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1 Introduction

This article is an overview of the paper [7]. A Bott tower of height n is a sequence:

M, ™% M,

B M D My = {a point}
of complex manifolds M; = P(C@ E}), where C is the trivial line bundle over M;_4, E; is a
holomorphic line bundle over M;_;, IP(-) denotes the projectivization, and m; : M; — M;_;
is the projection of the CP'-bundle. We call M; a j-stage Bott manifold. The notion of
a Bott tower was introduced by Grossberg and Karshon ([3]).

A generalized Bott tower is a generalization of a Bott tower. A generalized Bott tower
of height m is a sequence:

Bm 7T_m> Bm—l 7Tm_>—1 cee B B1 g BO = {a pOiI’lt},

of complex manifolds B; = P(C & E](-l) D P E'j(nj )), where C is the trivial line bundle

over Bj_i, E](-k) is a holomorphic line bundle over B;_; for kK = 1,...,n;. We call B; a
j-stage generalized Bott manifold. A generalized Bott tower has been studied from various
points of view (see, e.g., [1, 2, 4]). A generalized Bott manifold is a certain class of toric
manifold, so it is interesting to investigate the properties of generalized Bott towers.

In [3], Grossberg and Karshon showed the multiplicity function of the equivariant
index for a holomorphic line bundle over a Bott manifold is given by the density function
of a twisted cube, which is determined by the structure of the Bott manifold and the line
bundle over it. From this, they derived a Demazure-type character formula.

The purpose of the paper [7] is to generalize the results in [3] to generalized Bott
manifolds. We generalize the twisted cube, and we call it the generalized twisted cube.
It is a special case of twisted polytope introduced by Karshon and Tolman [6] for the
presymplectic toric manifold, and it is a special case of multi-polytope introduced by
Hattori and Masuda [5] for the torus manifold. We show the multiplicity function of the
equivariant index for the holomorphic line bundle over the generalized Bott manifold is
given by the density function of the generalized twisted cube. From this, we derive a
Demazure-type character formula.



2 Preliminaries

2.1 Generalized Bott manifolds

Definition 2.1 A generalized Bott tower of height m is a sequence :
B,™ B, , ™"... 3B 1B, = {a point},

of manifolds B; = P(C 4 E](-l) DB E](-nj)), where C is the trivial line bundle over

Bj_i, E](-k) is a holomorphic line bundle over B;_; for k = 1,...n;, and P(-) denotes the
projectivization. We call B; a j-stage generalized Bott manifold.

The construction of the generalized Bott tower is as follows. A 1-step generalized
Bott tower can be written as B; = CP™ = (C™*t1)* /C*, where C* acts diagonally. We

construct a line bundle over B; by Eék) = (Cm™H)* xex C for k = 1,...,ny, where C*
acts on C by a : v — a “v for some integer c;. In Eék) we have [z10,...,21n,,0] =
(2104, ..., 21,0, a%0] for all @ € C*. A 2-step generalized Bott tower By = P(C & Eél) &)
.- @® E{"™) can be written as By = ((C™+1)* x (C"2*1)*) /@G, where the right action of
G = (C*)? is given by
(z1,22) - (a1,0a2) = (21001, 21101, - - ., 210,01, 22,002, AT 22102, . . ., ai” 29.n,02),

where z; = (20, 2j,1,- - -, Zjm,) for j =1,2.

We can construct higher generalized Bott tower in a similar wa;z. In this way we get
an m-step generalized Bott manifold B,, = P(C @ EVao...¢ E&m ) from any collection

of integers {CE?}
By = ((C™F1)* x o x (C™ 1)) /G,

where the right action of G = (C*)™ is given by

A /
(Z1y. oy Zm) A= (2,29,...,2,),
— y — _ X
where z; = (2;0,...,2in,) fori=1,....,m,a=(a,...,a,) € (C)™,
JO) e ) (n))

I OV R B I S i Ci-g _
z) = (21001, 21101, - - ., 21, 01) and 2 = (zj 00, a, a7 zjiag, . .4y a3 2jn;a)
for j = 2,...,m. We can construct a line bundle over B,, from the integers ({1,...,¢,)

by
L= ((C"hH* x ... x (C")*) x4 C,

where G = (C*)™ acts by

(z1,...,2m),0)-a=(z),2),...,2, a4 ---a‘mv). (2.1)
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2.2 Torus action on generalized Bott towers

Let N =37 n; and let TV = S* x --- x S*. We consider the action of TV on B,, as
follows:

(tl,...,tm)' [Zl,...,Zm] = [tl'Zl,...,tm'Zm],

where t; = (ti1,...,tin,) and t; - z; = (2i0,ti12i1, - -« tim, 2in;) for i =1,...,m. Also we
consider the action of T =TV x S* on L as follows:

(tl, e ,tm,tm+1) . [Zl, ey Zm,U] = [tl “Zy, ... ,tm . Zm,tm+11}]. (22)

2.3 Generalized twisted cubes

Definition 2.2 A generalized twisted cube is defined to be the set of x = (211, .., Tmn,,)
€ RY which satisfies

Ai@) € w0, 2ip <0 (1< k< ny)
k=1

or 0 < lek < Ai(z), 7, >0 (1 <k <ny), (2.3)
k=1

for all 1 < i < m, where

—lp (i =m)
Ai xTr) = n; .
) {—(& Y T ) (1 <i<m 1)

Definition 2.3 Let C' be the generalized twisted cube. We define sgn(z; ;) = 1 for
xix > 0 and sgn(x; ;) = —1 for z;;, < 0. The density function of the generalized twisted
cube is then defined to be p(z) = (=1)V [, , sgn(xix) when z € C and 0 elsewhere.

2.4 Equivariant index

Let L be a holomorphic line bundle over a generalized Bott manifold B,, with the action
of the torus T" as in (2.2). Let O, be the sheaf of holomorphic sections. The equivariant
index of a generalized Bott manifold is the formal sum of representation of 7"

index(B,,, Op) = » (—1)'H'(B,,, O)

The character of the equivariant index is the function y : 7" — C which is given by
x = > (=1)%" where \*(a) = trace{a : H(B,,,Or) — H(B,,,O1)} for a € T. Let t be
the Lie algebra of T" and let t* be its dual space. Every p in the integral weight lattice
¢* C it* defines a homomorphism M : T — S'. We can write y = > per- mpAN. The
coefficients are given by a function mult : ¢* — Z, sending p — m,,, called the multiplicity
function for the equivariant index.



3 Main results
In this section, we state the main results and give the example.

Theorem 3.1 Fiz integers {cl(lz)} and {{;}. Let L — B,, be the corresponding line bundle
over a generalized Bott manifold. Let p: RN — {—1,0,1} be the density function of the
generalized twisted cube which is determined by these integers. Consider the action of
T =T x S*. Then the multiplicity function for ¢* = ZN x 7 is given by

_Jelz) (k=1)
mult(z, k) = {0 (k£1).

Definition 3.2 Let {e11,. .., €mn,,emr1} be the standard basis in RN x; = (2;4,. . .,
Tin;) and €; = (ei1,...,€in,). Let Ay = {z = (21,...,20) €Z, | 214tz = —7"},
and let A+ ={z=(21,...,2%,) €Z% |21+ -+ 2z, =r —1}. Then the operators D; :
Z[T) — Z[T] are defined using c( ) and ¢; in the following way:

’ Z Z A (iei) if ki >0

0<’r‘<ki J?iEA_

ng,Tr

D;(N') = if —n; <k <—1

Z SO (—aaetEe ik < - 1,

[ nit1<r<—ki geAd

ng,T

where the functions k; are deﬁned as follows: if = epq1 + D00, Dol Tjkejk, then
k( )_E +Z] z+12k 1clj'rJ7

From Theorem 3.1, we immediately obtain the following theorem.

Theorem 3.3 Consider the action of the torus T. We denote the (N + 1)-th component
of the standard basis in RN*Y by eny1. Then the character is given by the following
element of Z[T] :

X = Dy--- Dm<)\8m+1)‘

Example 3.4 Suppose that m = 2,n1 = 1,no = 2,¢; = 1, and {5 = 2. We set cglg =2

and cg = —1. Then the generalized twisted cube is the set of x = (211,221, %22) which

satisfies
o —2< w1 +a32 <0, wa1,722 <0,
o —1— 2.%271 + X2 < T1 <0or0< r11 < —1-— 2$271 + x99.

In Figure 1, the black dots represent the lattice points of the sign +1 and the white dots
represent the sign —1.



($1,17$2,1,332,2) = (07 -

_2>

Figure 1
The corresponding character y is given by

€,
X = D1Dy(A%)
_ e3 e3—ea1 e3—ez 2 e3—2ez 1 e3—ez1—€22 e3—2e2,2
= Di(A® + A + A + A + A + A
— )\ \®3TeL1 4 \€37€22 | \e3—e€22—€l1 | )\63—82,2—261,1 _ )\83—282,1+61,1 _ )\83—262,1+2€1,1

Lo Te2 e g )\83—262,2 + )\63—282,2—61,1 + /\63—282,2—261,1 + )\63—282,2—361,1
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