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DEHIZ, EOBHEZNS ODPDORBOME L THSRT HIEEER L. K,
FEOHID LS ITIEDEKZ —DORBOME L THESRES Z &I1F 218 4ERIZT
— VRN NPREUEZMETH B, BEHIL 2 ULrnzd, 2 2R\WE2ZEEH%
EZNE, TS S OOMMBEIEEE R, ZOLI R ODHEEBROMA LD
B, 2L 4 2RVEZEDEE2EERTETFHINTVLS. S0#INE, 4 &0
RKEWMEBDEBHT DOHFEROME L TEESRELZ LW PRTHE. 0P
i TV RN NFH] L@fRE N, 218 FELEDIEFH I N T VR,

Hardy & Littlewood [HL22] I T —)V RANw NP ZE X O —fIZ, EOEHEZ WL
DONDRBOME L TOEEZRUAOMBEZTHN, 3DDOFEHBDOMKRT 4 DDHEK
DHMOBEIZRH LT, FMMEMAETHNELARNEZRLZ. TOFERIZEDE, +HKER
BEP LT ODDOHFBEBDOMTEIT L L FHEL, TOME L THRRT S HIEOMEE
DEHEARD FHRUZ. T2 6 A EDOLTOMEBUIIR L THRIIDZ &IE, T—b
RANYNTROTRTH D Z EIEERE L. U, EidogEcdRzL57%, I
—IV RNy NREL LIRIEND, EOBEEEZ ZODOHREBONTEHEESRTRIADME
BIZEHT 5.
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Ny(n) ZBE n 2= D2D0FHBZBHMOME U TEESRT A EOHET S, Hardy &
Littlewood [HL22, Conjecture A] I& Ny(n) IZXF L T,

(1.1) J%00~2II<L‘@f%F>II<p_1) :

p>2 pln P 2 <10g n>2
p>2
PO DEFH LU 22T, flz)~g(x) D
_ [flz)
lim —= =1
z—o0 (1)

ZEWT S (11) OFLIZB T 2EHOBIEIZOREETERL 2\ Hardy &
Littlewood @ singular series (FFPEEHED TH D, HEE, AT AR

DR n=pipa ok (i F 02 F - F D),
p(n) =
0, dp s.t. p?In,

pn)= > 1:nII<1—£>,

1<k<n p|n
EenldHWIIHE
A AS AV |
cq(n) = Z e ¢
1<a<gq
ak glIE\NIZHE
WXL T,
— 11(q)?
1.2 S(k) = c,(—k
(1.2) (k) g;w@gﬂ )

LHE< L, Bk %

(1.3) & (k) = 211(L_@{%F)£1(%E%) k>0 1345,

p>2

0, k>0 X3
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_n
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T— )V RNy NEENSHFEL, B8 E 2 ZDDFEK p1 < p, Dk =p, +ps 'C“

ERETRE, pp—p=k R, EWRETHEIEROMA (p1,py) IZERIZ
EZNESHOMBEEERTED. k=2 DEEIIELYE TNFEHDO T “Cf)%)
Hardy & Littlewood I%[F Uga>C [HL22] T, %ﬁlﬁﬁ‘té@éféﬁz@%ﬂﬁﬁ)mﬁﬂ%é
ETRU, BARBNIZIE, BB E >0/ UT, P(n) Z pp+k<n Ziilz3EED
A (p,p+ k) DL T3,

n

& FMU 7z [HL22, Conjecture B].

IRDHEILARE, #HEARDFRAEEE EaNR e U, BEBOA— &3, b,
PRARIZHENT 2 2R &5 REBOEBICHON 53 52N T 5. B f(2)
CIREBIE g(2) ITHL T,

&, HAERC >0 BFIELT,
f(x) < Cy(x)
MNr oo DEZIZHEHIIDILZEKRL, Tha2 L b EHIic

fz) < g(x)
LHEL.

2 =)L RNy NREDFEHRI S(k) OFH

AT TR U7 R S(k) 12 LT, MBFER (12 2HVT, RIDD
DIH%Z KT 5 &,

ik - ,UJ(Q)2
S(k) =1+e ™k 4+ Z:: (p(q)ch(—k)
CED, EBRBRTHB L E, Sk) FTEHIIC 0 OEEIY, k BMERTHB L =
X, &(k) IZ I 2 DfEZINS Z & 305, . B. Friedlander & D. A. Goldston
[FG95] 7% &(k) D% FANR,

ZG —x——log:c—l—O((logx)%)

k<z
emUlz. &7z, EAMNET S(k) O Cesaro FIFLBIEIND 3, (v — k)S(k) ©
e,

._ _ 1, 1 1o Lic
(2.1)  Si(x):= ;(x k)&(k) = 5% Qxlogx—l— 2(1 cg —log2m)x + O (:c )



MRS N7z ([FGI5, Proposition 2] £ 7z1% [MS02] Z5H). ZIZ T, cp &A1 77—
ETHS. R.C. Vaughan [VauOl] 2% (2.1) iIZH I DFEEHE, #YREK ¢ > 0
2L T,
< ohexp [ —c 108207
(loglog 3z)3
B L, V=Y FHEPEO IO &2 KET L, BN
< zETE Ye >0

FCWRTEDZLHAM U (21) 2B T BHAEEIT 212 DA —X—k DAL
UPBETETWRWDY, A & Goldston [GS20] 1& Sy (z) DREZZIHMN

QO (1)
ThdIezmUk. AL,
1, 1 1
(2.2) Ei(x):=51(z) — 3% —§:clogx+§(1—cE—log27r)x

LB,

lim sup Ex (193) >0 130 lim inf (7 2)

r—00 €Tr4 T—00 T

BEE DD, TR Ey(0) DEBOA — X —, HIb,

=

(2.3) Ei(z) = O(z17) VA Ei(z) = Qi(27)

WSO e PRI, RSN TWS Vaughan [Vau0l] (Z & 5 FAll

(log 23

—> P, RUREIE  Fi(r) < 2
(loglog 3x)3

Ey(z) < 2% exp <—c

TEPIZRKREVWDEDTH 5.

Si(z) KDWOPREAZMII T EITEZEZNIE, BAHIDPROVBETELH L
ML, FEEE L Goldston [GS21] i Em>1 & 2>2 1T LT, &(k) D Riesz ¥

Smlx) =Y (x— k)" &S(k)

k<x

EERLUTHA. DB, m ZEEULT, S.(z) 2&FEZ 5.
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2FEAZD. TN Re(s) > 1 IZRHUTUPPERLAZRWA, V=<2 ¥—XE ((s)
AFWT, F(s) 2

4 1\ e+ 2
F(S)—_2s+1+1H(1 (p—1)2> ((2s +2) IH(1+(p—2)(ps+1+l))

p>2 >2

Y5 FRT Re(s) > —1 ICMRATEEST X 3 [GS20, 55 2 ). EBE, B AMICH3

FHEDP O DHOERDOERAUTED Re(s) = —1 W F(s) DHARBER L 705 [Vaull,
543 —]. BEK

2

G(s) = <1 + - )
g (p=2)(p** +1)
EER ,
Cy = (1 _ _>
g (p—1)

AV,

[ 40y N\ ((s)¢(s+ 1)
F(s) = (28+1+1> (25 +2) G(s)
LFEIFL. ZIT, EBO, 1F k) DBEFER (1.3) IZHBNALEHTH L Z LITiE
BR & 72, €, =066016... THDH, EOEHRTHSHZLHEL THKL.
RIZ, Sp(r) DA RRZERT 72DITIROAEZE W 5.

78 1. ([Ing32, Theorem B] ZZ M) IEXEM m LEH c > 01T/ LT, 2>00D&
g,

m! /CHOO xstm s — 0, 0<z<1,
270 Jo_ino S(s+1)(s+2)---(s+m) o (z—1)m, z>1
ANDA/RVASH
PAEOfiEE WL
_oml e F(s)xstm
S’“(x)_%/z_m e+ rm

e 4C()Cls + DG (s)e
(3.1) = i /2_@ 2+ 1)C(25 + 2)s5(s + (51 2) -~ (s + m)
_ b e F(s)ds

"o

ds

2—i00

NELIZF/RLONS. £IT,

x2+m
([t + 3)m+

DEBIHERD SN, m>2 & T>22 ICHLT, (3.1) OMPHPHEZ T TYHZ &
MTE,

F2+1it) <

(3.2) @) == [ Fsyds+ o)

21 Joir
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&5,

BT, F(s) DEFHETE 2HIF Re(s) > —1 2FEL, (3.2) ORI A £ F
HIZBITT 5. 2T, ((s) RO 1/((s) DEDSFEABETHS. T DHERDHY
Bzl R5. 9, ((s) DENPSEHEiE LT, K<HoNTWS

(3.3) fERED e > 01X LT, ((o +it) — <, [t]p+e

o—1+41t
0, o>1,

po) < s (1—-0)/2, 0<0<1,
1/2—0, o0<0

([Tit86, §5.1] ¥V —~ ¥ —XHEHHICETHTE0HHEEZ SR ZHONIX X
W 1/¢(s) DFHMEIZXT LT, ((s) DIEF I [Tit86, Theorem 3.8] & BAESENNZ W
7o REHERY 72 BFA [Tit86, X (3.11.8)] & ¥ [MVO07, Corollary 10.5] {2 & b, % DIEEFH

I DI T X

C(o +it)
EHASNS. Re(s) >—1 FTDOFD OHIFTI, K. Ramachandra and A. Sankara-
narayanan [RS91, Theorem 2] Z WX, FIZRKEVWT >0 EEH C > 01T L
<,

< (|t| +3)+o 2

1
min max ———— <

T<t<T+TV/3 1<o<2 [((0 4 it)]
MR ONLD. ftoT, T<T*<2T &7 THEYL T & -1 <0 <2IZXUT,

1
C(2(0 4T +2)

exp(C(loglog T)?)

(3.4) < (T™)"

L TE5.

X LR, p=p+iy ¥ ((s) DIEEBARESR (Im(s) #0 ICHITDER) 2X7. §
X ZDRE, + FZFDEFZ=KT.

(3.2) DHFET A F(s) DM s=1,s=0& s=p/2 -1 ITBITIHEEZUT
T &5 [GS21, Lemma 2.2].

xm+l

m4+1

1. R_els F(s) =

2. m-BEEOHFMB H, =30 t=14+5+5+5+ -+ EATT =R cp 1T
LT,

m

R_eos]-"(s) = —% (logx — H,, + cg + log 27) .

3. ((s) DIEEMLRER p DEEEZ m, £ ELE, m,=1DL ¥,

Res F(s) = 20mI¢(8 — 1E(R)G(4 — 1) e

=T T RE O E - DG+ m 1)




&R0, —fRIZ, m, =0 THBLE, p & m ODARITKIEFET DEE A;j(p,m) ¥
FHELUT,

/-1
(3.5) Res F(s) =af""71 Y A;(p,m)(logz)!
2 j:()

EHIT5.

INTEI%L, (32) OFAREZ AP EHICHITT 2EMATE 2. (34)
TEDZ T IZRUT, 1/((254+2) D s=p/2—1 0D |y]/2 < T IZBF2M%E42
THEIEBNIZEZTNS L 51T, (3.2) OELEEE Re(s) = b IZBT. BRMIZIX
v|/2 <T* %729 ((s) DETDER p D B/2>a/logT* Zhilzd LIIZ a>0%

B, b=—1+lz LHEVIEE, 244" & b1 ZIHKE T HHEAVEEZS
25, BMEBGEMIZED

(3.6)

Sm(x) = R_els F(s)+ R_eg, F(s)
—iT™ b+iT™ 2441
+ Res F(s (/ / / ) s)ds + O(1)
s=p/2—1 27TZ
|y|<2T
xm—l—l m
=T —i——?(log:c—H + cg + log 27)

—iT* b+iT™ 24+1T™*
+ Res F(s) +—</ / / ) s)ds+ O(1).
s=p/2—1 211

Iv|<2T~

EROEDORIN = DODEE Sy(z) DEEHE U, BDOHAEABOMEEETH
5., DB, m-BHOFNE H, &A1 T —F& cp IZTHLT,

m+1 m

:1+ i % (logz — H,, + cp +log 27) + Ep,(z)

(3.7) Sm(x) =
LEHE, [GS21] TRUKLIREIH B, (z) OFEMZEN T 5.

. 3.7) TEZBLUEZ EL(2) dm=1D& &, (22) TEHRL Ei(z) IT—ET 5.

4 G&(k) @ Riesz FHEICHTBHFREE E,(x)

(3.6) & (3.7) 1T &b,

A1) B (z) = Res F(s) + —— ( /2 :T + /b'bHT* + /jw*) Fs)ds +O(1)

. s=p/2—1 2771/ —iT* J b T*

EFEITDLD, EAPNI VI & ZRT

4C5((8)C(s + 1)G(s)zst™ 2

F(s) =

p>2

(25t 4+ 1)¢C(2s +2)s(s + 1) (s +2)--- (s +m)’ G(s) = H (1 + (p—2)(pstt 4+ 1)

)



THHZer2BVWHEZES. TITHTLKAE—XBEHIZFLT, (3.3) ZHVNIIX K
<, PRIZHHE—XEBUICEAL T, AIfICED, s=cxiT* D -1<0<2

IZH LT, .

(2s+2)

DO D, s=b+it, |t| <T* ITXULT,
1

((2s+2)

DD, £, EED e>0& TIIXRUT, b<o <222 |t| < T OHFT,

< (T*)E

< (|t| + 3)2b+%+e

G(s) < T*

TH5 [GS21, Lemma 3.1]. T > 2° &L, IS DIz HWT, a(p,m) & p W
((s) D—AIDERTHD L ZE,

a(p,m) :=

EBE, p(s) Dm, =0 NDERTHHLZE, (35) TEE->7% Aj(p,m) XL
T,

alp.m) = 3 Ay(p.m)(log )

EBLE, ROERZES.
EH 1. ([GS21, Theorem 1]) m > 2, fLED e >0 &+ RER 2 ITHLT,

(4.2) Ep(z) = 2™ 1 Z a(p,m)z? + O(z™~1+)

lvI<U
PO 2b <U < 22° %2729 U BFEIET 5.

EH 1 TH/ROLNT B, (v) OWHEARIZ m > 2 OBEIZR > TR D LD, FEE,
m=10D&E, UEDERMTHERZLIIZT Fs) B+RI/NS< 86T, (41) 1T
FERERD ((s) DIFEMARER p 2SO 257 A =KX= 12X > TR SR
V.

((s) DIFEMABTER p=p+iy BET =35 2hikd (V- FPR) 2ET
NIE, F(s) Ds=p/2-1 2B RER[IETEMR Re=-3 LIZHH, Tzt
F5EICHTHI T 72 b > -1 DROVIT b & -2 <by < -1 DL ITHN
E, (3.2) RUEBEHEIZL Y,

1 by —iT* by +iT* 24iT*
Sm(:c):Res]:(s)+Res]:(s)+—,(/ +/ +/ )]:(s)ds—i—O(l)
s=1 s=0 27i \ Jo—ip by —iT™* by +iT*
xm—l—l m

=1 +—%(log:c—Hm+cE+log27r)

1 b1 —iT™* b1 +T* 2-4+1T*
+_</ _|_/ +/ ).F(s)d8+0(1)
211 o T by —iT* by +iT*
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i, (37)112&D,

1 by —iT™ by +iT* 244T*
Em(x):f</ +/ +/ )F(S)d8+0(1)
211 o iT by —iT™ by+iT*

EA. BIEICHWEIHMEiZ ZD F £\, FEERIZ, T>2° DO m>2 ThHsHL &

by —iT™* 24T
(/ +/ ) F(s)ds < 1
2—iT* b1 +iT*
R0, Ko =0b +it, |t| <T* £ T

f(bl +it) < (|t| +3)—2b1—m—1T6xm+b1

BN, T=2" 3TN, Ll EOBD I

b1 +iT
/ F(s)ds < g™mtbrte
b

1—I*
A SNS. by ARG 2 IGEKHNLE DT, IROEHENFOSND.

B 2. ([GS21, Theorem 2]) Y —~ Y FEMHOILD, HID, ((s) DIFAHLER
p=P0+iy BRT =5 2l LNETS. m>2 ERD e>0I1THLT,

Ep(z) < 2™ ite
MIRALT 5.

EH 2 OIEMZHITS e >0 2% LTI LIFLLLABFTIIHRL, EB ©H1 &
HoLabEnE, V—<rFPHOREIZLD,

) < ™ Z|ap, )|+ O(z™ 1), 2° < AU < 22°
lvI<U

MO NLDW, ((s) DIFEABRTR p=f+iy 2D Y |a(p, m)| DA E,, ()
DREFE RN ZRD S, €I T, Y alp, )75%@5(1“14251@“2@

(4.3) ) < ™ Z la(p,m)| < o

EbLIZEIT5.

1989 #:1Z S. M. Gonek [Gon89] & D. Hejhal [Hej89] 23MALIZ, ((s) DIEEHIHRZE
K op=p+iy PRT N THBHREDFT,

(4.4) > S < T

0<~<T |<
PMLUE Z @%*ﬁﬁi‘ﬁij‘é‘mwf, (4.2) IZBWBH Y alp,m) HHEIE L
[GS21, 55 5 ], (4.3) DBLIZLD, RO D15
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EI 3. ([GS21, Theorem 3]) ((s) DIEFEMALTER p=F+iy BET f=1 Ziikd
(V—<VF), D, —fThdrT5 ZTNIIIMAT, Gonek-Hejhal THE (4.4)
DALY B EARGE T IV,

) 20umic(s — CSIGE — 1)
2 m) =) GG - DBE ) G rm D

DPHOHINR U, =30 Jalp,m)| EBLE, m>21ZxH LT,
(4.5) 1Ep(z)] < (14 0(1))epnz™ 1 < 2™ 4
DI D 3L D.

fHiE. M3 OFEGEZPLLEDOTE, m>3 &TNIE, 45 PEOHIDLIIITE
5. FERIEAGEN L [GS21, Theorem 3] % 2.

TH 3 HXE0D m> 21U TUNKD L2 0nD, 20 m =112/ U TH
0 TIE, BahHIREL TV (2.3) OFFEIC 8T 5. BALHS, M EOHERT
PHBEIC m>2 L VS RMEEEL T I ST ERN, HEE, B AR A B
THEN, m BEREITEAEL, FRELTEINE, m> 3 ThNILER 13
MROEDESILTEBE35. Lil, TAELTS, BB m=11HLT
£

(4.6) Ep(z) < 2™

DM %52 7= DIZB IR L WFEARETH S 5. IROHIT, T DM (4.6) I
m>2 IR U TERIEETHDIZ L ERT.

5 E,(z) OTFH 5L

EH 4. ([GS21, Theorem 4]) m > 1 IZXF L T,

3

En(z) = Qy(a™ %),

A%,

E
limsup ——— >0 & lim inf m(i) <0

3 _3
T—00 xm 4 T—00 xm 1

N AIRVASS

EH 4 IBEHETHD, m> 1 ICHUTHD DI EIZEREE L Ik, &
B3 OFHMT (m>2) PEETHLZeROn5.

R 4 Z/RI2IE, XD A. E. Ingham [Ing42] X R. J. Anderson & H. M. Stark
[AS80] 12 &k & il Z W 5.
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fHRE 2. ([ASS80] % 7z1% [BD04, Theorem 11.12] % ZR)
Ax)Z 1<z < X IZBWTERRY) —< U EEBE L,

A= [ 25 as

X Re(s) > oy ICBWTHURL, Re(s) > 09 ETHMERTEZDLT5. 0<y <
Yo < A3 < ... BTz TEBE {5,000, ITHUT, 5%=0,9,= % £BL. £,
ZTNZTNITHIET 2ERBDOEI ro e R, 7, #0 (n€N), r_, =7, (n € N) IZH L
T,

St(x) = x%° Z T’ Sr(s) = Z %

O'Q—FZ'V
il <T | <T i)

EBL. Als) = Sp(s) 1EHDB T > 012 LT, Re(s) > ap, =T < Im(s) < T ~#HT
B TE TR,

Sy (z) = Z (1 - h—jﬂ) rpx™ =1y + 2Re Z (1 - l;) rpx’™
|9n |<T 0<5n <T

EBITIE, [FED 5 eRIZHLT,

lim inf Alz) < S7(xp) < limsup Alz)

o0 — o
z—oo0 90 z—o00 L0

N AIRVASR

M. ZO#EIX E. Landau 7% 1905 FEIZEEBH U 72T ¢ ) 27 U O b ke & £y
HAOBEMRE X THZE MV07, Lemma 15.1] D —fLTH 5.

W2 %2 E,(x) ISEMT 2. £, E.(0) DAV VEHRERD S,

* Su(z) | Clx—-k)" m!
/1 prbmin ; G(k)/k i 0= s(s+1)(s+2)---(s+ m)F(S)
12 (3.7) ZAAAT NI,

(o] 1
/ E,.(z) dp — m! F(s) - e +i_ s(Hy — v —log 2m)
L astmAl s(s+1)(s+2)---(s+m) s—1 &2 s

PRONSG. ZIT, p,=5+iwm & ((s) DIFAWPLFRELT, MHE2 %

) 0o = ——» Tn = 7’020, rn:a(pn,m)

WU CE AT,

8

B

_3
m=y

)

NS

< lim sup
T—00 €T

lim inf Em(fl;) <2 Re Z (1 - ﬁ) a(pn, m)(xo)"

nEoN5.
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C(s) DOE¥ETEHEIZBITAEMICHESEVIEERLZES pr = B +in (=
14.134725...) ZHWT, T =10 £ BIHZ,
lim inf Em(ﬁ) <2 (1 — ;/_(1)> Re (a(pl, m)(xo)i%l> < lim sup E

3 3
T—00  pMTy z—o0 M2

NELSNS., FI T,
a(pr,m) ()" = %|a(pr, m)| # 0
ERB LI xg BEINSE 2D,

_3
4

N VR Y GO

lim sup —
T—00 Im 4

T—00 €T

D, w4 DRE .
BEIZ, ((s) DIEFEARER p=F+iy DB v D Z E—IRIHELTH 27551,
a3y H—DEBIZEDEH 4 OFHBHIZE IS 2y 2L D HEHIGERNZ ENTE,

lim sup 3
z—oo M4

DENIYE0N

lim inf =
rx—o0  pMTy

DERPEOEHICONS. BERNGRHERIIROEHDO L SIZXe Do N5,

EIE 5. ([GS21, Theorem 5)) ((s) DERDERMEDHE LR B FERDBEOHAD Z
M T H B TS,

LY la(p,m)| BFEET NI,

En, Y
lim sup—(:i) = 00 Mo lim inf (:(;) = —00
z—o00 M r—o0  pM—y
DD SED.
2. m > 2, cp =, la(p,m)| BT AL
Em Em
lim sup (l;) > Cm VIR lim inf (xg) < —cp
z—ooo M4 r—oo M3y

NP RVASH

m>2 D& E, ((s) DIFAWPRER p 2SN Y |a(p,m)| BINHKT 2 LIRS
W2, TS OREDOTTIE, CELSFDINP2DWVWTNDLDRHEOIDDTH 5.
—H, m=1ThbLE, ((s) DIFHWPRER p Z2IESHI

NS 1y S| 262608~ 106556 — )
2 lalpm)l =D lale Dl =3 | = e - e

MEET B0, EME5IZLDIRODIENEZS.
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F. ([GS21, Theorem 5]) ((s) DEBEDOERMEDHEZ 5
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lim sup —— = oo VIR lim inf (z) =
T—00 x4 T—r00 T

PN

A A RVAS
Z DOfERIE, FEBFE & Goldston [GS20] 23FEEHH U 72

)

N

Ei(z) =Q4(z

DT SRR LR 5.
m>2DEFEIZRED, EH 3 LEH 5 OfEREZELENIE, &MEFET

lim sup - & lim inf -
z—oo M4 T—00 M7y

DIEPRFETE S, ((s) DIFAMABER p=F+iy BT =1 2hkd (V—<
¥R, o, —fiThBHE L, HIZ, FEOERMEOHELRDS v DAL Z L
“UMNLTH B LT D, Gonek-Hejhal PAU (4.4) DAL TN, ¢ =0 Jalp, m)]
PIPCRL, EH3ICKD,

|Ep(z)] < (14 0(1))epna™
Thy, EH5I12kD,

Enlo) - Enl®) _

lim sup = > & lim inf = < —cp
z—oo ™M1 T—oo  pMT3
NDAIRVASY SN
lim sup m 3) =cCn & lim inf m 3) = —Cn
=300 M1 x—00 My
LB N5,
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