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1 #BALiwZ

#ETlX, De Philippis & Gigli {2 & o T [DePhG18] TieH X /=T i03, 24flpia > o2
Mo BRI N, L VWO HEEENLL [H20]. ZO7 7RI 27 v T, 864
21T O & ZITE, —ROGBETTENMRREINTWELES S bbb, fiZziUIEL
(T, HBEOBBXLZ 3»HKIC [BGHZ21] THRE Nz, ZOERIIRDES1CKS !

EE 1.1, JIEEREZERM (X, d,m) PB4 7% K cR,N € [1,00) T
RiC(X,d,m) 2 K, dim(devm) S N (11)

3 synthetic BBKRTH D 15, 2o miE HY IHxhEfiTh 2 (2% m < HY 5K
)y eTUE, DREDEH c> 0 PFEELT

m = cHY (1.2)
DI D LD,

BIEIERE R O ERIIAFORBOEL R TFI LWV (FF3.1). &M (1.1) 2 THIE
PREEZEZ RCD(K, N) ZZEH 2 WS, ZOIEHERERDREROEIIEVTDH 5 (EF 3.10).

AIRDOBENIZ Z OEHOFAZ F A4 —TWHENT 28 TH 5. GO EREZ 74T
73 (BEUIREEORGE (2.25) DT T)n KT AT A RV 7 HIE 1 2B$ 2 B0 A~
(fiDr fo P EBBREALNT P EREOLIRETS) :

/ (V 1,V fo) dH" = — / fute(Hessy,) R (1.3)
X X

DB ERWHEIREZ 522 28 TH5. I Tnlid (X, d,m) OXRBHRTT L FEIZN S
DT (EHE3.11), ZAUINLUTT, mPHY ZMERTHLE2En=NTHZIh
MohTwa ZIERELTBL.

Z DB ZIZEH Y —~ U ZREERICR o THH L L, FIZIZERMTSE U —T U ZHME
(M™, g, voll ) (1] 3.2588) 225 2 & — + L CZ DA R ZELE D &, (HADKRW!)(1.3)
PELNE., ZHUID LEXTHS.

ZIRTIFEERAZ RN L & 5.

2 GIEAA

BUF (X, d,m) Z5&fF (1.1) % synthetic 72 EK Cim 7z 3 RIE BEREZEHE (377205 RCD(K, N)
ZE2fl]) L LC—OEE L CrEziED 5.



2.1 B
AL MIN 5 1E O D1 BA%:

hy : L*(X, m) — L*(X, m) (2.1)
) .
qef = Ahef,  lim [hef = fllLz =0 (2.2)

Ziiz3d0r LT—RBINERINS. (X, d,m) BEHED 2 EEEB I OEY Y H L DR
EXEWLET I HMONTVE D, 20 X5 RZEMO—BEmH» 5 (H 212 [St95, St96))
R~V R — 2 B p: X x X x (0,00) — (0,00) B—EMICTFEL T

hf(x) = /X F@)p(.y. 1) dm(y) (2.3)

MDD ZeDbhb. ZDp%k (X, dm) DBZE WS, Vv FiERO TRZETICHW
e pldV Iy it 7 b. XD IEMICIERO A D RBFHEDIKL D 2D Z e BHIS AT
% [JLZ16) - fEED € > 012X L Tl(e, K, N ZZIHICHRIFT %) IEOERKC == C(e, K,N) > 1
PEELT, FEDI<t<1BIFEED 2,y € X XL TRHBED ILO.

c d*(z, y) d?(z,y)
(B @) T (‘ Aot~ Ct) SV S G L) P <—m +0L‘>(’ |
2.4

C d* (2, y)
< Wexp (— A+ o) + C’t) . (2.5)

Lip,p(z,y,t)

2.2 BREFE-TEXZIHRMAFHNR ¢

RICBHZF->T (X,dm) ZIEAE T 2 Z v 2idAa 5. BRI, ¢ > 0 2EE L TER
O X — LA(X,m) %

TED, ZOEBIZES L2(X,m) DFHETR g, DEIZFELE g £EL :
gt = PigpLe. (2.7)

B O, 73 well-defined TH 2 Z ¥ 1% (2.4)(D_LH & DFHE) 25 bh 5. ZHUIBRINICIX
RDEHICEL N TE, EBIZ well-defined TH 3

9= [ daple,p,6) @ dupla,y.t) dm(y). (2.8)

e (2.5) 2 oROFHTEIESNS ¢
tm(B 4 (1)lgt| < C(K,N). (2.9)
R gy PRAZHRO—FTHE 2 /1572012, gDt — 0" TOXEFEHFNS.

FERD L D125 1 (X, d,m) ORERRIC n 72 HHEAFT 2 IEQE K ¢, > 0 DBMFEL T,
FEEDpe[l,00)ITMLT

LP
tm(B5()ge = cag (2.10)

IEBICIE e = 1 DFBALIHRTHWS.



MDD, TIZTgld (X,dm) OBRB)—IVHETDH 50, ZOEMLERITER
TB2EBIC g A (X, d,m) DEANLE LTOZKEZRZL TV Z2IZonTE, Flzid
[HS21) Z R TELW (LA LT TIEZ OFEREEEDRW).

R (2.10) DFFHD 7 A 77 R IBRN K 5. £F (R, dge, H") T ELOHEREITO &, B
B BRICEET TN TEL L OEEFHET g 2 gre DERLZICRZ Z 22D
5. ZOHRERER (X,dm) OEASRORED TR % Z & T (2.10) 2HER S N5 PR
LZf75 D DBERICAEREIARMIIOET - NTVXRILITNRPZFNICA IcF—H—
IXINF—DOERIWRNRPEON S, ZOFMIEIES 5. BlkzHzhiz77d [AHL7,
AH18, AHPT21, BGHZ21, GMS13] % RTIFL .

RERIZC, ZOETHRRY -V VEIEPTTELDT, BTHES Han KX 3 ROFEEZ
ZZTHALTEI S [Hanls] :

m < HY = Af = tr(Hess(f)) := (Hess(f), g). (2.11)
2.3 V*gt @E‘l’%
CITOI=NMEX LD 1 XA w TUTOFAZMZTHOEHOTEITHS.
L/<%,Vn>mn={/<wnﬁdm~ (2.12)
X X

ZZTniE X ko GEYILERIEZR - 72) EED 1 XA THS. 20X 5Kkwr
Vi EENT g OHEEWVS. CORHBRZRETLIENTET, BREIROKS12%5 !

Vi = —i dAp(x, x, 2t). (2.13)
CHUIEHBE T A2 TF 2y IV TEEHITH LD, BACH LV, ZOIHHIERD X5
RHDTH5.
$9 X ko ELRERMEZEO) BE fITH LT X £ (0,2) BT Y G df @df
DHBIEFZFETHEHEICDL > T, RDXIICKS !
vwdf®dfy:—Afdf—%duuF. (2.14)
IMEYEX t>0REELT f=p(,yt) L LCHEALTRERES !
1
Vidap(z,y, 1) © dap(z,y, 1)) = =Ap(,y,8) dp(,y, 1) — 5 d]dp(-, 9, t)>. (2.15)

IhEye X CELTRRF—MHLT

" 1
[, Vet Oedapl v ) dmly) = = [ (80w 0)dpC,t) + 5 dldplep O ) din(y)
2.16
#1585, ZOEAR VG IZELWILIZ (28) OB BIhbhr3DT, MEXEH/LEIL
725 .

—
~—

1
iz, UTOHERERT :
/X App(x,y,t) dep(z,y,t) dm(y) = /Xp(:r, Yy, t) deApp(,y, t) dm(y). (2.18)

Y8 & o 7 EE RS (M, dg, vold) D& FiTid g © T 2 iTiz &0,
SO BIGEIIED o & KOITRAR D LD Z SN TWT, ZHUTDWTIE [BBGI4, HZ20] % AT
EL.



INEED DL (2.17) I

- / (FAPC, 3t bl 0)+ 50051 BP0, 1) + 5 dpl D ) dmy)

1

-5 d (p(2,9, ) Aup(a, y,t) + | dup(, y, 1) ) dm(y)
X

1

= 5 [ (pley 08y, 1) +| dupla.y, ) dm(y)

1 1

—5d [ 2A<<azy,>>dm<>

L,

74 / p(z,y,t)" dm(y)

:-—idmAx(x¢m2ﬂ (2.19)
Lo T (213)BMF5N5. XoTHIZ(218) DF 2y 7 DAL Ko7z, REKENER
z5.4

ESa
[ Pl Op(y. 2, 5) dm(y) = pla. .t +5) (2.20)
THHADPH, Tz o ITEHLTHMTLT
/ Py, 2, 8) dep(z, y, 1) dm(y) = dup(x, 2, + 5). (2.21)
X
COMAIZ p(x, 2,t) ZEIT T2 WL THD T % & £
([;;vaz,ﬂ([;zﬁyvz,S)dwp(w7y7ﬂ<hn(y)dﬂKZ)
= [ ] pla 2 0p(2,9) dapla,, 0 dm(z) dm(y)
:([;Pﬂtdht‘FS)dzPCUJht)d“Wy) (2.22)
ERBDT, MREREBLZLITKS
/IW%%t+@dd(1%)de) /zma%ﬂdﬂmet+ﬂdm@) (2.23)
X

CHERDEDICEXMRZ BN TELILICIHEET S .

/)MLyJ+Sy_M%yJ%%M%yiﬁmﬂw::/Imm%ﬂd<mij+d)_pwﬂhﬂ>dm@)
. X

S S

(2.24)
ITs— 0T T2 (218) BN 3.
2.4 SEFHD5ERK
OREPRETS . X DEEDZETHRVWA YT VEDES AC X IR LT
g M@)o (2.25)

z€A,re(0,1) rh

L2 O ZERD A 2R M e B R EERERCE o THWT, IR TF 2y 2 TE 3 [H20]. 22
DI RZ T DL ZFWIZUTO LI IKHS—EHRTEILL TEREINS.



ZZTnlE (X,dm) ORBENRTTHo/22 8, BIUm < HY THHEn=NTH
D, 2D (2.25) i3> ay 7 - JaE7OAFRNICE D BFRICHE LIRS e 2 BVWHL
THL.

Gayy bR=F2RL, POBYIRIERIMEZRD X EOBEE fi, fo 1IHLT,
(2.13) 25

N+2
t
Vit (Vigifidfa) = —\/_4
X
bbb, ZITHRt 0T 2222 ER5. ZOLX (24) 25646813 0 RS
5Zehbhb. —HT(2.10) LBIREHZHWS &, EI3ERS 2 RV TRICICR S
5Zehbhrd .

[ @ap(e.z,20. fdp)dm (220)

[ (rlttess(f).g) + (V. 11, V 1) ™. (2.27)

22T (2.25) 3BREBE AOoT2BICHWONS. Ko TR (ThDDL (1.3) MEoNnlZ
bl A S

/(Vﬁﬁﬁ@d%":—/ﬁﬁumﬁﬂﬁndﬂﬁ (2.28)
X X

CIhom<KHY BIRETS. 2O E (211) 2HAVSEE (228) 3RO XS ICEEHZ 3
ZENTES . N N

dH dH
/)((Vflavf2> Im dm:_/XflAfQ q

ZHDMEED fi, o TR DI L ZERLUTY LiERS & U pEfThH 2 2 L dibho
TEHE L IOMHAMNERT 5. ZZTREMP IV RRT M REZICIORED AT v FDIE
HZMTOLSICERZ TAREEZKZ 5.

A UCERERLIE, HELT-ADEEEBEL B, (220)BRDES KD :

dm. (2.29)

m

AHN
_ , 9.
0 A/gjg(hn dm (2.30)

ZITAE o OEEHTHS. §oT L ZEEOAPREERKE 2HLTS. ©

dm

NG —A BT 2 2AR7 MASIREE AL W SERTH D Z L BHEKT 5.

3 RCDZEME IV EDXERRTDESR

ZOREDETIE, RCD(K,N) ZHOEMHLRERE L AENRITTOESRE, £ L TES 2R
EIREEZEE r ORE RN Z e DHNTH . BIETY —< Vit BN I 7 VR Y%A
Wiy, ZOFMBAZMA % e R=I20 R DELLOT, BEERLN-HIISE XL Z
BICho T Ew (FIZIX[A19IF X W —XATH 3).

E& 3.1 (HIEZAEZEM). 3 O (X.d,m) DHIEERZEETH 2 L1, XD 2 HE 2Rk
FTrEZWVWD !

1. (X, d) W52 T4 72 B 22,
2. mMB X FEORLVAHPET, ZOVR—-PMIXIT—HT5.
AP EAN E ) — Y SRETH S |



Bl 3.2. SEffIR n KLY —< U EZREK (M™, g) 1B S REE f € O°(M™) 23 LT
(Aln,dg,volg) (3.1)

WFER 3 IO B TRIEHMZEHTH 2. Z2i2dy ik g oiFEINS M Lo ERKLEE
HET, vol, 13 g 22 HFEE N ARR Y —< VR (F75bB d, 1T 2 n RIEAT R R
AZREE V- TH &), ZLTvol] EXTEE S M"™ £D Borel IETH 3

volfgcA = /Ae_f dvoly.

Z OWIREBEEEZEM (3.1) 2B S H ERIEEREZER & v 5.

DUF, BIEREREZER (X, d,m) Z—2RE L TiELED 5.
EE 3.3 (F—H—rlX—). F—H—IRIF—Ch: L*(X,m) — [0,00] ZRTEFR
35

Ch(f) i=int {limint 5 [ Lip?(£)dmi fo € Lipy(X.) N Z2(Xom), [ = flzz = 0}

(3.2)
Z 212 Lipy(X,d) T X FEFRXNLERLY 7> v VELEEE, Lip(f) T f ORFY 7
CYVERERT, Thbbrc X PINLETRVWE ¥,

1)~ )
Lipf(z) :=1 y_mp )

YL, MDY 230 L KT 2 (ARETHS 7 — X TIRINLT 25813720,
E& 3.4 (YRL7Z%EM). VRLIZEM HY(X,d,m) ZRDO XS ICERT S -

(3.3)

H'2(X,d,m) := {f € L*(X, m); Ch(f) < o0 }.

TAUIBRZ I VA || flZe = | flIF2 + 2Ch(f) ITBIL ToNF v NZERICR 5.

—fic HY2(X) id e b~or M ZERITR. FlZE (R, 2]+ |y|, £2) &I BERE 22 [ 7203,
ZD HY2 13 L~L N ZERTRWD.

EE 3.5 (Vo vy 72N HE). & fc HY2(X,d,m) I LTREZ#ZT he L2(X,m)
% fOUSyIRENIABR W, Th2k%E Ry ¢ L2H(X,m) &L,

o fIT L2 IR T 2HEF f, € Lipy(X,d) N L?(X,m) ¥, Lipf, ® L? 3R F ¢
L2(X,m) BFEELT, F<h» mae THEDILD.

Rpid LA(X,m) T OMBEETH 2 Z e NEH I D NS, Ko TRET
\Vfl€ Ry B—BIIEXD, Iz fORDBHE L VS

IV flllL2 = hienlgf 17l 2 (3-4)

CDEERDEDILDZ EBHOENTNS @
tE 3.6. TED fc HY2(X,d, m) I L TR LD :

1

Ch(f) = §/X\Vf\2dm. (3.5)



EE 3.7 (ERPNe UL M), HY2(X,d,m) DAL N EE e 725 2 &, (X, d,m) B
FR/ANEILARIL REY & FEX.

DTFTIE (X, d,m) IZERNE AL M2, 2O ZEED f,h € HY2(X,d,m)
XL T
IV(f +eh)|?—|Vf?

(V/,Vh) = lim o (3.6)
Xlﬁ(. W meae TEKRZED, LI(X,m)ICET 3.
Z >73 “/7"/75)%%’C%6
E&E 3.8 (777> 7Y). MEERARZRA : D(A) - L2(X,m) ZXTERKRT 5 !

feD(A) < 3h:=Afc L*X,m)s.t. /thdm = —/X<Vf, Vg)dm Vg € H'"*(X,d, m).

B 3.9. 1 S H I HIHERRREZER (3.1) 1AV L LU MITH T, C2(M™) 1 HY2(M™, dg, vol)
DB EETH S, ZLTERED o, € CP(M™) X LT (V, Vib) = g(Vp, Vi) B3
BRDALD. THhROEIDHE () IZV—< VR g ks, FRCHIEIC X &l
RTHE. —ATEENETSI 77 ViF

Ap = tr(Hess,) — g(Ve, Vf) (3.7)
LB Zehbhrh, ZHEMEICX MR TH 5.

ITHLEBEZLLS. BHOEIRIEDID, n RITFEHY —~ > ZR{K (M", g) %
BEET2. ZOLERRF—DRLIITED f e CO(M™) TRNLT, FETROEEDK
DI[DOZ e ZFEKRTS .

—A]Vf]Q [Hessf|? + g(VAF,Vf) + Ricy(Vf, V). (3.8)
D HRDELICHD 5 [ Ricy > K 222 n < N &l 3 20 ONE+74&M4

(Af )?

A= Sy gwan v+ ks (3.9)

PEED f e C®(M") THHINDZIETHb. ZHIHEITEVE

2
1/ Ap|V f|* dvol, > / © (M +g(VAF, V) + K\VfF) dvol,, (3.10)
2 Jyn Mn N
PEED fe COM™) & p>0%iEETERD p € CO(M") TRHIDZ L & HFEET
HBHZEITERELED.
D ED#EEDTIZ, RCD ZEHDEHREZS G Z X5 ([AGS14b, AMS19, CM21, EKS15]
HZMH).

E# 3.10 (RCD(K, N) Zef). BIEEA ZEEREZEM (X, d,m) D2 K e REHS N € [1, 0]
0t LT RCD(K, N) 2B TH 2 LIZMIT D A &fF 2T 205,

1. (X,d,m) 3R/ PN e~V NTDH B.
2. B2 X dHdC>1DBBEELT,

2

m(B,(z)) < Ce" (3.11)

DEED r> 0T DILD.



3. 3L fe HY(X,d,m) NL®(X,m) 23 [Vf| <12 m—ae THEZEF, X EO1-Y
Ty VB f BPFELT f = f D meae. THDILD.

4. ROFRERD, Af € HYA(X,d,m) 272 3EED f € D(A) & Ap € L®(X,m) &
723 m-ae. TIEAMEDEED ¢ € D(A) N L®(X, m) I L TR DILD :

1 [(Af)?
El;AﬂVmenz/;¢<—ﬁ——%VAﬁVf%%KWUP)&n (3.12)

RICKRENRITTDERHREL 5 A & 5. K [BS20] TEHX Lz,

FIE 3.11 (AEMRTT). K,c RN € [1,00) L L, (X,d,m) % 1 S TIE%W RCD(K, N)
M35, —BElEne NOIFEELTm-ae € X T

<X}%d,;ii%i;55,x) pmGH <Rﬁ’dR"’Zﬁfég%i53’O”> (3.13)

DO VD., T2 EOINFRIZEANEBET7 - NV ZARALIIGEOEKRTHS. ZDOnk
(X,d,m) ODEEFRITE VS

W3JZ@%#EWEE%%%Mﬂdmm@ﬁﬁmDMﬂW%ﬁf%ét®®M§+ﬁ%
HIERD 2 &%l TH S .

1. n<N.

2.
. df @df
H - — > K. 14
Ricy + Hessy N 2 (3.14)

ZIZT, IhHDn=NTHEDIDEWND I, Ricg > KD fOEMTHZ iR
K32db0Dr T3, ZLUTHEBIZRCD(K,N) 2oz &, ZOARERIRITIE n 12fth
RO,

BRICAYSTIICONTIARX Y N 2ET.
FE 3.13. (X,d,m) % RCD(K,N) ZfHle35%, FED f € D(A) ITHLTZDAYST
VHERTE, TREEGARHTRERF —FEXNERLTE 2 2 BH SR TV [G18]
(H18] ZM) . ZDN\y 7 VUMD ERR DN TEARN m &2 R L Twas 2k
BHIEDL SN THAS.
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