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1 Introduction

Let H be a real Hilbert space and let C' be a nonempty subset of H. In 2010, Kocourek,
Takahashi and Yao [11] defined a broad class of nonlincar mappings in a Hilbert space: A
mapping T : C — H is called generalized hybrid if there exist «, 8 € R such that

ol[Tw = Ty|? + (1 = a) o = Ty|2 < 8| Tz -y + (1 - Bz —yl?, VoyeC. (11)

Such a mapping T is called («, ()-generalized hybrid. Notice that the class of generalized
hybrid mappings covers several well-known mappings. For example, a (1,0)-generalized hybrid
mapping is nonexpansive, i.e.,

[Tz —Ty|| < [lz -y, Vz,yeCl.
It is nonspreading [14, 15] for « =2 and § =1, i.e.,
2Tz — Ty||* < ||Tz —y||* + || Ty — z||*, Vz,y € C.
It is also hybrid [22] for a = % and B = %, ie.,

3| Tx — Ty|? < [lz = yl|* + | T2 — y|* + | Ty — |, Va,yeC.
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In general, nonspreading and hybrid mappings are not continuous [8]. Recently, by using
the hybrid method of Nakajo and Takahashi [17], Hojo and Takahashi [2] obtained a strong
convergence theorem for two noncommutative generalized hybrid mappings in a Hilbert space.
Furthermore, by using the shrinking projection method of Takahashi, Takeuchi and Kubota
[25], they proved another strong convergence theorem in a Hilbert space.

In this article, using the hybrid method defined by Nakajo and Takahashi [17], we first obtain
a strong convergence theorem for two noncommutative nonlinear mappings in a Banach space.
Next, using the shrinking projection method defined by Takahashi, Takeuchi and Kubota [25],
we prove another strong convergence theorem for the mappings in a Banach space. Using
these results, we get well-known and new strong convergence theorems by the hybrid method
and the shrinking projection method in a Hilbert space and a Banach space.

2 Preliminaries

Let E be a real Banach space with norm || - || and let E* be the topological dual space of E.
We denote the value of y* € E* at © € E by (z,y*). When {z,,} is a sequence in E, we denote
the strong convergence of {x,} to z € E by z, — = and the weak convergence by z, — =.
The modulus ¢ of convexity of E is defined by

5(e)zinf{1—Hx—;y”:||x||§1,||y||§1,||x—y||ze}, Ve € R with 0<e<2.

A Banach space F is said to be uniformly convex if d(¢) > 0 for every e > 0. A uniformly
convex Banach space is strictly convex and reflexive. Let C' be a nonempty subset of a Banach
space E. A mapping T : C — E is nonexpansive if |[Tx — Ty|| < ||l — y|| for all z,y € C. A
mapping T : C — E is quasi-nonezpansive if F(T) # 0 and [Tz — y|| < ||z — y|| for all x € C
and y € F(T). If C is a nonempty, closed and convex subset of a strictly convex Banach
space E and T : C' — E is quasi-nonexpansive, then F(T) is closed and convex; see Itoh and
Takahashi [9]. For a Banach space E,. the duality mapping J from F into 27" is defined by

Jr ={z* € B*: (z,2*) = ||z||* = ||=*||*)}, Vz <€ E.

Let U = {z € E : ||z|| = 1}. The norm of F is said to be Gateauz differentiable if for each
x,y € U, the limit
ety e

t—0 t (2'1)

exists. In this case, F is called smooth. We know that E is smooth if and only if J is a single-
valued mapping of F into E*. We also know that F is reflexive if and only if J is surjective,
and F is strictly convex if and only if J is one-to-one. Therefore, if F is a smooth, strictly
convex and reflexive Banach space, then J is a single-valued bijection. The norm of F is said
to be uniformly Gateaux differentiable if for each y € U, the limit (2.1) is attained uniformly
for v € U. It is also said to be Fréchet differentiable if for each z € U, the limit (2.1) is
attained uniformly for y € U. A Banach space E is called uniformly smooth if the limit (2.1)
is attained uniformly for x,y € U. It is known that if the norm of E is uniformly Gateaux
differentiable, then J is uniformly norm-to-weak* continuous on each bounded subset of F,
and if the norm of E is Fréchet differentiable, then J is norm-to-norm continuous. If E is



uniformly smooth, J is uniformly norm-to-norm continuous on each bounded subset of E. For
more details, see [19, 20, 21]. Let E be a smooth Banach space. The function ¢: E x E — R
is defined by

¢(x,y) = ||l=[* = 2{z, Jy) + [ly|*, Va,y € B,

where J is the duality mapping of E; see [1] and [10]. We have from the definition of ¢ that

o(x,y) =o(x,2) + d(z,y) + 2{x — 2, Jz — Jy), Vx,y,z€ E. (2.2)

From (||z]| — [Jy]))? < ¢(z,y) for all z,y € E, we can see that ¢(z,y) > 0. Furthermore, we
can obtain the following equality:

2<$_y7‘]2_‘]w> :¢($,W)+¢(Z/,2)—qb(IE,Z)—QS(y,’LU) V:L",y,z,w € E. (23)

If F is additionally assumed to be strictly convex, then
o(x,y) =0z =1y. (2.4)

Let E be a smooth, strictly convex and reflexive Banach space. Let ¢,: E* x E* — R be the
function defined by

¢u(a”,y*) = llz*|* = 20071y 2%) + |y 1% Vet e B
where J is the duality mapping of E. It is easy to see that

The following results are in Xu [28] and Kamimura and Takahashi [10].

Lemma 2.1 ([28]). Let E be a uniformly conver Banach space and letr > 0. Then there exists
a strictly increasing, continuous and convex function g : [0,00) — [0,00) such that g(0) = 0
and

Az 4 (1= Nyl? < Mlz]l* + (1= M]lylI? = A1 = Ng([|= — vl
for all x,y € B, and X\ with 0 < X\ <1, where B, ={z € E : ||z|]| <r}.

Lemma 2.2 ([10]). Let E be a smooth and uniformly conver Banach space and let r > 0.
Then there exists a strictly increasing, continuous and convex function g : [0,2r] — R such
that g(0) = 0 and

g(llz —yll) < ¢(x,y)
for all z,y € B,., where B, ={z € E: |z|| < r}.

Lemma 2.3 ([10]). Let E be a smooth and uniformly conver Banach space and let {x,} and
{yn} be sequences in E such that either {x,} or {y,} is bounded. If lim, oo ¢(pn,yn) =0,
then lim, o |2y — yn|| = 0.

Let E be a smooth Banach space and let C' be a nonempty subset of E. Then a mapping
T :C — FE is called generalized nonexpansive [5] if F(T) # () and

(T, y) < ¢(z,y), Yoel, ye F(T).
Let D be a nonempty subset of a Banach space E. A mapping R: E — D is said to be sunny

18] it
R(Rx +t(x — Rz)) = Rz, Yz e E, t>0.
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A mapping R : E — D is said to be a retraction or a projection if Rx = x for all z € D. A
nonempty subset D of a smooth Banach space FE is said to be a generalized nonexpansive retract
(resp. sunny generalized nonexpansive retract) of E if there exists a generalized nonexpansive
retraction (resp. sunny generalized nonexpansive retraction) R from E onto D; see [4, 5] for
more details. The following results are in Ibaraki and Takahashi [5].

Lemma 2.4 ([5]). Let C be a nonempty closed sunny generalized nonexpansive retract of
a smooth and strictly conver Banach space E. Then the sunny generalized nonexpansive
retraction from E onto C is uniquely determined.

Lemma 2.5 ([5]). Let C be a nonempty and closed subset of a smooth and strictly convex
Banach space E such that there exists a sunny generalized nonexpansive retraction R from E
onto C' and let (x,z) € E x C. Then the following hold:

(i) z = Rx if and only if (x — z,Jy — Jz) <0 for ally € C;
(it) ¢(Rx,z) + ¢(x, Rx) < é(z, 2).

In 2007, Kohsaka and Takahashi [13] proved the following results:

Lemma 2.6 ([13]). Let E be a smooth, strictly convex and reflexive Banach space and let C
be a nonempty and closed subset of E. Then the following are equivalent:

(a) C is a sunny generalized nonexpansive retract of E;
(b) C is a generalized nonexpansive retract of E;
(c) JC is closed and convex.

Lemma 2.7 ([13]). Let E be a smooth, strictly convex and reflexive Banach space and let
C be a nonempty closed sunny generalized nonexpansive retract of E. Let R be the sunny
generalized nonexpansive retraction from E onto C and let (z,z) € E x C. Then the following
are equivalent:

(i) z = Rzx;
(”) ¢($, Z) = miny€C¢($v y)

Ibaraki and Takahashi [7] also obtained the following result concerning the set of fixed points
of a generalized nonexpansive mapping.

Lemma 2.8 ([7]). Let E be a smooth, strictly convex and reflexive Banach space and let T
be a generalized nonexpansive mapping from E into itself. Then F(T) is closed and JF(T) is
closed and conver.

The following is a direct consequence of Lemmas 2.6 and 2.8.

Lemma 2.9 ([7]). Let E be a smooth, strictly conver and reflexive Banach space and let T
be a generalized nonexpansive mapping from E into itself. Then F(T) is a sunny generalized
nonexpansive retract of E.

Let E be a Banach space and let A be a mapping of E into 2&°. The effective domain of
A is denoted by dom(A), that is, dom(A) = {z € E : Az # 0}. A multi-valued mapping
A on FE is said to be monotone if (x — y,u* —v*) > 0 for all x,y € dom(A), u* € Az, and
v* € Ay. A monotone operator A on FE is said to be maximal if its graph is not properly
contained in the graph of any other monotone operator on E. The set of null points of A is
defined by A710={z € E: 0 € Az}. We know that A710 is closed and convex; see [21]. Let

FE be a smooth, strictly convex and reflexive Banach space and let B be a maximal monotone



operator of E* into 2. For each » > 0 and = € E, consider the set

Jyx={z€ E:x€z+rBJz}.

Then J,z consists of one point. Such J,. is called the sunny generalized resolvent of B and is
denoted by J, = (I + BJ)~!. It follows that for any x,y € E and r > 0,

(xr — Jrx — (y — Jry), JJrx — JJy) > 0. (2.6)

See [5] for more details.

3 Strong convergence theorems by hybrid methods

In this section, using the hybrid method by Nakajo and Takahashi [17], we first prove a
strong convergence theorem for two noncommutative generic skew 2-generalized nonspreading
mappings in a Banach space. Let E be a smooth Banach space and let C' be a nonempty
subset of E. A mapping T : C — C is called generic 2-generalized nonspreading [23] if there
exist ag, a1, ag, B2, B1, Bo, V2, 71,70, 02,01, 90 € R such that
as+art+ag+ B+ 51+ 08>0, as+a;+ayg>0 and

(T2, Ty) + a1 (T, Ty) + aod(z, Ty)
+ Bod(T?x,y) + B1o(Tx,y) + Bog(,y)
<7 {¢(Ty,T?x) — $(Ty,Tx)} + 1{¢(Ty, Tx) — $(Ty,z)} (3.1)
+70{d(Ty, x) — $(Ty, T?2)} + b2{(y, T?x) — d(y, Tx)}
+01{e(y, Tx) — ¢y, )} + do{(y, x) — d(y, T?x), Va,y € C.

A mapping T : C — E is called generic generalized nonspreading [26] if there exist
a, B,7,0,e,( € Rsuch that a + 8 +~v+6d >0, a+p>0and

ad(Tz, Ty)+B¢(z, Ty) +v¢(T'z,y) + d¢(z, y) (3:2)
S €{¢(Ty7 T.’L‘) - ¢(Ty7 x)} + C{¢(y7 T.’L') - ¢(y7 (E)}, V.Z', ye C.

We call such a mapping a generic («, 8,7, 90, €, ¢)-generalized nonspreading mapping. A generic
(a, 8,7, 0,,()-generalized nonspreading mapping 7' : C' — E is generalized nonspreading in
the sense of Kocourek, Takahashi and Yao [12] if o + 8 = —y — 0 = 1 in (3.2). In particular,
puttinga=1,8=0=0,7v=e=—1 and ( =0 in (3.2), we obtain that

¢(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty,x), Va,y € C.

Such a mapping is nonspreading in the sense of Kohsaka and Takahashi [15]. A nonspreading
mapping is obtained from a resolvent of a maximal monotone operator in a Banach space; see
[15]. A mapping T : C — C is called generic skew 2-generalized nonspreading (23] if there
exist a2, @y, (p, 627 61» BOv Y2571 705 5Qa 517 50 € R such that



as+ar+ag+ B2+ B1+B80>0, az+ar+ag>0and
az(Ty,T?x) + a1¢(Ty, Tx) + cnd(Ty, x)
+ Bad(y, T?x) + B1¢(y, Tx) + Bod(y, =)
< o {(T%x, Ty) — ¢(Tx, Ty)} + 11 {d(Tx, Ty) — p(2,Ty)} (3.3)
+70{¢(z, Ty) — ¢(T%z, Ty)} + 62{d(T%x,y) — (T, y)}
+01{¢(Tx,y) — ¢(z,9)} + do{d(x,y) — ¢(T%z,y)}, Va,y € C.

A mapping T : C — FE is called generic skew generalized nonspreading [26] if there exist
a,B,7,0,e,( € Rsuch that a +8+~v+6d >0, a+p>0and

ad(Ty,Tx) + Bo(Ty, z) +vd(y, Tx) + 0¢(y, x) (3.4)
S 6{(/)(TIL‘,Ty) - (/)(:B’Ty)} + C{¢(Tx,y) - (b(x,y)}, VZE,y € C.

We call such a mapping a generic («, 3,7, 90, €, ()-skew generalized nonspreading mapping. For
example, a generic (1,0,—1,0,—1,0)-skew generalized nonspreading mapping is a skew non-
spreading mapping in the sense of Ibaraki and Takahashi [6], i.e.,

Tz, Ty) + ¢(Ty,Tz) < ¢(x, Ty) + ¢(y, Tz), Va,yeC.

A skew nonspreading mapping is obtained from a sunny generalized resolvent of a maximal
monotone operator in a Banach space; see [15]. Let T': C — E be a generic skew generalized
nonspreading mapping satisfying (3.4). Putting z = u € F(T) in (3.4), we have that

o(Ty,u) < ¢(y,u), VyeC, ue F(T). (3.5)

This implies that T is generalized nonexpansive [5]. The following proposition was proved by
Takahashi [23].

Proposition 3.1 ([23]). Let E be a strictly convex Banach space with a uniformly Gateaux
differentiable norm, let C' be a nonempty, closed and convex subset of E and let T be a generic
2-generalized nonspreading mapping of C into C. If {x,} is a sequence of C such that x, — z,
r, — Tz, — 0 and x,, — T?x,, — 0, then z € F(T).

Let E be a smooth, strictly convex and reflexive Banach space and let C be a nonempty
subset of E. Let T be a mapping of C into E. Define a mapping T* as follows:

T*z* = JTJ ‘z*, Vz* e JC,

where J is the duality mapping on E and J~! is the duality mapping on E*. A mapping T* is
called the duality mapping of T'; see also [27] and [3]. It is easy to show that if 7" is a mapping
of C into itself, then T™ is a mapping of JC into itself. In fact, for any z* € JC, we have
J~1z* € C and hence TJ'z* € C from the property of T. So we have

T*z* = JTJ 'a* € JC.
Then T* is a mapping of JC' into itself.

Lemma 3.2 ([24]). Let E be a uniformly convex and uniformly smooth Banach space and let
C be a nonempty and closed subset of E such that JC' is closed and convex. Let T be a generic
skew 2-generalized nonspreading mapping of C into itself such that F(T) # (. Then, for any
bounded sequence {z,} of C such that lim, o ||2n — Tzy|| = 0 and lim,, oo ||z, — T?2,|| = 0,
every weak cluster point of {Jz,} belongs to JF(T).
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Theorem 3.3 ([24]). Let E be a uniformly convex and uniformly smooth Banach space and
let C' be a nonempty and closed subset of E such that JC' is closed and convex. Let S and T
be generic skew 2-generalized nonspreading mappings of C into C such that F(S)NF(T) # (.
Let {x,,} C C be a sequence generated by x1 € C and

Yn = ApTp + by, (/\nS:Un +(1- /\n)Tmn) +c, (/LnS2ZEn +(1- ,un)T%:n),
Cp ={2€C: ¢(Yn,2) < ¢(wn,2)},

Qn={z€C:{(x; —xy,Jz— Jx,) <0},

Tn+1 = Reo,ng, 1, Vn €N,

where Rc, nq, 15 the sunny generalized nonexpansive retraction of E onto C, NQy, a,b,c,d €
R, {pn}, { \n} C (0,1) and {an},{bn},{cn} C (0,1) satisfy the following:

0<a< A, pin <b<l,
an+bp+cn=1 and 0<c<an,by,cn<d<l1l, VnéeN.

Then {x,} converges strongly to zo = Rp(s)np(r)T1, where Rp(s)np(r) is the sunny general-
ized nonexpansive retraction of E onto F(S) N F(T).

Next, we prove a strong convergence theorem by the shrinking projection method [25] for
two noncommutative generic skew-generalized nonspreading mappings in a Banach space.

Theorem 3.4 ([24]). Let E be a uniformly convex and uniformly smooth Banach space and
let C' be a nonempty and closed subset of E such that JC is closed and convex. Let S and T
be generic skew 2-generalized nonspreading mappings of C into C such that F(S)NF(T) # 0.
Let Cy = C and let {z,} C C be a sequence generated by x1 € C and

Yn = AnTp + bp ()\nan +(1- )\n)T:cn) +cp (unSan +(1—- ,un)Tan),
Cn+1 = {Z € Cn : ¢(yn)z) < QS(ZEn,Z)},
Tpy1 = Re, ., 21, VneN,

where R, ., is the sunny generalized nonexpansive retraction of E onto Cpy1, a,b,c,d € R,
{pn}, { A} € (0,1) and {an},{bn},{cn} C (0,1) satisfy the following:

O<a<Ap,un<b<l,
ap +bp+c, =1 and 0<c<ay,,b,c,<d<1l, VneN.

Then, {zn} converges strongly to zo = Rp(s)ynr(r)T1, where Rp(synp(r) 5 the sunny general-
ized nonexpansive retraction of E onto F(S) N F(T).

4 Applications

In this section, using Theorems 3.3 and 3.4, we get well-known and new strong convergence
theorems by the hybrid method and the shrinking projection method in a Hilbert space and
a Banach space. As a direct result of Theorem 3.3, we have the following theorem for generic
skew 2-generalized nonspreading mappings in a Banach space.



Theorem 4.1. Let E be a uniformly convexr and uniformly smooth Banach space and let C
be a nonempty and closed subset of E such that JC is closed and convex. Let S be a generic
skew 2-generalized nonspreading mapping of C into E such that F(S) # 0. Let {x,} C C be
a sequence generated by r1 € C' and

Yn = AnTp + bnsxn + CnSany

Cn = {Z € C : ¢(yn)z) S ¢($n’z)}a
Qn={2€C:{x1 —zp,Jz— Ja,) <0},
Tp41 = RCV,Lﬂanla Vn € N)

where Rc,nq, s the sunny generalized nonexpansive retraction of E onto C,, N @y, ¢,d € R
and {an},{bn},{cn} C (0,1) satisfy the following:

an+bp+c,=1 and 0<c<an,by,cn<d<l1l, VnéeN.

Then {xn} converges strongly to zo = Rp(syx1, where Rp(g) is the sunny generalized non-
expanswe retraction of E onto F(S).

In a Hilbert space H, we have that ¢(z,y) = ||x — y||? for 2,y € H. Using this and from
(3.3), we obtain that 7" is a normally 2-generalized hybrid mapping in the sense of Kondo and
Takahashi [16], i.e., there exist o, a1, ag, B2, 51, Bo € R such that
as a1 +ag+ B+ 01+ 60>0, as+ o +ag >0 and

as|T?x — Ty||* + an | Tz — Ty||* + aollz — Ty||?
+ Bo|| T2 — yl” + Bu|| Tz — y||* + Bollz — y[|* <0, Va,yeC.
Theorem 4.2. Let H be a Hilbert space and let C be a nonempty, closed and convex subset

of H. Let S,T : C — C be normally 2-generalized hybrid mappings with F(S) N F(T) # 0.
Let {x,,} C C be a sequence generated by x1 € C and

Yn = AnTp + bp ()\nan +(1- )\n)T:cn) +cp (unSan +(1—- ,un)Tan),
Cpn=1{2€C:|yn — 2|l < llwn — 2},

Qn=1{2€C:{(xy,— 2z —x,) >0},

Tn+1 = Po,ng, 1, VYneN,

where Pc,nq, 15 the metric projection of H onto C,, N Qy, a,b,c,d € R, {u,}, { .} C (0,1)
and {an},{bn},{cn} C (0,1) satisfy the following:

O<a<A,u, <b<1,
ap +bp+c, =1 and 0<c<ay,,b,c, <d<1l, VneN.

Then {x,} converges strongly to zo = Pp(s)nr(r)T1, where Prgynp(ry s the metric projection
of H onto F(S)NF(T).

Theorem 4.3. Let E be a uniformly conver and uniformly smooth Banach space. Let C
be a nonempty and closed subset of E such that JC is closed and convexr. Let S and T be
generic skew generalized nonspreading mappings of C into itself such that F(S) N F(T) # 0.



Let {x,,} C C be a sequence generated by x1 € C and

Yn = AnTp + by ()\nan +(1- )\n)T:cn) +cp, (unSan +(1—- ,un)Tan),
Cn = {Z € C : ¢(ynaz) S ¢($naz)};

Qn={2€C:(x1 —zp,Jz— Ja,) <0},

ZTn+1 = Re,ng, 1, VneN,

where Rc, nq,, is the sunny generalized nonexpansive retraction of E onto C,, NQp, a,b,c,d €
R, {pn}, { \n} C (0,1) and {an},{bn},{cn} C (0,1) satisfy the following:

0<a<Ap,pn<b<l,
an+b,+c,=1 and 0<c<an,by,c, <d<l1l, VnéeN.
Then {xy,} converges strongly to zo = Rp(s)nr(r)21, where Rp(s)np(r) 15 the sunny general-
ized nonexpansive retraction of E onto F(S) N F(T).

Using Theorem 3.3, we have the following strong convergence theorem for finding a common
null point of two maximal monotone operators in a Banach space.

Theorem 4.4. Let E be a uniformly convexr and uniformly smooth Banach space. Let B
and G be mazimal monotone operators of E* into 2F and let J, and Qs be sunny generalized
resolvents for r > 0 and s > 0 of B and G, respectively. Suppose that B0 N G~10 # (). Let
{zn} C C be a sequence generated by x1 € C' and

Yn = ATy + by ()\nJrfUn + (1 - )\n)stn) +cn (/Ln(Jr)2$n +(1 - Nn)(QS)2$n)’
Cn ={2 € C:9(yn,2) < d(an,2)},

Qn={z€C:(x1 —xn,Jz—Jx,) <0},

Tnt1 = Re,n@.r1, Vn €N,

where Rc, g, 15 the sunny generalized nonexpansive retraction of E onto C, NQy, a,b,c,d €
R, {pn}, {\n} C (0,1) and {a,},{bn},{cn} C (0,1) satisfy the following:

O<a< A, un <b<l,
ap +bp,+c, =1 and 0<c<a,,b,c,<d<1l, VneN.
Then {x,} converges strongly to zo = R(p.jy-10n(c)-10%1, where Rppy-1oncry-10 is the
sunny generalized nonexpansive retraction of E onto (BJ)~10N (GJ)~10.
Similarly, using Theorem 3.4, we have the following results.

Theorem 4.5. Let E be a uniformly convexr and uniformly smooth Banach space and let C
be a nonempty and closed subset of E such that JC is closed and convex. Let S be a gemeric
skew-generalized nonspreading mapping of C into E such that F(S) # (. Let C1 = C and let
{zn} C C be a sequence generated by x1 € C and

Yn = QpnTp + bn5$n + Cns2xn)

C(n+1 = {2 € Cy,: ¢(yn72) < ¢(xnaz)}7
Tny1 = Re,,, 71, VneN,



where Re,,, is the sunny generalized nonexpansive retraction of E onto Cp11, ¢,d € R and
{an},{bn},{cn} C (0,1) satisfy the following:

ap +bp,+c, =1 and 0<c<ay,,b,c,<d<1l, VneN.

Then {x,} converges strongly to zo = Rp(syx1, where Rp(gy is the sunny generalized nonex-
pansive retraction of E onto F(S).

Theorem 4.6. Let H be a real Hilbert space and let C' be a nonempty, closed and convex subset
of H. Let S and T be normally 2-generalized hybrid mappings such that F(S) N F(T) # 0.
Let C1 = C and let {x,} C C be a sequence generated by x1 € C' and

Yn = AnTp + bp (/\nan +(1- /\n)T:cn) +cp, (unSan +(1—- ,un)Tan),
Crni1 =12 € Cp t |lyn — 2|l < [lzn — 2|},

Tpt1 = PC X, Vn € N,

n+1
where Pg, ., is the metric projection of H onto Cy41, a,b,c,d € R, {pn}, {\} € (0,1) and

{an}, {bn},{cn} C (0,1) satisfy the following:
O<a< A, un <b<1,
an+bp+c,=1 and 0<c<an,by,cn<d<l1l, VnéeN.

Then, {x,} converges strongly to 29 = Pr(s)ynr(r)T1, where Pp(synp(r) is the metric projection
of H onto F(S)NF(T).

Theorem 4.7. Let E be a uniformly convex and uniformly smooth Banach space. Let C
be a nonempty and closed subset of E such that JC is closed and convex. Let S and T be
generic skew generalized nonspreading mappings of C into itself such that F(S) N F(T) # 0.
Let C1 = C and let {x,} C C be a sequence generated by x1 € C and

Yn = AnTp + bp (/\nan +(1- /\n)T:cn) +cp, (unSan +(1—- ,un)Tan),
Cn+1 = {Z S Cn : ¢(yn’z) < ¢($n,2)},
Tpnt1 = ch+lx1, Vn € N,

where R, ., is the sunny generalized nonexpansive retraction of E onto Cy41q, a,b,c,d € R,
{pn},{M} € (0,1) and {a,},{bn}, {cn} C (0,1) satisfy the following:

0<a< A, un <b<1,
ap +bp+cn=1 and 0<c<ap,bp,c, <d<l1l, VneN.

Then {x,} converges strongly to zo = Rp(s)np(r)®1, where Rp(s)np(r) is the sunny general-
ized nonexpansive retraction of E onto F(S) N F(T).

Theorem 4.8. Let E be a uniformly convex and uniformly smooth Banach space. Let B
and G be mazimal monotone operators of E* into 2F and let J, and Qs be sunny generalized
resolvents for r > 0 and s > 0 of B and G, respectively. Suppose that B~*0NG~10 # (). Let
Cy =C and let {z,} C C be a sequence generated by x1 € C and

Yn = ATy + by ()\nJrfUn + (1 - )\n)stn) +cn (/Ln(Jr)2$n +(1 - Nn)(QS)2$n)’
Cni1 ={2€Cpn: d(Yn,2) < O(n,2)},
Tny1 = Re,., 71, Vn €N,

10



where R¢o

i1 18 the sunny generalized nonexpansive retraction of E onto Cpy1, a,b,c,d € R,

{pn}, {} € (0,1) and {an},{bn},{cn} C (0,1) satisfy the following:

O<a< A, un <b<l,

ap +bp+cn=1 and 0<c<ay,by,c, <d<l1l, VneN.

Then {xn} converges strongly to zo = Rp.jy-10n(c)-10%1, where Rppy-1oncry-10 is the
sunny generalized nonexpansive retraction of E onto (BJ)~10N (GJ)~10.
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