A(ag+y2)?  (1=N)(a1+61)+A(az+72)

Theorem 4.2. Let E be a uniformly convex Banach space with a uniformly Fréchet differ-
entiable norm, let C be a nonempty conver subset of E and let T be an (o1, s, B, B2, 71,
V2,01, 02, €1, €2, (1, (2)-generalized pseudocontraction from C into itself. Suppose that there
exists X € [0, 1] such that

(I =X)(oq + B+ 7+ 01) + Ao + B + 72 + 02) > 0;
AMag+71) + (1= M) (g + 32) > 0;

MBy + 01) + (1 = N (7, + 62) > 0;

(I =Xey + A > 0;

AG + (1= A)eg > 0;

(1= A)(a1 + B1) + Aaz +12) > 0,

and suppose that

o (1=2)¢]+Aeq Aep+(1=A)Co (T) C B(T) 7é 0

T AN er B Frlag )’ T=N (e +81)F A (ax+72)

Let R be the sunny generalized nonexpansive retraction of E onto B(T) and let {a,} be a
sequence of real numbers with «,, € (0,1) and liminf, . a,(1 —a,) > 0. Then a sequence
{z,} generated by x1 = x € C' and

Tpi1 = Quzp, + (1 — )Tz,
for any n € N is weakly convergent to an element

qc N4 (1—=A\)¢1+Aen Ae1+(1-N)¢o (T)v

T TN (a1 +B8) FAlaxtr2) T T—N(ag+B81)Fr(az+72)

where ¢ = lim,, ., Rx,,.
Additionally, if C' is closed and one of the following holds:

(1) Q=XN(aa+ 01 +G)+Mag+7+e2) >0 and Aeg + (1 — NG > 0;
(2) A=XN(qg+ 51+ G)+Mag+72+e2) >0 and ey + (1 = X)¢ > 0,

then q is a fixed point of T



Theorem 4.3. Let E be a uniformly convexr Banach space with a uniformly Fréchet dif-
ferentiable norm, let C' be a nonempty subset of E satisfying J(C) is conver and let T be
an (o, ag, B, B2, 71, Ve, 01, 02, €1, €9, (1, (o) -generalized pseudocontraction from C' into itself.
Suppose that there exists A € [0, 1] such that

(1= X)(az + B2+ 72+ 02) + Aag + B +71 + 1) > 0;
AMag +72) + (1 = XN (g + 51) > 0;

A(Ba +62) + (1= A)(n +61) = 0;

(1 =Xz + G > 0;

Ao+ (1= A)er > 0;

(1 — )\)(042 + 52) + )\(Oq + ’)/1) > 0,

suppose that

% Aeg+(1-N)¢y (1=X\)Ca+Aeg (T) C A(T) 75 (b

T TN (e FB) a1 ) T=N{ax+82)FA(a1+71)

and suppose that J~1 is weakly sequentially continuous. Let R* be the sunny generalized
nonexpansive retraction of E* onto J(A(T')) and let {a,} be a sequence of real numbers with
a, € (0,1) and liminf, ,. a,(1 —ay,) > 0. Then a sequence {x,} generated by x; =z € C
and

Tpi1 = J HanJz, + (1 — ) JT2,)
for any n € N is weakly convergent to an element

qc @_ Aeo+(1-XN)¢q _ (1-X)¢o+Aeq (T)7
A-N(az+B2)+x(a1+71)’ T=N(az+B2)+A(a1+71)

where ¢ = lim,, o0 J 'R*Jx,.
Additionally, if J(C) is closed and one of the following holds:

(1) (1=M(a+ B+ G)+ My +71 +e1) >0 and Aey + (1 — N)¢ > 0;
(2) (1 =N(az+ B2+ &)+ May+91 +e1) >0 and Aey + (1 — NG >0,

then q is a fizxed point of T
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