Semi-tridiagonal Programming

— Complementary Approach —
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A Cld, BIMERTE & SR ERE D IR ZEN A175 (tridiagonal matrix)
%729 2 IRGEHE I (quadratic programming problem) %% 2, fH#liT 7o —F
WEODBEWIHRNTHEZ e 2RT, 612, ZBENMTHRENZRGECIEERME
ERS DN 7 « RS v F—HACH M (Fibonacci identical duality) 23 0 325,
MEORE AR L HIZK - T v F - A=RIZR>TWB I L EENT 5,

1 Semi-tridiagonal Programming
F9. SAKDEMAT & B/ MLRE
minimize 7 + y5 + - + y5 — 2(biyr + bsys + bsys + bryr)
subject to (i) py1 +y2 —qys = be
(P) (i) rys+ys — sys = by
(ill) tys + ys — uyr = bg
(iv) vyr +ys = bs
(v) ye R
& SERDEMA) E HmAALRE

Maximize — (u2 + p3 + -+ + p3) + 2(bajin + bapiy + bejis + bspig)

subject to (i) w1 — puo = by
D) (i)' qua + ps — rps = b
(ill)" spq + s — tpe = bs
(iv)" upe + pr — vpg = by
v) peRr®



BHERD, 72720 (b, by, ..., bs) € R®, (p,q,7,8,t,u,v) € RT&T 5,

W8 1 (Complementarity) (y1, ya, -, 9s) & (11, Jiz, -... j1s) DZIE (D)~ (iv) & (1)~ (iv)

Py + Y2 — qys = b2 = pp2 = b
TYs + Ys — SYs = by Q2 + pt3 — Ty = b3
tys +ys — uyr = be Spa + 15 — tpg = bs

vyr +ys = bs upe + pr — vps = by

EENENR T L & ROBBADELD LD -

8
Z Ykt = (biyr + bsys + bsys + bryr) + (bapto + bapis + bepig + bspis). (1)
1

##%8 2 (Nonhomogeneous tridiagonal (NT) equation) 8 Jt 8 LA/ FFEN

Y1 —DpY2 = by PY1 + Y2 — qys = by
qYo + Y3 —1Ys = b3 TYs + Ys — SYs = by
(NT)
sys +ys — tys = bs tys + ys — uyr = bg
uye +yr — vys = by vyr +ys = bg

X, ME—DfE y =A% %HD, 7272U, A, y, biTZTNENLLTTHD, A LIZITHAD
WITH &R

1 -p 0 0 0 0 0 O

p 1 —¢ 0 0 0 0 0

0 g 1 -—r 0 0 0 Y1 by
A:00r1—sooo,y: yQ,b: by

00 0 s 1 —t 0 0

00 0 0 t 1 —u 0 Us by

00 0 0 0 u 1 —v

0O 0 0 0 0 0 v 1

Proof. A, % kxk E/INMTHIET DL,
[As| = |A7| +0%|Ael,  |As] = |Ag| + u®|As]
[As| = |As| + 2| Ad|, | A5] = A + 5°| A
[Ad| = A3+ 7% Az], | As] = [Ao| + ¢*Ad
|Ay] = 1+p%  |A| =1

2



Lzt Ty Al = [Ag] > 112720, A FEMTH 2, 0

4. (P) & (D) oHWEKZ TN ENU T THET -
fW) = yi+us 4+ + 4z — 2(biys + bsys + bsys + bryr)
g(p) = —(pf +p3+ -+ pg) + 2(bapio + bajrs + bepis + bspts).-
ZorE, MOMiEL M E2B5,
8 3
(i) (Inequality) (P), (D) DFEITHREME (y, u) IZX U TAER g(u) < f(y) DD 32D,
(i) (Equality) FSDEDILDDIE y =pu DL EDATH D,
(iii) (Linearity) & 5I2ZD& &,

fy) = —(biyr + bsys + bsys + bryr) + (bayo + bays + beys + bsys) (2)
g(p) = —(bipr + bspz + bspis + brpez) + (bapso + bagis + bepis + bspis) (3)
N A RVASN

Proof. (i) £3HEED (v,)\) € RZIZXL T

22\ < 2% 4 \? (4)
BROLD, F5Er = XOLFRZMYMOILD. Ty = (g, 1, ..., ys) E R %
(P) DEITHREME. 1 = (p1, po, ..., ug) € R® % (D) OFEFHEEMEL T, TRbbH,
Y ¥ RREEELTWS LT B,
(i) pyr+ye —qys = b (i) [ — pls = by

(i) rys+ys — sys = by (i) quo + ps —rps = by
) tys + Y — uyr = bg ity + pi5 — tig = bs
(iv) vyr +ys = bg

i)’

(i)
(iv)" upe + pr — vpg = br.

() wyr=pn 1<k<8

DEEDARKALT B, MG, MidE1LD

8
2 Z Yk = 2(b1yr + bsys + bsys + bryr) + 2(bapia + bapta + bepis + bspis) (6)
1



THhb, LEnoT, (5),6) &0, ()~(@v) 2T y & (i) ~(@v) 22T plzxL
T, AEFEX

8

8
— > 1 A 2(baps + bapia + bopis + bspis) <Y yp — 2(biyn + bays + bsys + beyr) (7)
k=1 k=1

DR D SO, FEEFIXEM ()~(iv), (e), () ~@{v) DD ILD L EDAEILT S -

(1) pyitya—qys = by (i)’ pa — pH2 = b
(i) 7rys+ya—sys = bs (i) quo+ps—rps = by
(i) tys + ys — uyr = bg (i) spq + ps — tpug = by
(iv) vyr +ys = bs  (iv) wpe + pr — vps = by

1v
() yp = 1<k<8
W 21T, ALEDFRATABEME (y, \) [T U T g(p) < f(y) DED LD,
(i) SEATFTREMR (y,p) IR LT, FFIEUTORMEDVED LD L EDAMALT D -
) ye=pm 1<k<8.

5T (P) & (D) BEWZHRTH 5.,
(iil) & 51 (i) TH D & &, FEE (1) 1%

8 8
Zyi = ZH% = (biyr + bsys + bsys + bryr) + (bapio + bapes + bepi + bsps) — (8)
1 1

L%, £oT, RPED LD,

f) = i+ 5+ + 5 — 2(bryr + bsys + bsys + bryr)

= (buy1 + b3ys + bsys + bryr) + (bapia + bajts + bepig + bsjig)
— 2(byy1 + bsys + bsys + bryr)

= —(b1y1 + bsys + bsys + bryz) + (bay + baya + beys + bsys)
g(p) = —(pf+p3+ -+ pd) + 2(bapiz + bapua + bepis + bspis)

= —(biy1 + bsys + bsys + bryr) — (bapio + bajis + bepig + bspis)
+ 2(bapto + bajra + bgpig + bsps)

= —(b1pey + bz + bspis 4 brpur) 4 (bapta + baprg + bepte + bspis).

U7t T, HEDEFTHEME (4, 1) KH LT

g(p) < fly)



THY. F5 g(n) = fly) B O)~(v), (), (1) ~(v)"

py1+ Y2 — qys = by p1— pp2 = b

rYs +Ys — sys = by qpo + pi3 — T = by

(EC)  tys +ys — uyr = be Spua + pis — the = bs
vyr +ys = bg upe + pr — vps = by

Yp = 1< E<8
7T L EDOAIZRD, o T, (EC) IXLARD 16 7t 16 H HFEARICHEME L 22 D |

Y1 —py2 = b py1+y2 —qys = by
QY2+ Ys — 1ys = b3 TYs + Yys — SYs = by
sYs +ys — tys = bs tys +ys — uyr = be
uys +yr — vys = by Y7 +uys = bs

e =y 1< k<8
i 2 £V (EC) IZME— DfiF

(gla ng ceey g8> = (MT? :u;? SRR N;)
ZHD,

EH 1 (Duality Theorem)

(i) (Weak Duality) (P), (D) OZFEITHREME (y, 1) 12X U T g(p) < f(y) DD LD,
(ii) (Strong Duality) f(9) = g(p*) 27z RATATRERE (9, u*) DIFEET D,

(iii) (Optimal Solution) g & (P) DBR/NETH D p* 12 (D) DERARTH %,

gt
Proof. HEE 3 XD (1) & (i) WREND, T (i) 5513 (i) TH 5,

2 on BEFERE
—f e U T, IRD 2n ZED ZM:A4) & /MU E
minimize y7 +y5 + -+ +y5, — 2(biy1 + bsys + - - + bop_1Yon—_1)

subject to (1) piyr + Y2 — pays = by
(2) P3ys +ya — Pays = by

(n—1) pan—3Yon—3 + Yan—2 — Pan—2Yon—1 = ban_2
() Pon—1Yon—1 + Yo2n = by
m+1) ye R™



& 2n BB DM & BRALRE

Maximize — (uf + p3 + -+ ps,) + 2(bafia + bapia + - + banpian)
subject to  (1)" w1 —pipz = by

(2)" popiz + p3 — paprs = b3

(3)" paprs + ps — pspig = bs

/

()" pan—ofion—2 + Hon—1 — Pan—1ft2n = ban—1
m+1) peRr™

%%i%o f:f:b\ b = (bl, bg, ey bgn) € RZn’ (pl,pg, --->p2n—1) € RQnil ‘ifﬁé&‘(‘
H5,
9. (P) & (D) DHWBEKZ ZNENUTTRT

f) = vi+ys+- 45, —2(biys + bsys + -+ + bop_1Y2n—1)
g(p) = —(ui +p3 + -+ p3,) + 2(bapiz + bapia + - - + banpizn)-

ZoeE, ROMiEE EHz2E5,
#78 4 (Complementarity) (yi, Yo, - - -, Yon) & (1, fo, - - -, plon) DM (1)~(n) & (1)~ (n)
EENTNNG-TEE, IROBEBRVKDILD :

2n

Zykﬂk = (byy1 + bsys + - - - + bop_1Yan—1) + (bapra + bafprg + - - - + boppian). 9)
=1

& 5

(i) (Inequality) (P), (D) DFEFTHREME (y, 1) 1T UTALER g(n) < f(y) HED 3D,
(ii) (Equality) ES5MEOZODIEy = pDELEDATH 5,

(iii) (Linearity) E 52D & &,

fly) = —(biyr +bsys + -+ + bop_1Yon—1) + (b2y2 + baya + - - - + b2y yoy) (10)
g(p) = —(bipir 4 bapis + - - - + bop—_1pton—1) + (bopio + bapia + - - - + boppiay) (11)
N A RVASN

B 6  IRD 2n 76 2n HEALE AR (NF) ZH— D% B D,

Y1 — Py = by
P1y1 + Y2 — Dayz = by
P2y + Y3 — P3Ys = b3

Don—2Y2n—2 + Yon—1 — Pan—1Y2n = bon_1
Don—1Y2n—1 + Y2 = bap.

6



EI 2 (Duality Theorem)

(i) (Weak Duality) (P)’, (D) OSATHIREME (y, ) 12X LT g(p) < fly) DD LD,
(ii) (Strong Duality) f(9) = g(p*) 27z 9 EITHTREME (9, 1*) DEET B,
( UES

iii) (Optimal Solution) (P DEB/NRTHY p* 1x (D) ORRRTH S,

3 Ta4RFTyFH
(P) & (D) iz L T,
by=by=---=b;=0,bs=¢c; p=q=---=v=1

UizgMbE BRIbDZENZENOME (P) & (D) 2525, ZOLE, (P) & (D) D
2% Fibonacci identical duality (ID) A3E D 32D :

1. (duality) (P) & (D) IEEWZRNTH 5,

2. (identical) (P) & (D) ®ZNZ N D Ful il & Bol B IE LIz —33 5,

3. (Fibonacci) (P) i

y=(y1, y2, ., Ys) = 7 (Fh Fy, ..., Fy) (12)

@&%\%$@wm:§§f%%ﬁo@ﬁ%

9

c
po=(p1, po, .., pg) = E(Fla By, ..., Fy) (13)

@&%\%ﬁﬁﬁfzég?%ﬁﬁo

9
FRZ, c=Fy D& Zd, BUNREBRARRIFILIZH - Ty v F - a—R[7,8,9, 10, 11, 12]
2D, BUMEERKRMEIE m = M = FyFy 12725,
ZZW LB, Fy X7 Ry FRIIOE 1HE,PSEIETH S (R 1), MTHE
DEGEfE (REff) 137+ RFy FEIITRINT WS, —fiT. 71 KTy FEI
(Fibonacci sequence) % 2 FERRIE A4 /i#E= (3 IE‘F'EJ@HEJQ)

Tpao — Tpa1 — Tp =0, =1, 2g=0 (14)
DL LTERIND (£ 1) .

£1 T4 RFvFES{F,)
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 2 3 5 8 13 21 34 55 89 144 233 377 610 987

n
Fn

b, REEOMRRIL[3, 4, 6] 2RIy, 7a—F & HER—L, 2,5, 13, 14] 12
s,
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