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1 Introduction

X %R O fZHEr 35, X Lo CCRY -~ VHER2KDOLRTEELZ MX) T 5.
M(X) % scaling TEl- 7-F2=H

R o\M(X) := {R>og | g € M(X)}
2HEZB. Rog\M(X) LICHTUEF < #EFREBHORA NI > TED S ¢
R>09 < Rsoh & Isom(X,g) C Isom(X,h).

ZorE JEFREES (Ra\M(X), <) AT 1ZMAZA50 72 ZHUio%h, [V —< U 3ED
BLELZ “FREZBBHOAN WS MERETIIN 28 &, BKICBWEEBEMAIES S50 ?
LWOHBWTH . ZDORIWVITHS 3 &,

Proposition 1.1. X FDOZHZEFHE g € M(X) 1L, Ragg € Roo\M(X) BIEFEE
(Rso\M(X), <) DMKITT D 2 72 DREA TR (X, g) B isotropy BEKIZERTH B Z & T
H5.

Z T, (X,g) »isotropy BEIZERITH % L 1%, Fralp € X 1T L, p B 2#HE isotropy 3|
Bl Isom(X, g)p ~ T X DEEIRBICIR 2 2 8 TH 5. 52075 isotropy BEFIZEHNE § T A
L TW3 ([10, 8)]).

ZIT, 4 MX) % scaling TH| o 7= 22T 23 2 7223, b D IZ M(X) % scaling & “B
S FIMEEE DIff (X) © Elo - TRIBED Z e 2EZE X TA LS. 2D, M(X) RICFEMERER ~ %

b e DBEAS0EIHL, (X Ag) ¥ (X, h) ORI
9N meEE o e DIff(X) BFEET S

12 X o TED, B M(X) /o = {[g] | g € MX)} CIEF < GELALRERES) *

[g] < [h] :& 5N €[h] PFELT, Isom(X,g) C Isom(X,h')
& 5 e DDiff(X) BEEL T, plsom(X, g)p~! C Isom(X, h)

1S A T8, RO M 7 & .
*2 EHFEE (S, <) KNLT, s € SHMATLTHELIE, s <t BB s=t MDD L.
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WEoTEDZ. ZOot % JEFES (M(X)/w, <) DMRTLEIIAITHAI0? 20 T iK
DTHERZTAXD.

Definition 1.2 (T.). FMEE [¢] € M(X) /. DIEFES ON(X)/w,<) PHATTH 3 & X,
g € M(X) ZHARFHE L LS.

MOREMELE, [ FRARE O Diff(X)-EEHEO KRN b WS lifEREEDD &, MAORE%Z S -
TeEME) LRERTES. BE g e M(X) HWEAFHETH 272D DRBE+FDHRMA

Isom (X, g) C Isom(X,h) = [g] = [h] (%)

ERBZIETHS.
SEfi 7% isotropy BERVETE g (i.e. JHFEE (Roo\M(X), < DMAIT) EBAGEICK->TWVS
ZEDBUTronh5 !

Proposition 1.3. it g € M(X) Z7MHKaT R, G = Isom(X,g9) & L, Me(X) & G-AER
V- VETBOLTEREL TS, ZoE, UMTRAEE:

(1) (X, g) & isotropy BEFIZE[H,
(2) Ma(X) =Rsog.

FZ, B X 3a vy b o, MKEHE & isotropy BERET R OMERIEFEIEIC > TLE S 2
EWGmD. —7, 2B X IEa T M 5IE, isotropy BT E TR WK EN S EICHFE
T5.

BAREOBERIZY —< VEIRBICH L TR TR, BV —~<YEESC W) > v o740 v o8
e () EENGEICH L THRMBICERTE 2. oM REBMFEICOVWTIZSHEIED % D fith
RO, BIRD X512, V-~ Y OFERE T, MAMED BEHZ/ED LT VEED RWIRID H
% (Remark 4.7 Z/R).

2 FIEREFENOECHELECEAEE

MAETEZEZZEFN—aryD 12, itd&EEGERD A SHLUE D BMARE o 4G5
H3. S(X)% X LD C®HFMFr (0,2)-7 VY LVDOEEL T 3. FFEEEAEA L, BB
R:MX) = S(X)IIHLEZE 2

59t = R(g:) (gt € M(X))
EWVWHTEOMAFERTHZ. KERE D DIZ, Ricei flow (R = —2Ric), Yamabe flow (R =
—scy - idon(x)) BED D 5. FHEFEEITERXDME {g:}cpo,r) PWECHEBBEL X, FED t € [0,T)
WAL, gt €lgo] BB . TR g ZWHEEL T2EBCHUENFET 2L %, g Xt ERES
2K 9r9: = R(g¢) 1ZRF % soliton (e.g. Ricci soliton, Yamabe soliton ... etc) & PR,

MAFTEDEE (x) DOELIRDTH5 !

Proposition 2.1. FEEEHERX 0,9, = R(g) TN L, BAGFE g € M(X) ZHHEEE T2
i {g:} WERZEEZIRD (i.e. Vi, Isom(X,g) C Isom(X, g;)) 72 613, #E {g:} 13 B CHELUE.
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f# {9} DEREBEZHREORI L LT, B2,
(1) B R 2 Diff(X)-FHZ, $kbbH
R(p*g) = 0*R(g) (9 € M(X), p € DIff(X), *1Z5IZREL)
(2) atit g ZRHAGHR L T 20 {9} DEFEL, BB DO

D2O%MIETHETHIHETDHZ. o % HEREBAENX 09 = R(g:) D g e MX) %
PIEAGT R Y T 2% {g:} GFREWBH R RO, Hl21F, BHEIE R CTEMBFTEICH T 2 Ricci flow
FZD20%i07F ([2]). ko T, HIERMIE R TEMSMAF &I Ricci soliton TH 5.

—fiic, FIEEEABERCH LT, BMOFE L —BEM 2R 2 O3 MIICIFE ICEH L WiE
THH, Lo (1), (2) 2733 EFEESFERIZ Ricd fow BUMIIEH E DHISHTHRL.

b9 10, BHPEEZHEELZFEORIE LTIE, BIR R » Diff(X)-FZET, M ENEFE LG
BTHIHETHD. 2T, itdge MX) PEFEHATH S i, lsom(X,g) 25 X (HEBINIZ/E
H32zZr%2E5.

FHZERgeMX) Z 1 DMEEL, fliHEDLD, G :=Isom(X,g) £ FHL. 6¢(X) 2 G-AZE
BRFR(0,2)-7 Y LVOEE, Me(X) 2 G-AZLRY) —< VitBOEEL T2, 2O %, Gg(X)
WBERRITTRZ M ZERT, Ma(X) & Sa(X) DHEELRDT, BRICERRXTZHIEDOEEZ
Fo. DIff(X)-FAZEREBR R : M(X) = 6(X) 3B/ Rg : Ma(X) — 6¢(X) 2HET 3. Rg
EMe(X) LORZ MR ARES. Bl Re : Ma(X) = 6a(X) »EkERSIE, Rg D g %
HFET 2R {9} C Me(X) DEETS. 20 {g} FEERBHER Oigr = R(g1) OFE
BB RO THS. Lo T,

Proposition 2.2. 5f& g € M(X) 2FERMAEREL 75, StEXEHERX 09 = R(gy) 10
L, R 2 Diff(X)-FZET, Rg: Ma(X) = &g PEMETHZLT5. ZOLE, g 2R T
% Rg ODRETHIFR {g:} 1 Ovgr = R(g:) DBCHLIEE. TRDB, g 0ige = R(g:) D soliton.

R DD Z2EOMET > VOMELTEINT VS & &, R 1Z Diff(X)-FIZET, Re dHEkiic

5. Bz,
R(g) = —aRicy — bscy - g — cRm) (g € M(X), a,b,c € R)

YWIBTHSB. 2T, Rm), IF
Rm?}(w,y) = —tr(Rmg(z, %) o Rmgy(y, *)),

THEZ6M%. Rmg i3 gDV —<YHIRT UYL, x 3 g BT 2N TH 2. SFEEEHERX
dg: = R(ge) &

ea=2b=c=0D¥k %, Ricci flow
ea=c=0,b=1D¥k %=, Yamabe flow

e a=20#0,c=0D& &, Ricci-Bourguignon flow
ea=20=0,c#0 Dt %, 2-loop renormalization group flow

YIRENS. 7z, 4, Bach flow([d]) £ MEh s REESRRLHEIN TV 3. Bach



flow 1

1 1 )
,R’(g)(x7y) = mV*V.Wg(x,*,y, .) + T — 2R1C9(*7 .)Wg(x7*7y7 .)7

WEoTERSNGFABHEENERTH L. 22T, Wy ld gD Weyl HiFRT > VL, « & o I3EHE
g TN TH 2. FHEMIGTRIZ NS oFtEBEAERNICY L CHEEHUEEZ 5.2 5.

3 AN FZRELDBKEE

iR g € MX) PBRTDH 2 7DD EFTDEMEL, FED Isom(X, g)-FEFHE b ITHL,
(X,9) & (X,h) & scaling DEZRVWTEHERN (ie. [g] =[h]) B2 THoik. ZIT,
Isom(X,g)-AZE#% X LD C® B f: X - RIIHL, g e HERFHE S - g € MX) B
Isom (X, g)-AERHRTDH . £oT, g AR TD 572D,

FED Isom(X, g)-FERBEH f: X - RIIHL, g & ef - g1 scaling DEZRWTE
EH.

TH2ZePREITKRS. 5HE g KM S, EH Isom (X, g) ~ X & proper ZERICRY, &5
2 g DIEFER S, ERBEH TR [som(X, g)-TER C° REBDPEETFETS. BELCH S
BTN fITHL, ef g g DHRDEVDIEICEBBICR 2 RATI L IZRWVWETHRDT, 58
EIFFERBATHRIEIFELRVESICERRS. EBE X Pa 7 b eblE, TOT7AT7TgD
EHEERE S !

Proposition 3.1. 518 g € M(X) BMAFHAETH 252, X Bar 7 b ebld, g 3FER
FHE.

FERAOMHE. X 23a v 7 b e ol BFE A e MX) KHL, V—<r#iRT V1D /LA
Rmy| : X = RICERKEPEET 2. g BIFFER S, Tsom(X, g)-TER C B f 25 %
ERY, [(X,ef-g) ¥ (X,g) OBEEIEL VD, ef - g DHRORKEZ g DHEDORAMEED
KREW ] LWIRWDBENRZ. 2D %, el - g3 Isom(X, g)-RET, [g] # [ef - g]. £oT, g3
KEFtETIERW. O

HREgeMX) 2FERY —<VEtE, G :=Isom(X,9) £95%. Rpe X Z 1 DEET 3.
Autg, (G) = {p € Aut(GQ) | oGt =Gy} 2. ZDr &, BRREFHERE

Autg, (G) = Diff(X), ¢ — &, ¢(g9.p) :==¢(9).p (9 €G)
HH Y, R R x Autg, (G) & G-AEHRDES Mo (X) ITEHT 2 !

R>o X Autg, (G) ~ Ma(X), (¢,¢).g:=c-g(dp~".dg™")
ZDrE, DUFARD IID.

Proposition 3.2. HFHLFE g € M(X) XL, g BWARFETD 2 7= DBEADRMAIFMEH
Rso % Autg, (G) ~ Ma(X) BHEBHCHES Z L.

MEozezfds e, LT3



Theorem 3.3 (T.). (X,g) 22> X7 M) —<UEZRRKL T 3. g PEBAFHERSIX, (X, 9) &
isotropy BERIZEH] .

FEEAOENE. g BEEMA L DT, 1EH Ruox Autg, (G) ~ Ma(X) BHEBRNICR S . Me(X) 135E
R DT, Autg, (G) DBEAERER D Z (Autg, (G))o LEL &, Rygx (Autg, (G))o » Ma(X) A3
HEFEHUIZIR 2. 22T, (X, 9) D32 %7 MY =< VZRER DT, G := Isom(X, g) lda ¥ %7 b
Lie BETH» 5. 2D Zth b, Aut(G) DEAERERTT (Aut(G))o 2> 327 b Lie BflZR5. o
T (Aut(G))o DEAFRAEE (Autg, (G))o 22327 b, WZIZ, Cartan @ fixed point theorem 12 &
b, fEA (Autg, (G)o N Ma(X) KEESHEET 5. WA, Rog X (Autg, (G))o ~ Me(X)
1 RIEDWENFEET 2. L2 L, Ry x (Autg, (G))o ~ Me(X) BHEBHRIETROT,
Me(X) 1F 1 RO ZEM, T7%2b5 Me(X) = Rogg THRITFNEZSRV. ZHd (X, g) 28
isotropy BERITH 2 Z & 2 BT 5. O

4 -2y REFLOMKEE

Seb i D FE R MUKET R I Ricced flow O HEMHM#EZ 52 5. 37D Ricci soliton TdH
5. Tk, B S RIBIRTZ 5 72T O TEOMEIRD Bohm-Lafuente Ik > T7F v Y A& h
72 ([1) :

Conjecture 4.1 (generalized Alekseevskii T4H). JEa > %7 bBER* 375 H Ricci soliton %k
iz —21 v FEEHIFEHETH 5.

EoT, INETOFEEZ F DB &, isotropy MW TR VWEMABBAFTEIZL—27 Y v F2EH L
WLPFELRVWEEZOLNS. K, =27V v FZEM B isotropy BEY TR WG & A3
KOBFET 2. 22Tk, BiEiEnf#E Lie B LOEREFHETH-o T, MAGTETH 2O EE
W5 Z25%.

4.1 Lie BEAD 5 DE(E

2T, BEROHEER WL O EFE T 5. Lie 8 H DZHA Y I smooth IWEAHLTWa 2§
3. 2Ok E WIEZEM H\Y CHIEF < %

Hp<Hgq & »%¢ € Hg»WFELT, H, C Hy

ko TiED S, Wl Hp HIEF < 1L THATSH 2 & &, MABUELIRRC L1253, 27,
HLHZER H\Y ISR ~ %

KXo TEDSB. ~ BT 5 Hp OFEER [Hp) TEbT. [Hp|={Hp THBL = Hp%
AEREE L IR Y 1cT 5. 272, H\Y ORGHICH LT, Hp € H\Y #H5%EE [Hp) C H\Y

*3 4 Y D statement 13 [HE 4 expanding Ricci soliton Z ki — 2V v FEEICHMOFEME TH 22,
HADFATER D2, 25HFBVTLRAMTHZ I LHTHh 5.
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DI FRITIR 5T WD 2 &, BiE H.p 3ANZHGE » FREh 2. —f%i,
MRHE = IVHELE = 2 H0E
EWOHBREDE. D3 DEFKICERS. LerL, LTOr—XA TR I sof&IE—HT 5.

Proposition 4.2. Y %7 X~ — V&6, H C Isom(Y) ZEEA R 55, HAEHICBWT,
Hpe H\Y PIi#HER 513, Hp 3MKHHE. 2, Fido 3 20BERE—83 5.

—ffic, Wil H.p 2MK#HE, IUHEETH 2 2 2 I3HEZEH H\Y 1281 % global BEHETH
5. kbbb, Hp OinFERZTRTH, K, lUR2IEDH 570, —7, Bl H.p P HLETH
5 Z i local BEMHTH 2. EEE, (proper 72) FERIEADOHIE H.p BIIHENE S 0% F = v
73 212F, LT D & 512 slice RELZ 8 L THLE DR/ DD Z AU K.

Proposition 4.3 (T.). Y Z5#EGE ) —~ Y 2K, H C Tsom(Y) OFAEDH L T 5. #E
H.p BINIHGETH 2 72D D RBE+ &M, slice REL H, ~ (T,H.p)* 2 0 LA DEIEFER 2
MLRRER W L.

42 RooAut(g)-fER LIBABERLEHE

SR T MR R O RHU AT 1 A Proposition 3.2 I & W fFshTWwWa. Lo L, MK EDH D
BOUSAE 5 12iE, R VBFELE Y. 25123, EAEEFE g DFREHH G .= Isom(X, g)
2 ZDHCRME Aut(G) D IBRES > TVRVE WITFRWE, EREZHETH-TH, HE
ZHEE G OREFZ—HDGEEREHLVEETHS. L TP A(G) Zdbo LW, 22T
X, EREFESEAGHERICK 2D TVToE&EEEX 3.

n Xt Lie Bf G L OEFRZETE X Lie % g := Lie(G) Lo BRICHA—H I 3. m(g)
g LONBORTIESL T3, m(g) 1IK1F GL(g) PEARIEAT 3. o T, GL(g) DA AL

RsoAut(g) := {cp € GL(g) | ¢ > 0, ¢ € Aut(g)} C GL(g)
Bm(g) WIEALTWS. ZO/EH RogAut(g) ~ m(g) LT, UTFHRDILD :

Proposition 4.4. G 2B Lie®, g2 G D LieRE 35, 2O %, EXEEE g,h €
m(g) KL, g & h D EL RogAut(g)- BB EICFEETIUR, [g] = [h], TRDBE (G,9) & (G, h)
13 scaling DEZRVWTEHERNTH 5.

£ o T, HuEZERH RogAut(g)\m(g) 3EFNZEABDD2EONEHEZLEZTED, RygAut(g)-1F
HEMRT 22T, G LOEAREHROTHR, G LO XWEAREHBEOFHAIE IO 2D
% (e.g. [5]).

RsoAut(g)-fEFA®D g € m(g) 1CB 2 EEH 7 EIE

Aut(g) N O(g) = Aut(G) NIsom(G, g)

THd. 2IZT,0(g) 3HNE g ICBET 2ERE. TDZ &k Proposition 4.4 226, ITH505 .

R, HROEREGS LR Y —~ Y ZRIETD ok
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Proposition 4.5. G ZHEE Lie®f, g% G D Lie ¥ 35%. 2o X, EAEEHE g € m(g)
WAL, B3 RooAut(g).g PRERHLEZ 51X, g IFMAGTR.

L L, Seibo@ b, Bl ATH 2 20D Z X, ZOHEDLHED A THIRT 256 TIERL.
WZ2IZH HEE RooAut(g)-1EAHDOHEZEM  MEEbLRFIUIR LRV, — I, RogAut(g)-1E
HOWLEZERIEZ Z % CEETIE RV,

FVBEFO LW+ 2R 572012, FLIRHEF L7z, Lie BEAHO— MRz 5.

m(g) =2 GL(n,R)/O(n) 2 R x SL(n,R)/SO(n)

T, m(g) X7 XV —AZEERICH > TED, RugAut(g) & m(g) DFEZREOHIMIEICK - T
W3, Thbb, il L7 Proposition 4.2 #EH T2 2 e BN TE, LUIT25B 5.

Theorem 4.6 (T.). G ZHiifG Lie #, g 2 G O Lie K 3T2. Zor %, EAXZ:E
g € m(g) XL, BB RogAut(g).g DI HLGER 51X, FHE g IFMARTE.

TROL, UEOBAMEE WS F = v 7R HIE 7% global condition 22 &, BB DI & W
9 slice REAZFNZ Z ¢ TF = v 7 TE 3 local condition ICEEREH T L),

Remark 4.7. 513, Proposition 4.5 3 fh DMK 72 EMEE 120 LT H FRRICK D LD, flZIE, £
RERY) —~< VA EDRBRTEEAND RogAut(g)-TEHZE AT &, RogAut(g)- LB EKR S,
ZDHHE L DEARERY) —~ VA BREMALE Y — < VEETHS. LiL, toRAMEICEL
TR, EAERMBEOERESE T X~ —LZRRICHRE L5R I IR VDT, V- rDEED
X912, HE DML L WS local condition IZIFE X2 0IE 00 5720,

Theorem 4.6 D, TbH MAGHE = MZEEE ] 13 —BICIFE D L2 R0. fil 2K, BEX
HhZ4[ CH™ L OREMEET & go (24U isotropy BERI7Z D HMKET &) 1%, 82 N = HUbifs Al fif Lie
G LOEAEFHEYL LTEBRTE 20, 838 RogAut(g).go EIHLE IR > TRV, Ly
L, =D G IZH L TIEHDRL D 37D -

Theorem 4.8 (T.). G M HESENEFS Lie fR 51X, (1) DFDHEY D, Thbb, EREH
B g PRI ETH 27D DRETDERMZ, Bl RooAut(g).g BINIHETH S Z k.

43 BRFEDH

Theorem 4.9 (T.). n>2 ¥ 5. w= (w2, ws3,...,w,) € R"IHL, R" LDV —< itR
Guw &

Guw = (dx1)? + €722 (dwg)? + - -+ 720 (dy, ).
KXo TERT B, g, BR" EOMAFRICRS. w=(\N\,...,\) DERSIZ, g, FEHE
FRTHD, w# (NN, ) BEE, g & isotropy BT,

ALY, 2—=2Y v NEMLEOMAFEDHIZERANICKEOND. g, &

WnT1

(X1, 22, xn) * (Y1,Y2, - - Yn) = (x1 + Y1, 22 + 2 Yo, .., 2y + €7 yy).

*5 X ) %12 unimodular 522 AT f#



Sk o TERSN 2 BEET M Lie B (R, %) LOEFRLHETH 2. ZOEFLEHE g, ITHL
T, eD+535M Theorem 4.6 252 Z & T, g, PEAFHETHZ L E2RE 3.

b5 120, 77 7HEmERELT, MAGEDOAIEMNKT 27 E1NH5. §=V,E) 2TEAES
V@#V=p<oo), BEAEC{eCV|te=2) (1€ =q) OHHMZF 72T 3. GIADAE d %
5z, BRAEMZZ7 (G,d) 2FEZ2%. ZZTHOMAZLE, BRI E—-VTH->T,dle) Ce%®
Wirz3dD. $hbb, dickbille DFER d(e) ZEDTVS. MLT, e DAE dICHT K
Rz d*(e) £EFEL LT3 (ie. e={d(e),d*(e)}).

VUE LOEBBEROES FOOUE) ={f: VUE >R} 2EZXS. FVUE) LoffEE o %

(fog)(v):=flv) +g(v) (veV)

— 1 f(d(e))  f(d*(e))
(fog)(e) = fle) +gle) + §det <g(d(e)) g(d*(e))) (e€&)

WEoTEDS. $ROL, @EOEBOMN + 26, BMZ 7 7DBHRICL > TEE S det DIHD
RIZFBALTEEIC R o T0d. FOVUE) FHEEL LTE R L HRRFA—HEINZDT, o
(& RPT _FIZATH T Lie BEFEEZE® 5. Lie Bfx LT, (RPT9,0) I& (2-step) N &% Lie Bf
TH5.

COHEMT T 7 BRI NS NEFE Lie B (RPTY o) 1 Dani-Mainkar 12 & > TEA X
(13]), B & REAFEA B 5. HlZ1E (RPH, o) HEFZER Rice soliton 2 FET 2 £ 5K 27T 7 0k
TR oTWS ([6]).

ToRPTY = RPH OIRMENFE 2 BEME o BT 2 AME THEROEZEMICaY—LTTE 3
(RPHY o) EDEAER R gg.a) 2B A D. IEHEOME + TEHENEZIXS FVTTE 23RN
RPHE DI B TH 205, gg.q) BT T 7 DRI 7ZT, BUE R 5 5 2BEALIRIC
HoTW3,

Theorem 4.10 (T.). (G,d) ZEREMI 77T 2. (MEX2TNR) AT S 7 G HIOHEBR
72 77 ’)O&j:, g-l-% 94(G,d) X RPTa J:@@j_\‘%-l-ﬁvczéé .

ZIT, AT T 7 GHUMBNTH B 2%, ¢ OHCHEE Aut(G) BPTLOEE £ IHEERNIC
B3 2 22 TdH5. Theorem 4.10 DFEFA S, J£D 15755 Theorem 4.6 Z AT 2 Z £ TTE
. ZZT, FRATHERICE D LT 2H s TV 5 ¢

Theorem 4.11 ([7, 9]). 2 20HAZF 7 (G,d) & (G',d') THNLT, it& gg.qa) CitR g ,a)
MPERNTH27DDBE+TRFMI 20D (MEE2ENT) BAZ 57 G, ¢ BPEVWCEETDH
5Z¢k.

Ko T, TR 7 Z 7 DR, 2—2 U v NZER EOMKGEBFET 5.

*6 ZEIZIE, Mo THEZ S 7 I N A NER Lie ¥ 2EHBLTWS. 20D Lie RENTHIE T 2 Bk
Lie A Z ZTER LK (RPH,0) TH 3.
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