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Abstract
Two zeta-functions associated with the classical Poimsaries attached to mod-
ular group are introduced. Integral representations, transformation formulas and
some functional properties are given. As an application, we obtain two new proofs
of the Fourier series expansion of the Poigcseries attached ®L(2,Z).
This manuscript is a summarized version of [No1] and the forthcoming paper [NoZ2].

1 Exponential type generating functions

LetH = {ze C | Im(z) > O} be the complex upper half plane. LEts) be the Gamma
function,F (a; y; z) be Kummer’s confluent hypergeometric function of the first kind (cf.
[Erl, 6.5.(1)]),Jv(2) be the Bessel function of the first kind, ahdz) andK, (z) be mod-
ified Bessel functions (cf. [Er2, 7.2.1 (2), 7.2.2. (12), (13)]). Throughout this manuscript,
{(s) and{(s,a) denote the Riemann and the Hurwitz zeta-function respectiyéw,)
denotes integration over a Hankel contour, starting at negative infinity on the real axis,
encircling the origin with a small radius in the positive direction, and returning to the
starting point. We write/"oggz) an integration taken along a rotated Hankel contour, start-
ingeatooé(—zmre), encircling the origin in the positive direction, and returning to the point
oog?,

First, we introduce following Dirichlet series:

lexpii (S1;2) i= ieXp(_(zﬂ\ Z/)inJrZ)). 1)

*takumi@ge.ce.nihon-u.ac.jp

TThe author was supported by Grants-in-Aid for Scientific Research (No. 16K05078), Japan Society for
the Promotion of Science (JSPS) and the Ministry of Education, Culture, Sports, Science and Technology
of Japan.




Here, letze C\ R, Re2miA /z) > 0 and 0< Re(z) < 1 in (1). Then the power series
expansion involving the Hurwitz zeta-function

lexpii(SA;2) = i (_szl)‘)m

m=0

{(s+m,2) @)

holds forse C\ {1,0,—1,-2,...}, and we have

Theorem 1 ([No2]) Let ze H, 0 < Reg(z) <1andA > 0, and assumer < 6 < 3r1/2.
Then an integral representation

KS_1(2\/G) du
(3)

holds for se C\ {1,0,—1,-2,...}, which provides a holomorphic continuation to the
whole s-plane except onss{1,0,—1,—2,...}. Above integral representation gives the
functional relation

Zexp.ll (5;)\ ; Z) + (_1)SZexp.llw(S; —A;1— Z)
= 2mie "™ S (n/A)® V220 (amivin), (4)
n=1

(ZL)\)*S /(0+) u(s—1)/2gzu/(2miA)

y oy S\ 1—
{expll (S A;2) = (2mA )5 (s—1) + T fewe 1 @i/ A)

forse C\{1,0,-1,—-2,...}.

2 J-Bessel zeta-function
Let8 > 0,v € C andsbe a complex variable. Next, we defiddBessel zeta-function of

orderv —1 as follows:
. . ol JV_]_(Z\/ GI’I)
Jv-1(s,6) := n21W' (5)
By the estimates of th&Bessel function, the Dirichlet series above converges absolutely
in the region Rés) > 0when Rév) > 1/2, and converges absolutely in the regior{$te-
|13/2—Re(v)|/2—1when R¢v) < 1/2. For the specific case,is an integer),_1(s; 0)
converges absolutely in the region[®e> (1—v)/2.

Theorem 2 ([Nol], Theorem 1.1)Letv € C andf > 0. The J-Bessel zeta-function has
an integral representation

v+1
2 (=s) [0 ue R
27l (V) /_w 1_epu (TSVi—udu ©)

63+
Jv-1(s,0) =



which provides a meromorphic continuation to the whole s-plane. Further, the transfor-
mation formula

v—1

Jv_1(s0) = 9=T7( 2r€\f;S)n__m7n¢o(2mn)SF ( SV, Hen) 7)
holds forRe(s) < —1, and the power series expansion
Jv-1(s0) = i %iﬂml((sjtl—m)(_e)m’ (8)
m=0 .

holds for sc C\ {0,1,2,...}. The J-Bessel zeta-function also satisfies the following re-
currence formula:

Y
NG
Remark 1. The power series expressions (2) and (8) are one of the generalizations of
Ramanujan’s formula [Ra] (the binomial type power series):

Jv-1(50)+Jy11(s—1;0) = Jyv(s; 0). 9)

{(s,1+Xx) = i I'rs+m Z(s+m)(=x)™, (10)

for |x| <landse C\ {1}. An exponential type series was initially studied by Chowla and
Hawkins [CH], and Gauss’ hypergeometric type and Kummer’s confluent hypergeometric
type series were introduced by Katsurada [Kt]. For related results and generalizations of
Ramanujan’s formula (10), refer to [SC].

Remark 2. More general zeta functions twisted by hypergeometric or Bessel functions
are treated by Kaczorowski and Perelli [KP4]. They derived meromorphic continuations
of these zeta-functions via the properties of the nonlinear twists obtained in [KP1]-[KP3].

3 Relation to the Poincag series

Letme Z-p andH = {z€ C | Im(z) > 0} be the complex upper half-plane. We denote
¥(2) = (az+b)/(cz+d) for y= (28) € SLx(Z), and use the notatio(® = exp(2r1iz).
Letk > 4 be an integer, and define theth Poincaté seriesattached t&Ly(Z) of weight

k by

- e(my(2))
Pmk(z) T (_1)k{;} (CZ—l— d)k (11)

Here the summation is taken ovgr= (; §), a complete system of representation of
{(6%) €SLa(2)}\SL(Z) = {(c,d) € Z? | gedc,d) =1, ¢ > 0orc=0,d = 1}. The
functional relation ofCexp.1(S;A;2) or transformation formula od,_1(s; 8) induce the
following proposition which leads to the Fourier expansioil(z).



Proposition 1 Letu > 0. The equality

00

2n(-1)8 Y (E) Cdea(amymeng = (-1F 3 e(‘é‘i 2

holds for positive integer k.

Remark 3. It is easy to see the functional relation (4) is equivalent to (12). To show

(12) via the transformation formula (7) is rather complicated (see [Nol, Proposition 4.1]
). As is well-known, the equality (12), from right side to left side, can be shown by using

Fourier transform. Our procedure in the proofs of Proposition 1 differs from these existing
methods.

By the definition ofPX(z), we see

e(my(2)

Koy _ ¢ vk ok
PX(2) = (—1)*e(m2) + ( 1()0 , e; . ez ) (13)
gede,d) = 1

According to ordinary steps, we rearrange dhgum inton-sum with finited-sum modulo
¢, and apply Proposition 1 with taking = m/c? and replacing by z+d/c. Thus, we
achieve the following;

Theorem 3 (Fourier series expansion of the Poincé@ series)

PX(2) = (—1)*e(m2) + (~1)% 27 i(%) 7

Z }Kc(m, nN)Jk_1 (4—n\/mn) e(nz).
& c C
Here, the Kloosterman sum is defined as follows:
Ke(mn)= ¥ e(md+nd), (dd=1 modc).
d modc C

gcdc,d) =1
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