Boundedness of bundle diffeomorphism groups over a circle
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1. Introduction

Z DA TIE, 77 A N—HOWD RO HEOAFMEIZBI L T \HHE K Lot
RS IZBWTRHONFERD D B, Bk 2HEH L LT, HE DT 714 N—HDY;
B ORRE T D [9).

Py [FAEAE (D BALERE K ) OFFIEIZB S 2585 TIE, BIZRRIKOM RO —
RS - —RREHTIME (ZBEL T, D. Burago, S.Ivanov, L. Polterovich [3] (2008) (2 & % #f
D TR P HAA K Vb IZET 2 —BRINe B R & 3IRICES KOS FFEED —
BRoeet BT aERICkE, IR0 —Hom [14, 15, 16] (2008 - 2012) 2 &b,
BAZ BRAR (IR00 # 2,4) O FRIMEREO —RRFE2ME - —FREHUME [2BE S 2 L FE M2 1A
BFonTWd. £/, MESMNT TR > 2 Ot oM R —FEE T2
ZEBHonTWD, o7, HHELOFEREZIMIEL T, BRE2FED>a /87 PERRIK
X B RRIR O FAERE D —HRoS RN - —RREFIME (2B 285 2% &, T. Rybicki &
O EH OIFASE 8] LB WVWTRHLN TV,

. ([8]) M % n IRt @k ZRIR (n #£2,4) 2L, 1<r<oo,r#n+1&7353.

(1) M 28 a2 80 M Ehkik D& &, Diff"(M,0) 1& —FREM 705,
on=2m+1(m>0) D& EFITiX cldDiff"(M,0)y <4 &785.
(2) M 2 BZRRIK DL &, ROELEIT
Diff"(M)o 1& A5, —k582 72D Difll (M) (& —HREAM 72 5.
i) n=2m+1(m>0).
o ZD&&E, cdDiff ' (M)y <8 2D cldDiff(M)y <4 &725.
(i) n=2m (m >3) T M P ROFZMED 1 DZEmZT.
(a) M 1 n oG FHZERIK B WREZRRIK TH 5.
(b) M I EBRME D n Rog 3287 b ZRAIK D@L 2EEEZE D (DbiZETF
T) BRESRA TH D,



WA RFRIZ DWTIE, BHZ SROTIZTBWT WO FME 2 1Y b ¥— OLRIZHIFIA D
NI LT, EORBREENBERMEONTVED, LA ETEZ SN iE%HED
W IR DR A REZ B WTIE, WA FRMEOLRIENT LS ARETIERN. ZOHT,
BIP X fFHEE OFMBILRTE S HRe LT 7 7 A N—HOWH MO KT H#E H3%
Fonsd., ZhsOMARMEED (—) 2t 220\ TiE, Lie HOBHHB/FEHADOTTO
250000 RIARRE D& W8, Bl - #8JF [1, 7) X J. Lech, 1. Michalik and T. Rybicki [11] 5
I DERINTEY, £/, BHELT, EEZROMOFEHMOKR TR O5aI1c, Tt
T. Rybicki, fiJt S512 & 2058 [6, 12, 13] 3 5.

7 7 A N—HKHOMWAFEFERE ZDOWTIX, 774 NN—=HMIZIET7 74 N —HOWGERED S
EEDMER MDD DOERIZET HHHIDBELT 25, EZM A IXHIEEN 72D,
ZDIERZEBAANIENT FIEOHKR WHEATE LI 8245, ZO—RINRFRERIC
B3 2MIZROBE L U, SR BREN & LT EEE 5 [ 05512200 TH
W5 [9. Z0HE, EEMIEHEMAEMTHEA, T 1ML, 774 N—H
BT 74 NN—DRD OMBEVNEBEKL T, 7714 NN—ROEEGHH (HEEK
ZERWT) IEEMITHIIE, 7 7 A N ROMAFRMEEIIEAE IR Z L bn b,

0. HERHE — KR & EBERR

WO FMBEE ZE R, 774 NN=H 1: M — B © 5 FAERE Diff” (M), 1S HEAREZ
oI, FEE, & f e DIffl (M), 13 BZEEOMDFM f € Diff"(B), 2EH, ZiUlX
DEEINSE PHERB P . Diff7 (M), — Diff"(B)o, P(f) = f, ® &% Ker P | Diff’.(M),
O EAPREMBOMEZ GRS, DL E, I5ITERERT S L, Diff’ (M), i Ker P
ZELT AT CHIAT 2ERICE W THNIIZ M 22 2 ebnd. ZORITIE, 8
X7 —RRELAIME OBESOBA KO BIHERRIZE 2 HARHIHOBEM AT 5.

2.1, HEER/ VL & BXH —RRE M.

BT IZPWT, MEINAERERLE VLA O 1 DO LKL PR TEHER SN
%:8 %7 OWMHEET, WA (S =571 D BELE (9gSg =5 (gel)) &5 5.
IorE, S THEEING T OEBEBIHE N(S) IZ2WT N(S) =Up, S* 2 DL,
U7zhio T, BRIRI NIz KAL) VA qrg : T — ZsgU{oco} & IRTEET DI &
MWTE5:

q,s) (9) == {

— Iz, BRERE N HIEAE VL ¢ ITHUT, &5 ¢dl IXT @ ¢ iIZBET2ERE
qdT :=sup{q(g) | g e T} &ET.

min{k € Z>o | g = g1 g for some g1,--- ,gr € S} (g € N(5)),
s (g€l — N(S)).



Bt ge T ITNULT, HBER/ VA ( IFRTERIND. Jig D HEH % C(g) T
#£LU, C,:=C(9)uC(g™") £BL. N(g)=N(C,) THYH, C, IF T IZBWT X 5D
HAGARLE THEPS, T Lo BRI N ERLE ) VA qro,) BEBSND. 2O/
L% ¢ TRU, g CBT2 HBAEK VA EIRSR T =T —{e} &8, BT A —8
Bl THHLI, ((gel™) B —AR THBHIL, Thbb, H5 ke Ly Hdo
T, FEOD f,geT,g#e CHLT, fidgddWidkg ' O O F@x ki ORiE
LT2itd ZeThd. —RREHMEE (X BMTHD. 51T, D gelITHLT A
GRZOE, TIFERTHD. EBE, BLEEZ 2D <kX56I, [ LO FEDHL
I NI IEALS VD g I UT g < halg) BRY LD, ZOREELEDS, ROB
BEMEEATLILIZEARATHS. N2 T O ERSBOHE &9 5.

EFE. [ AN IZEU THYIZ —FRFH (uniformly simple relative to N) TH % & &
( (9ET = N) ¥ —HRAR £2HILTH2.

BED 2% N IZBHU THEXANIZ —FREM o =, T © FEDOEMREEE LIZBALT, LC N
or L =T 2% 0D,

2.2, BERB.

ZOMITH RO 2 HET BN S L 5 5 SR 1B 5 AR %
HIL, D EOBEK o T - R I ROFMEEH /T & & HE¥ERY (quasimorphism)
XN D,

Dy = sup |p(ab) — p(a) — (b)] < occ.
FEERRL o 45 & 512 RORMEWETLE, o X HFR THBLED.
o(a™) =npla) (Vael,VncZ)
(1) ¢ 75T EO BAM Or %, B 7:T > R: p) = lim 29 i1

n—o00 n
FIRGHERR 7220 |p(a) —P(a)| < D, (aeT) HEHILD.
(2) @ T kD FRFEHER D& &, RHPEY LD,
(i) @& HEAZE THD (ie., plaba™') = p(b) (Va,bel)).
(i) (a) S})l}%\go([a,b])\ =D, (b)l:=cldl'<oo = |¢| <(20-1)D,
(iii) E%%)e D>D, (P2 D>0)2&b, ROBEK ¢ 25X 5.
q:I'=[0,00): gqla):= {’OSO(G)‘—FD EZiZ))
gl T ED BEARLE VL LY, ¢ AR <— o: AR B,
(3) T 2% A S B¥EHE 2 KT, T X IE—kkee D AR TH 5.



3. 7714 N—ROWHEHHEEE

3.1. —RHIRER.

DM TIE, 77 AN—RKIIB T DHEHZROERTHVWO NS, N &2 O™ Zfk
e L, T 2 N O Mo HEMEE DIf°(N) Ofake 5. 7743— N 2D C® 5
FREBHR 7 : M — BIZXUT, m @ T-atlas &%, = OREFTEIL O {(Us, ¢2)}rea T
RDZA 2729 D2 EKRT 5.

B=UeaUx 22 (u)gler), " €T (YA ue A, YgeUnnU,).
ZZT gy YUy —» Uy x N, DIy, x = Tle1wy), (@a)g 17 Hq) =N TH5.
T7AN— N, BEHT 22 774 7N—%H (or (N,I) 774 NN—H) &%, 7713~
N %§D C™ [FFrBWHE 7: M — B T X T-atlas {(Uy, o)) }ren 2 EIN7HDT
HoH. O WK T-atlas IZET 2 REATARML 2 207 714 NN—ROEFEBME & IFEER.
FqeBIINUT, B, :={(pr)g | NEAqe U} &, 7741—7171(q) ED (N,T)-
g 2 EDTVS.

AN, m: M =B % 774°—= N, #@#t I 22 C* 774 3=-HK &L, re
ZsoU{oc} &9 5. 7 EO O W HEF L1k f € DIff (M) TROZXMEETE-ZTHDEE
7 SERRN

(i) «'f = f for some f € Diff"(B),

() (pu) fa (o) €0 (VA €A, Vg e Uy £(U).

ZIZT, form Mo =at(flg) X &M () LVEXD 77 A N—DRED C" MrFEME T
bH%. g5 DIffL (M) Tr kO C" W RN 2RO 27 .

Fre, m kO CT AV M= 2IEF M EOCT AV M= F: Mx[0,1] M ThH->T
F, € Dff’.(M) (t € [0,1]) 722 DEFEWT 5. 5 Isot (M) 1, # LD C" 1V b
Y— FTF=idy £226DERDOKITHERT. TOXIURHETE, DIffL (M) IZH
5 idy QA E (RiAE FWSIZ) Diffl (M) = {F) | F € Isot” (M)} &EHI N
5. EHELD BB R:Isot” (M), — Diff'(M)y, R(F)=F (& &4 % B TH
D, ZOKIFIRTHEZ 6N 5: Ker R =Isot] (M )iqiq = {F € Isot (M) | Fy = Fy = idp}.

% F e lsot,(M)o 1¥ F = (Fiepa € Isot’ (B)y ZED, 77 AN—HKIZEIFTD AV b
E— Of5 RIF EEAIZL D, ROGHIT R4 5 BEERE s,

P : Tsot(M)y — Isot"(B)o, P(F)=F, P:Difi"(M), — Difi"(B)s, P(f) = f
BEIZR LT AV b= X HEE OB ZHRLU2WEEIZE, ROGES5E2HAW5S.
C C BIZXUT Isotl(M,Supp(C))g:={F € IsotL (M) | F: (f)} :

(1) Supp F C 7~ (D) for some closed subset D of B with D C IntgC'.
I 5T, WO RMEEIZDOWTIE Difff (M, Supp(C))o = R(Isot! (M, Supp(C))o) &HX.
4



3.2. KKICAERD RBTR.

W FMBIIN LT, BRIKIZBZR ORI 2V R E 28HRTDHILHT
&, HIRER ) VL OFHMBICAE TH o7z, TD 7 74 N—H K I, IRORIZERI N
%. 5 B (B) TBDOHOD KK 0D C" BRjik 2EDHEEE2HRT. & DecB(B) ioxt
LT Diffl (M;Supp(D))§ := {[a,b] | a,b € Diff’ (M;Supp(D))y} &HE,

&0 [a,b] & D IZAEROLHT LIRS, Difft (M), DENES
=U {Diﬂr (M;Supp(D))§ | D € BT(B)}

&, SR D HIEARE 72005, §2.1 TRARZEEEIC LD Difff (M), ED HEERS Nz
HYAE ) VL DBEFRINDE. TNk 5 b, TRLU, REKIZEZR D ZBTE LI
. W R DS E DFERORE L UT, IROMEDED L.
.

(1) ¢, < 4clb, in Diffl (M), (Vg € Diff” (M), — Ker P)

(2) clbd Diff’ (M)y < oo = Diff’ (M), : Ker P (25 U CTHIXHIIZ —REHH

4. AALD Y RV B EEEE

4.1. HEAL® winding number.

FIE S BT WEAHR Z 28> WEHE rg R R/Z2S' 22 5. P(ST) TS
EEE ¢ [0,1] — ST BIKDOESEERT. DR, fiROD, 1=(0,1 5L, &
c € P(SY) ® winding number |[FIR TEZHRI N D.

A:P(SYH — R: Ae):=¢(1) —¢0)
(272U, Ce PR) F a1 DFTD c D EED) 7+ THD.)

T M—S'% 77AN= N, BEHRT 2FK> C* 774 13—R &L, r € ZoU{oo}
9%, mpe S ZEETS. & F e lsot (M), & F € Isot"(B)y ZE®, EF, =
E(p,x) e P(SY) 2135, TNIZXD, ROBEBPEHRIND.

vilsot, (M) — R: v(F)=\£E,)
V(F) 3 A4V FE—FOTFTD 7743— 77 (p) ® winding number Z#]> T 5.

B v 13 RO MEE 2R,

8. v(HG) =v(HG)+v(HGy) = v(HGy) +v(H:G) (VG, H € Isotl(M))
(1) v(HG) =v(H) +v(G) (YH €lsot.(M)o, VG € Isotl.(M)id;ia)
v(F Isot! (M )iaia) = V(F) + v(Isotl (M)iasa)  (VF € Isotl (M)o)
(2) W(HG) —v(G) —v(H) <1 (VG, H € Isot? (M))



il - E.
(1) BA%L v : Tsotl (M)g — R 1% 24 ¥R TH 5.
(2) v D FBIHE Tsot] (M )iqa ~NOHIRIE Z (T2 K ORI 2705,
(1) v(Isotl(M)igu) = kZ %Ziii7=3 k=k(m,r) € Zsy M—RIZTE 5.
(ii) v : Isoth (M )igia —» k7Z : 25F FEUE A B
(3) IRD 5ERH 2HZ 5.
(%) 0 — Isot,(M)iga C Isot, (M), i Diff, (M)y — O
F F
(Ri, Zy,) := (R/KZ,Z/KZ) B &, #Hi# (1) &b ROBEBPHFSNDS.
)

v Diff (M)o —» Ry, v(F1) = [v(F)] (F € Isoty (M)o)

(4) B D ¥, X5ITROBEKEEDS.
(1) Vlkerp : Ker P—» 7, : HEYER Y

(i) (Plkerp)™ : (Ker P)/(Ker P)y = Zj : Hf[FRIEY

4.2. FEEHE.
Diff? (M), @ A5 IZBL T, k> 1 0G&E

B ehbnb.

& k=0 DHETH, o FORKER

1] k> 1 DBE

(N,T,r) iZBELTROFKM%2EZ S,

RE (x) 0: LR 774N— N, HEER T 28> B 2 774 N—H 2 51E
Diff? (L) & 5648 (272 5.

r>1,r£208E, FE X BHTEAR X ZOHREEZTHE T I RO NT WS,

1.
(N,T,7) B AE (+) BT LT B, ZDLE, WA

EE 1. k=k(m,r)>1&L,
URVASN
(1) f € Diff (M), D(f) =[s] €Ry (se(—5%]) = cbof <2[ls]|+3<k+3

(2) clbrdDiff” (M)y < k + 3.
(3) (i) Diffl (M) % Ker P 12 U TN —FREAE TH 5.
)

(i) Diff(M), 1% AR ThH5.

2] k=0 DBE

ZD%E, (R, Ziy) = (R,Z) DT, §4.1 Of# (3) &0 ROKER 2155.



B 2. k=k(m,r)=0 O&Z, RHPHKDLD.
(1) v: Diff (M) —» R 1% &4 SR TH 5.
v:KerP —»7Z & 25 FHY¥ERL TH 5.
(2) Diff,. (M), & FEAF o E—kkii® TH 5.

4.3. Attaching map.

T77A4N— N, B&E#E T 28K>2 774 °N—H 7 : M — St & 5 attaching map
¢ € I' < Diff*(N) ZH\WT a mapping torus m, : M, - S* 2 LTRIND. ZDk
&, IRHPED LD,

WRE. k= k(m,,r) = ¢"~idy (a C" isotopy)

INZHWT k=0 25023 H5605.

Bl. N=T?=R?/Z? (atorus) D& :
% Ae SL(2,Z) & #IPMDFM o4 € DUI™(N) Z2ED 5.
ALUT A" £ E, (neZ—{0}) £725BDEERE, k(r,,,r)=0 &745.

— /i, I A 22827 b Lie Bt O%6&, F£ED ET R 7: M — SHIZOWT k(r,r) > 1
ERBIENDLNS.
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