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Abstract

In this paper we generalize the concept of acute point and we introduce some
acute point type theorems that holds under the same assumptions as fixed point
theorems. Furthermore we introduce some convergence theorems that holds under
the same assumptions on parameters as fixed point theorems.

1 Introduction

Let H be a real Hilbert space and let C' be a nonempty subset of H. A mapping T’
from C into H is said to be generalized hybrid [21] if there exist a, 8 € R such that

al Tz = Ty|* + (1 — o)z — Ty||* < BTz — y|I* + (1 - )|z — y|”

for any x,y € C. Such a mapping is said to be («a, 3)-generalized hybrid. The class of all
generalized hybrid mappings is a new class of nonlinear mappings including nonexpansive
mappings, nonspreading mappings [23] and hybrid mappings [25]. A mapping T" from C'
into H is said to be nonexpansive if

[Tz — Tyl < [l -y
for any z,y € C; nonspreading if
2T — Ty|* < Tz — y|* + |y — =
for any x,y € C; hybrid if
3Tz = Ty|* < |lz — ylI* + [Tz — yII* + | Ty — ||

for any x,y € C. Any nonexpansive mapping is (1, 0)-generalized hybrid; any nonspreading
mapping is (2, 1)-generalized hybrid; any hybrid mapping is (%, %)—generalized hybrid.
Motivated these mappings, in [18] Kawasaki and Takahashi introduced a new very wider
class of mappings, called widely more generalized hybrid mappings, than the class of all
generalized hybrid mappings. A mapping 7" from C into H is widely more generalized

hybrid if there exist a, 3,7, 0,2,(,n € R such that

al|Tx = Tyl* + Bllo — Tyll* + I Tz — y||* + dllw — y|?
+ello = Tal* + Clly = Tyl* +ll(z — T2) — (y = Ty)I* < 0
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for any z,y € C. Such a mapping is said to be (a, 5,7, 9, ¢, (,n)-widely more generalized
hybrid. This class includes the class of all generalized hybrid mappings and also the class
of all k-pseudocontractions [3] for & € [0,1]. A mapping T from C into H is called a
k-pseudocontraction if

T2 = Tyl* < llo = ylI* + £l (z = T2) — (y = Ty)|I*

for any x,y € C. Any (a,f)-generalized hybrid mapping is (o,1 — a,—f,5 — 1,0,0,
0)-widely more generalized hybrid; any k-pseudocontraction is (1,0,0,—1,0,0, —k)-widely
more generalized hybrid. Furthermore they proved some fixed point theorems [6,8-10,17,
18,20] and some ergodic theorems [6,17,18].

There are some studies on Banach space related to these results. In [27] Takahashi,
Wong and Yao introduced the generalized nonspreading mapping and the skew-generalized
nonspreading mapping in a Banach space. Let E be a smooth Banach space and let C' be a
nonempty subset of E. A mapping 7" from C' into F is said to be generalized nonspreading
if there exist a, 3,7, 0,¢,( € R such that

ag(Tx, Ty) + Bd(x, Ty) + vo(Tx,y) + d¢(z,y)
<e(@(Ty, Tx) — ¢(Ty,z)) + ((¢(y, Tx) — d(y, v))

for any z,y € C, where J is the duality mapping on E and
$(u,v) = [|ull® = 2(u, Jv) + [[v]>.

Such a mapping is said to be («, 3,7, 0, €, ¢)-generalized nonspreading. A mapping 7" from
C into F is said to be skew-generalized nonspreading if there exist «, 3,7,9,¢,( € R such
that

ag(Tx, Ty) + Bo(x, Ty) + vo(Tx,y) + dp(z,y)
S 8(¢<Ty7 Tﬁ) - ¢<y7Tx)) + C(QZ)(T:U, I) - (b(y,x))

for any x,y € C. Such a mapping is said to be («, 3,7, 9, €, ()-skew-generalized nonspread-
ing. These classes include the class of generalized hybrid mappings in a Hilbert space,
however, it does not include the class of widely more generalized hybrid mappings.

Motivated these results, we introduced a new class of mappings [11,12,14] on Ba-
nach space corresponding to the class of all widely more generalized hybrid mappings on
Hilbert space. Let E be a smooth Banach space and let C' be a nonempty subset of
E. A mapping T from C into E is called a generalized pseudocontraction if there exist
ai, o, B, B2, 71, V2,01, 02, €1, €2, (1. G2 € R such that

Oélqb(Tx? Ty) + 02¢(Ty7 TSE) + qub('r? Ty) + 52¢(Ty7 .CE)
+7110(T2,y) + 120(y, Tx) + 010(z,y) + 620(y, )

+e10(Tx, x) + e20(w, Tw) + Q1o(y, Ty) + C0(Ty, y)
<0



for any z,y € C. Such a mapping is called an (ay, az, 51, B2, 71, V2, 01, 02, €1, €2, (1, C2)-
generalized pseudocontraction. Let E* be the topological dual space of a strictly con-
vex, reflexive and smooth Banach space F and let C* be a nonempty subset of E*. A
mapping T* from C* into E* is called a *-generalized pseudocontraction if there exist

aq, ag, B, B2, 71, V2, 01, 02, €1, €2, 1, G2 € R such that
F710(T"2", y*) + 7204 (Y, T"2") + 010 (2", y") + 020, (y", )
+e10. (172", 2%) + €20, (2%, T72") + Qdu (", T7y") + G (T7y", y")
<0

for any x*,y* € C*, where
ou(a”,y") = [la*|* = 27y, ") + [y

for any z*,y* € E*. Such a mapping is called an («, s, 81, B2, 71, V2, 01, 02, €1, €2, (1, (2)-*-
generalized pseudocontraction.

On the other hand, in [26] Takahashi and Takeuchi introduced a concept of attractive
point in a Hilbert space. Let H be a real Hilbert space, let C' be a nonempty subset of H
and let T' be a mapping from C' into H. x € H is called an attractive point of T if

lz =Tyl < |z =yl
for any y € C'. Let
AT) ={z e H ||z = Ty| < |lz—yl| for any y € C'}.

Furthermore they proved that the Baillon type ergodic theorem [2] for generalized hybrid
mappings without convexity of C.
In [27] Takahashi, Wong and Yao introduced some extensions of attractive point and

proved some attractive point theorems on Banach spaces. x € E is an attractive point of
T if

¢(x,Ty) < ¢(2,y)
for any y € C; x € F is a skew-attractive point of T' if

¢(Ty,z) < o(y, v)
for any y € C. Let

AT) = {zeE|¢(x,Ty) < ¢(z,y) for any y € C};
B(T) = {z€E|¢(Ty,z) < ¢(y,x) for any y € C}.

In [1] Atsushiba, Iemoto, Kubota and Takeuchi introduced a concept of acute point as
an extension of attractive point in a Hilbert space. Let H be a real Hilbert space, let C' be
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a nonempty subset of H and let 7" be a mapping from C into H and k € [0,1]. z € H is
called a k-acute point of T if

lz = Tyll* < ll — ylI* + Klly — Tyl
for any y € C'. Let
A (T) ={z € H ||l = Ty||* < [lz — ylI* + klly — Ty||* for any y € C}.

Furthermore, using a concept of acute point, they proved convergence theorems without
convexity of C.

We introduced some extensions of acute point [11,12,14]. Let E be a smooth Banach
space, let C' be a nonempty subset of F| let T' be a mapping from C into E and let k, ¢ € R.
x € F is called a (k, {)-acute point of T" if

oz, Ty) < o(x,y) + ko(y, Ty) + Lo(Ty,y)

for any y € C. x € F is called a (k, {)-skew-acute point of T if

o(Ty,r) < oy, ) + ko(y, Ty) + £H(Ty,y)

for any y € C'. Let

0 (T)

={r e E|o(x,Ty) < é(,y) + kd(y, Ty) + Lp(Ty,y) for any y € C'};
Bro(T)

={z € E|¢(Ty,x) < d(y,x) + kd(y, Ty) + Lp(Ty,y) for any y € C'}.

Furthermore we proved some fixed point and acute point theorems [11], and some con-
vergence theorems [12,14]. However, acute point theorems require more assumptions on
parameters than fixed point theorems.

In this paper we generalize the concept of acute point and we introduce some acute
point type theorems that holds under the same assumptions as fixed point theorems. Fur-
thermore we show that fixed point theorems are derived from acute point type theorems.
Furthermore we introduce some convergence theorems that holds under the same assump-
tions on parameters as fixed point theorems.

2 Generalized acute and skew-acute point

Let E be a smooth Banach space, let C' be a nonempty subset of E, let T' be a mapping
from C into F and let k,/,s € R. x € F is called a (k, ¢, s)-generalized acute point of 7" if

s(op(x, Ty) — o(z,y)) < ko(y, Ty) + (6(Ty,y) (2.1)



for any y € C. x € E is called a (k, ¥, s)-generalized skew-acute point of T if

s(o(Ty,x) — oy, z)) < ko(y, Ty) + Ld(Ty,y) (22)
for any y € C'. Let
%7E,S(T)
={r € E|s(¢(z,Ty) — ¢(z,y)) < ko(y, Ty) + (p(Ty,y) for any y € C'};
Br,s(T)

={z € E|s(6(Ty,z) — oy, x)) < k(y,Ty) + ($(Ty,y) for any y € C}.
It is obvious that
Gy 11,50 (1) C Gy .50 (T)y By 1,5, (T) C By .5, (T)
for any ki, ko, 01,05 € R and for any s1, s € (0,00) with ’;—i < ’;—; and % < ﬁ—z;
ey 11,51 (T) D Gy 3,55 (T)s By 1,52(T) D By 55 (T)
for any ky, ks, £1, 05 € R and for any sy, s5 € (—00,0) with % < ’:—z and f—i < f—z Furthermore
e 0(T) = Brpo(T) = E
for any (k,¢) € [0,00) x [0, 00);
Go0(T) = Bruo(T) =10
for any (k,¢) € (—o0,0] x (=00, 0]\ {(0,0)}; otherwise,
0o(T) = FE or 0, Byo(T) = FE or ;

however, it is generally unknown which case holds. In this way, o7 ,o(T) and HBye0(T)
may be empty. However, in later discussions, under some assumptions, such cases will be
properly ruled out.

The following lemmas are important property characterizing them.

Lemma 2.1. Let E be a smooth Banach space, let C' be a nonempty subset of E, let T be
a mapping from C into E and let k,l,s € R. Then ), ,(T) is closed and convex.

Lemma 2.2. Let E be a smooth Banach space, let C' be a nonempty subset of E, let T be
a mapping from C into E and let k,l,s € R. Then By 4+(T) is closed.

Let E* be the topological dual space of a strictly convex, reflexive and smooth Banach
space E, let C* be a nonempty subset of E*, let T be a mapping from C* into E* and let
k.l,s € R. x* € E* is called a (k, ¢, s)-generalized-*-acute point of T~ if

$(u (2™, T7y") — 0 (2, y")) < koo (y", T™y") + Lo (T™y", y") (2.3)
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for any y* € C*. z* € E* is called a (k, ¢, s)-generalized-*-skew-acute point of T if
s(¢u(Ty", ") = ¢uly™, ")) < kou(y™, T™Y") + Lu(T™y", y") (2.4)
for any y* € C*. Let
Ay, s(T7)

_ e g | 3@ YY) = (a7 y7)) < Ru(y™, TTy") + Lon (T, y7)
for any y* € C*

‘%Z,Z,s (T*)

_ e g | 30Ty 27) = 0y a)) < kou(y™, TTy") + Lon (T, y7)
for any y* € C* '

Lemma 2.3. Let E* be the topological dual space of a strictly convex, reflective and smooth
Banach space E, let C* be a nonempty subset of E*, let T* be a mapping from C* into E*
and let k,l,s € R. Then @77, (T*) is closed and convez.

Lemma 2.4. Let E* be the topological dual space of a strictly convex, reflexive and smooth
Banach space E, let C* be a nonempty subset of E*, let T* be a mapping from C* into E*
and let k,(,s € R. Then %y, (T*) is closed.

Lemma 2.5. Let E be a strictly convex, reflective and smooth Banach space, let C' be
a nonempty subset of E, let T be a mapping from C into E, let T* = JTJ~ ' and let
k.l,s e R. Then

(1) = J( B s(T)), By s(T7) = J( Ak s(T))-
In particular, J(Bres(T)) is closed and convex and J(<t (1)) is closed.

Lemma 2.6. Let E be a strictly conver and smooth Banach space, let C' be a nonempty
subset of E, let T be a mapping from C' into E and let k,l,s € R. Then the following
hold.

(1)  If (k,0) € (—o0,s] x (—00,0]\ {(s,0)}, then C Nt s(T) is a subset of the set of all
fixed points of T';

(2)  If (k,0) € (—00,0] x (—00,s]\ {(0,5)}, then CN By s(T) is a subset of the set of all
fixed points of T'.

Lemma 2.7. Let E* be a strictly convexr and smooth topological dual space of a Banach
space, let C* be a nonempty subset of E*, let T* be a mapping from C* into E* and let
k,¢ € R. Then the following hold.

(1) If (k,£) € (—o0,8] x (=00,0] \ {(5,0)}, then C N, (T*) is a subset of the set of
all fixed points of T™;

(2)  If (k,0) € (—00,0] x (=o00,s]\ {(0,1)}, then C'N By, (T*) is a subset of the set of
all fixed points of T™.



3 (Generalized acute and skew-acute point theorems

Theorem 3.1. Let E be a reflexive and smooth Banach space, let C' be a nonempty subset
of E and let T be an (ay, as, B1, B2, V1, V2, 01, 02, €1, €2, (1, (2)-generalized pseudocontraction
from C' into itself. Suppose that there ezists z € C' such that {T"z | n € NU{0}} is bounded
and suppose that there exists X € [0,1] such that

(1= Aar+ 1 +7+0) + Mazg + o + 72+ 82) 2 0;

Mo +71) + (1 = N)(az + B2) > 0;

A(Br+ 1) + (1= AN)(r2 +d2) = 0;

(1 —=XNe1 + A% > 0;

A1+ (1= XN)eg > 0.
Then there exists a (—((1 —A)G1 + Ae2), —(Aer + (1 — X)¢2), (1 = A)(oq + B1) + Aaa +72))-
generalized acute point.

Theorem 3.2. Let E* be the topological dual space of a strictly convex, reflexive and smooth
Banach space E, let C* be a nonempty subset of E* and let T* be an (a1, oz, 1, P2, 71, V2,
01,02, €1, 9,1, (2)-*-generalized pseudocontraction from C* into itself. Suppose that there
exists z* € C* such that {(T*)"z* | n € NU{0}} is bounded and suppose that there ezists
A € [0, 1] such that

(1= A)ar+ 1 +m+0) + Mazg + B2 + 72+ 52) = 0;

AMag +7) 4+ (1= X) (g + B2) > 0;

A(B1 +01) + (1 = A) (92 + 02) = 0;

(1 —=MNe1 + A& > 0;

)\Cl + (1 — )\)52 Z 0.
Then there exists a (—((1 — A)G1 + Ae2), —(Aer + (1 — X)G2), (1 = A)(ou + B1) + Aoz +72))-
generalized *-acute point.

By Theorem 3.2 we obtain the following.

Theorem 3.3. Let E be a strictly convex, reflerive and smooth Banach space, let C' be a
nonempty subset of E and let T be an (aq, o, B, Bay Y1, 72, 01, 02, €1, €2, (1, (o) -generalized
pseudocontraction from C into itself. Suppose that there exists z € C such that {T"z | n €
NU{0}} is bounded and suppose that there exists A € [0,1] such that

(1= Xz + Bo+ 72+ 02) + Aas + Bi + 71 + 61) > 0;
Az +72) 4+ (1 = A)(ag + B1) > 0;

A(B2 4 d2) + (1 = N)(7y1 + 61) > 0;

(1= XNea + A >0;

Ao+ (1= Mgy > 0.

Then there exists a (—(Aea + (1= A)C1), —((1 = A)Go 4 Aer), (1= A)(aa + Ba) + Aoy +71))-
generalized skew-acute point.



4 Mean convergence theorems

Theorem 4.1. Let E be a uniformly conver Banach space with a Fréchet differentiable
norm, let C' be a nonempty subset of E and let T be an (o, as, f1, B2, 1,72, 01, 02, €1, €2,
(1, Co)-generalized pseudocontraction from C' into itself. Suppose that there exists A € [0, 1]
such that

(1 =X)(a1 + B+ 71+ 01) + AMag + Bo + 72 + 02) > 0;
Mag +71) + (1= X)(ag + B2) > 0;

AB1 4 61) + (1 = N)(y2 + d2) > 0;

(1 =XNe1 + A > 0;

MG+ (1= N)eg >0,

and suppose that

G (1-2)¢1+2e2),— o1 +1-N)a),(1-A) (e +81) +A(aat2) (1) € B(T') # 0.

Let R be the sunny generalized nonexpansive retraction of E onto B(T). Then for any
x e,

dfln_l
S = = Tk

1s weakly convergent to an element

q € D (1-N)+2e2)— er +(1-N)Ca),(1-N) (1 +81) + Maz+2) (1),

where ¢ = lim,,_,oc RT"x.
Additionally, if C is closed and convex and one of the following holds:

(1) (1=X)(oa+B1+C)+Maz+72+e2) >0 and Aey + (1 — A)G > 0;
(2) (1 - )\)<Oé1 + ﬁ1 + C1) + )\(Oég + Y2 + 52) > 0 and )\51 -+ (1 — >\)<2 > 0,
then q is a fixed point of T'.

Theorem 4.2. Let E* be a uniformly convex topological dual space with a Fréchet differ-
entiable norm, let C* be a nonempty subset of E* and let T* be an (aq, o, B, Bas Y1, Y2,
01,02, €1, €9, (1, (2)-*-generalized pseudocontraction from C* into itself. Suppose that there
exists X € [0,1] such that

(1 — )\)(Ch + 51 +”)/1 —+ 51) -+ )\(Oéz -+ ,32 + Y2 -+ 52) Z O;
Max +71) + (1= A)(az + B2) = 0

A(Br+61) + (1= A)(r2 + 62) = 0;

(1 =XNer+ Mo >0;

A+ (1= XN)eg >0,



and suppose that

G (1N ren)— e+ (1N ) (1N (1 480+ A (aata) (T7) C B o(T7) # 0.

Let R* be the sunny generalized nonexpansive retraction of E* onto %5 ,(T*). Then for
any x* € C*,

i
L

SZ$* d:ef (T*)k:v*

0

S
i

1s weakly convergent to an element

q € M—*((l—)\)cl—0—)\52),—(Aal—0—(1—)\)(2),(1—)\)(011+31)+)\(a2+'yg)(T*)v
where ¢* = lim,,_,o, R*(T*)"x*.
Additionally, if C* is closed and convex and one of the following holds:

(1) A=XN(a+ b +C)+Mag+ 72 +e2) >0 and Aey + (1 = NG > 0;

(2) (1 - )\)<Oé1 + ﬂ1 + <1) + )\(042 + Y2 + 52) > 0 and )\51 -+ (1 — A)CQ > 0,
then q* is a fized point of T™*.
By Theorem 4.2 we obtain the following.

Theorem 4.3. Let E be a strictly convexr and reflexive Banach space with Kadec-Klee
property and a uniformly Fréchet differentiable norm, let C be a nonempty subset of £
and let T be an (aq, s, b1, B2y 71, Y2, 01, 02, €1, €2, C1, (2) -generalized pseudocontraction from
C' into itself. Suppose that there exists A € [0, 1] such that

(I =M)(ag+ Ba+ 72+ d2) + AMar + B + 71+ 61) = 0;

Mag+72)+ (1= N)(a1+ 1) > 0;

A(B2 +02) + (1 = A) (71 +61) > 0;

(1= MNeg+ MG > 0;

Ao+ (1= XN)eg >0,
suppose that

B (gt (1-N)C1),— (1-N)CatAe1),(1-A) (az+B2)+ M +m) (T) € A(T) # 0

and suppose that J=' is weakly sequentially continuous. Let R* be the sunny generalized
nonexpansive retraction of E* onto J(A(T)). Then for any x € C,

n—1
def ;-1 (1 K
Spr = J - g JT
k=0
1s weakly convergent to an element

q € B (rert (1-N)c1)—(1-N)atAer),(1-N) (a4 B2) 4 Aaa +31) (1),

where ¢ = lim,_,oo J ' R*JT"x.
Additionally, if J(C) is closed and convexz and one of the following holds:
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(1) (1 =X(ag+ B2+ )+ Mar+7 +e1) >0 and Aex + (1 — A)G > 0;
(2) (1 - >\)<042 + ﬂQ + CQ) + )\(Oél -+ T -+ 51) Z 0 and )\52 + (1 — A)Cl > 0,

then q is a fixed point of T'.

5 Weak convergence theorems

Theorem 5.1. Let E be a uniformly convexr and uniformly sooth Banach space, let C' be
a nonempty subset of E and let T be an (aq, ag, B1, B2, 71, V2, 01, 02, €1, €2, (1, (o) -generalized
pseudocontraction from C' into itself. Suppose that there exists A € [0,1] such that

(I =M1+ Bi+7 +61) + Maz + o + 72 + d2) > 0;
Mag +m) + (1= N)(ag + B2) > 0;

AP+ 01) + (1 = A) (72 + d2) > 0;

(1= Xer + A& > 0;

A+ (1= XN)eg >0,

and suppose that

G (1-N)G+Ae2),— Qe +(1-N)G), (1) (1480 +A(aa+2) (T) € B(T) # 0.

Let R be the sunny generalized nonexpansive retraction of E onto B(T), let {c,} be a
sequence of real numbers such that «,, € (0,1) and liminf, . a,,(1 — ;) > 0 and let {x,}
be a sequence generated by 1 € C' and xp11 = apxy, + (1 — ay,)Tx, for any n € N. Then
{z,} is weakly convergent to an element

4 € D ((1-0)¢1+r22),— e +(1-N)C2),(1-N) (e +61)+ A (az+72) (1),
where ¢ = lim,,_,, Rx,,.

Theorem 5.2. Let E* be a uniformly conver and uniformly sooth Banach space, let C*
be a nonempty subset of E* and let T* be an (ar,as, B, fa, 11,72, 01, 02, €1, 2, Cr. o)
generalized pseudocontraction from C* into itself. Suppose that there exists A € [0,1] such
that

(L= A)(o1 + B+ 71+ 01) + Aaz + B2 + 72+ d2) = 0;
Mag +71) + (1= X)(ag + B2) > 0;

A(Br+061) + (1L = N)(y2 + d2) > 0;

(1 =XNe1 + A > 0;

A+ (1= XN)eg >0,

and suppose that
D2 (121 +2e2),— 1 +1-N) ), (1= (@ +60)+Az2) (T ) © B (T7) # 0.
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Let R* be the sunny generalized nonexpansive retraction of E* onto % (T™), let {an} be
a sequence of real numbers such that o, € (0,1) and liminf, . an(l — o) > 0 and let
x* € C* be a sequence generated by x7 € C* and x}, ., = onx) + (1 — ap,)T™}, for any
n € N. Then x* € C* is weakly convergent to an element

0" € (106 +ren),— e+ 1-0G), (- N o1+ + A2 +r2) (T
where ¢* = lim,,_, R*7}.
By Theorem 5.2 we obtain the following.

Theorem 5.3. Let E be a uniformly conver and uniformly sooth Banach space, let C' be
a nonempty subset of E and let T' be an (a1, ae, B1, B2, V1, V2, 01, 02, €1, €2, (1, (2)-generalized
pseudocontraction from C' into itself. Suppose that there exists A € [0, 1] such that

(1 —=X)(ag+ Bo+ 72+ 02) + AMag + B + 71+ 01) > 0;
Aoz +72) + (1 = A)(a1 + B1) = 0;

A(Ba +d2) + (L = A)(n + 1) = 0;

(1 =Xz + A& > 0;

A+ (1= X)ep >0,

suppose that

B (eat(1-N)C1),— (1-N)CatAe1),(1-A) (az+B2)+ M s +m) (T) € A(T) # 0

and suppose that J=' is weakly sequentially continuous. Let R* be the sunny generalized
nonexpansive retraction of E* onto J(A(T)), let {a,,} be a sequence of real numbers such
that v, € (0,1) and liminf, . o, (1 — ay,) > 0 and let {x,} be a sequence generated by
vy € C and w1 = J YapJr, + (1 — ap)JTxy,) for any n € N. Then {x,} is weakly
convergent to an element

q € B (rert(1-1)¢1),—(1-N)Ca+Ae1),(1-N)(a-+82) +A(a1 +71) (1),

where ¢ = limy,_y00o J ' R*J,,.
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