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On the weighted set relation
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1 FC&IC

2 Bt LT O IR T 5 Al LT, 1997 i BA-Hh-Ha[19] Ic kK > THRBE
Nizc, TORMER, EEEGHBOBZER O EHR) 1B B RNDEBICDWT 6 FHONEF
HEAL., ZOIEFIC K2 RELHEEEZ SV EDTH B, TETE., EARELHED
ZEHWOONR FRBLREE] ICERTESZTLDORER [16) GEDEELRRELH S,

FHE, N FIVOIERIE A 5 — LTk 1] D ARSI TH 5. A DOIFIE A 15 —1t
FEOWZE 2, 3] 72 2010 FFRICHED T E 7o AMTIEZTORRDIGH E LT, HAZHEEBIR
6l ICDWVTHINT %, M. ARl [5]) OMEEZ L DD THEM, & THETAITIFDHRE
LA DIERIND B o

2 g
2.1 N7 MUsE(ED 5 DElE

ARTRY ZHIBAIHZERL Oy Z2Y DR ET D, EHACYITH L. A DNAHMNES. i
FEAT Z ZNZ N intA, clAd KT, £/, TOMXT, C CcY 3AMNEZRTEDET S,
DEO, LLNOFM 2T,

(a) clC = C,

(b) C+C CC.

(¢) AC C C YA € [0,00)e

. #EC C Y Msolid &FintC # 0 25729 T & TH D, pointed TH5 L& CN(-C) = {0y}
WO 285 CH2, M C C Y ICK>TUFDE S BT MUEF < MEAEN., (Y, <c)
BNEPA T MIV2E & 755,

def
Yy, y2 €Y, Y1 <cyp €5 yo —y1 € C

& L. C 7 pointed 5N MU <¢ BIIFRGE 2%, WD () NEFRZ kL%
ICH LT, ZOIEFE EICIET B ERK T 5 C L TE . ZOMED SR E N5 I
RIS EDRY MVIER & 803 % T LMD 5N [21),
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2.2 EmE(LH 5 DHE(E

V&Y DZETHEVEDNEGRIERE TS, Vi,The V., aeR, Ve VIIHLT, 2DDEFD
e AAT7—RBEIULTOEIITERINS,

Vi+ Vo i={vy+uvy| v € Vi,v, €V} aV:={av|veV}

EF 2.1 (BOBGR  BS-HP-Hal19]). Y ZEYEAHEZER, V2 Y OZE TRV EE DR E T
%, A, BeV ek, solid MMt C c Y IR LT, U FOEAZREERT S,

lower] A<L B by BCA+C (type 3)
[upper] A<t B by ACB-C (type 5)
[lower & upper] A<&¥*B by BC A+C and AC B-C

AE 1. X MVEF EESIHFEEXIXEZEBEVDD S, NI MVEFOSGSE, 2,y € YV &
CCY@uﬁLT

y—xeC (x<gy) < ycax+C < zecy—C

TH3, —N. BEBEFOLEG, ABecV & CcYIIHLT, EidDBEANELDIERFRISH IS
T25BCA+C(A<LB)2X ACB-C (A<%B) 3 icxs (2] 281),

Bl 1 ([17]). LAOERIAESE LT, KM %X %,
Y =R, C:R+ = {$ER’ 120}, A:[al,ag], B:[bhbg] (al,ag,bl,bQER)
cokE, <l <LITODWTRONGHD
ASZCB<:>(11SZ)1, AS%«B@CLQS()Q
AS%CUB<:>CL1SZ)1 and a2§b2
2 ([2,5). A,B,De V. a>0IcHLT, RHKDILD,
(jAlMB — A+D<MB4D
(i) A §C[v“} B = aA §gu} aB
(i) <L & <y i&. R L HERS DR D 31D,
(iv) A<t b= A<Lb
v) a<l, B=a<%B

EFE 2.3 (C-proper : Hernandez-Rodriguez-Marin[15]). A € V A C-proper [(—C)-proper] T
HBHEE, A+C AY[A-C #AY]|DHDEDIUDEETHS, Tz, Ve[V_] Z Y O C-proper
[(—C)-proper] THAEAEGDHEEL T %,

EH 2.4 (Luc[20]). AeV T3,
(i) AM C-closed [(—C)-closed] TH B LiE, A+ C [A—-C] BHEATHBHI L LELT S,
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(i) ADC-HH [(-C)-BR]| THZ L, ZThZNOY OB UICH LT, Rehwlzd &S
RIEOt > 0BEET B L EThH 5B,

ACctU+C [ACtU-C]
(iii) A A C-compact [(—C)-compact] TH 2 L&, A D C-closed D C-FHHE [(—C)-closed H»
D(=C)-A5 THBLETH S,

C-proper, (—C)-proper, C-closed, (—C)-closed TH 2 Y OE LT~ V., C-proper, (—C)-
proper, C-compact, (—C)-compact TdH2 Y OEAESEZ Cy &FHL,

EE 2. N MVET <c & <o BWASDICEE S, L L, ERICBY BIEFOHAEIC DL
T <6 & <o M BT L 8B B, KoTh < & < o ZRHILIOEE, BB Al
C-closed DfRENRNE L T2 5 ([2] Z2BKD,

EE 2.5, Vi,1he VT3, VICRDES HAMHEGEEAT S,

Vi Vo=V <gVy and V2 <L V4

Vimy Vo= Vi <6 Ve and Vo<t W

Vi ~ign Vo == Vi <8 Vo and  Va <V
FEEOEAZZNEN L [ [ & EL, AEBEOER K D XD 5,

AeBle A+C=B+C

Ac[B*e© A-C=B-C

AcB** o A+C=B+C and A-C=B-C

E&E 2.6. SCVLT5, AecShHlu, &u]-weak minimal element TH 5 L. FED Be S
IZDOWNT
Hu,l&u] lu,l&u]
Bsie 4 = AsSige B

WO DERTH B, S D lu, &u]-weak minimal element D% [u, [&ul-wMin(S; C) £FH <,
FRIC LT, A €S M weak maximal element TH 2 &lE, FED B € SITDWNT
lu,l&u] Hu,l&u]
Asiie B = B 4

MO IVDHEFETH S, S D weak maximal element D72 [[u, [&u)-wMax(S; C) £FL,

3 EEDAHDT—IbFE
3.1 RJ MVDRAAHS—{LEaEK

COHEITIE, kK € C\(-0) &9 %, 1980 FFRIC Gerstewitz [9] &, N7 MU LRTBEIC B
TUATFD K S IR A /1 5 —LBIEL (Gerstewitz DRIED Z2RRE L7,

poro Y — (00,00, popo(y) =inf{t € R ‘y <ctk’} =inf{t eR ‘y etk — C}
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Gerstewitz DREEIE. KAl E e UTRIEA A S —{b G LI NT WS, ZO%IES
X [10) T N7 MU ERTEIC I 5 Gerstewitz D BIEIDOARENZMEE (EFRIEME - H5E
ML) B8N, FiddD Gerstewitz DEFEUE. A LB FORICEE TE 5,

Yoo 1Y — [-00,00), Yopo(y) =sup{t € R ‘tko <cy}=sup{teR ‘y etk + C}

ok (y) = =Yoo (—y)

NS DOREIE. Pareto Fuidff DRFBN 72 EXT MVERELRTEIC B W TIHIA WIS Z D,
(Luc [20], Gopfert-Riahi-Tammer-Zalinescu [11])

Z D%, FHEER 1] TUFDO K S BT MVERELHEIC B 2 IERIE D 2 22800 T~ IRAIBIEL
hint 1 Y XY — (—o00,00] & FRRBIBERL heyp 1 Y X Y — [—00, 00) ZiE L T2,

hint(y,a) = inf{t € R|y <ctk® +a} =inf{t € R‘y ctk®+a—C}

heup(y, a) = sup{t € R ‘tko +a<cy}=sup{teR ’y cth’®+a+C}
EHD A BB hing, heup 13 Gerstewitz DRIBDILIETH B (hint(y, a) = popo(y—a)s a,y €Y)o
EHIT, RETH B,

hsup(@/» CL) = _hinf(_ya _a)

3.2 &EBDAHS—ILEa#K

T T Ty NI MVD R 5 — B hing, hewp ZEEDHEAICINET 22 L 2E 2 5, BHDA
715 — LT HDOWIZHE 2000 FERICHEE > T2 T ORISED LN INAMAETH % 2000 FEMITHD
HIH-Georgiev[7, 8] M HUAE D, 2000 FRELNIC [13, 15] DREEEMIENH - 7o, FHIE. 2010
ERITLL R OO E Z NS 55 2 ih Tz, inf) = co & sup ) = —o0 ZREDH S T &I
YN

Bl hie AL AY 0V XV — [—00, 00

infs '%inf> "“sups '“sup

RROESICEET %o BECAL b2 B 1, KA 5 B RO B R LT
V3.,

%ngw):mﬂtemhﬁggmm+w}:nﬂUeRhW+4@ctﬁ+C}

U
hinf

(Vi, Vo) = inf{t € R|V; <& th® + Va} = inf{t e R|Vi C tk® + Vo — C}
%wWEW)=ﬂmH€RhW+46éé%}zmmﬁeRhactw+wg+c}
B (Vi, V) = sup{t € R[tK® 4+ Vo <% Vi } = sup{t € R|tk" + Vo C Vi — C'}

B, £BD AN T — L FEOWIHIRICEILNHEN 2 ENT VS ([2, 3, 6, 12] RZDHBEY
ik 1)

i 3.1 (2, 3)). LRLDO AL T —(LBIEIC DN T, KW D 31D,

(1) hlup(V1,V2) = =D (=V1, = V2)

inf

inf

(ii) h¥,(Vi,Va) = —hl (=V1,—Va)



(111) hlnf(‘/hvé) hll’lf( ‘/27 ‘/1) and hlnf(‘/hvé) hmf( ‘/27 ‘/1)
(IV) hsup(vl?‘/Z) _hsup( ‘/27_‘/1) and hsuup(‘/h‘/?) hsup( Vo, — ‘/1)

PRI w3, BOOBRICE > TV Ko T, 1 E w BICOWTOERITHT B AN F—
(LIEE. N7 R IVOBE LMD, bl & bt D2 DR MNZRLEND B,

i 3.2 ([5]). Vi, Vo, V3, Vi€ V. a>0 &9 %, inf AT —(LBIBICDWVT. RDED VD,
(i) Al (V1,V2) <t <= tk* + Vo C cl(V4 + O)

(ii) R (Vi, Vo) <t <= Vi Ccl(tk®+ Vo — C)

(i) Al (Vi +C,Va+C) = h (Vi,Va) and h¥ (Vi — O, Va — C) = h¥ (3, V&)

(iv) Vo € Vi)' %5, hl (Vo, V1) = Rl (V1, Vo) DD 31D,

(v) Va € " & BIE. bt (Vo, Vi) = bt (Va, Vo) AR D 31D,

(Vl + V5, V3 + ‘/21) < hmf(Vl, Vg) + hmf(VQ, V4) and
(‘/1 + ‘/éa VS + ‘/21) < hlu (V17V3) + hmf(‘/Za V4)

(vi) hmf
hing

(Vll) 1nf(av17 a‘/Q) - ahlnf(vl7 ‘/2) and hlnf(avb a‘/Q) = hmf(‘/1 ‘/2)
8 3.3 ([5]). Vi, Vo, W3, Vi eV, a>0&9 %, sup AN T—(LBIEUCDOWT, DD LD,
(i) hlyp(Vi,Va) >t <= Vi Ccl(tk® + Vo + C)

(ii) he,(V1,Va) >t <= th® + Vo C cl(Vy — C)

(111) hlsup(‘/l + C? Vv2 + C) hlsup(‘/h ‘/2) and hgup(‘/i - C? Vv2 - C) = hsup(‘/h ‘/2)

(iv) Vo e M) &5 &. bl (Va, Vi) = i, (Vi, Vo) DD ILD,

(V) V2 [Vl]u 7&‘5&1 hsup(‘/’g,vl) hsup(‘/l?V?) 75‘5}2’)4‘9

(vi) hlyp(Vi+ Vo, Vs + Vi) > L, (Vi Va) + bl (Va, Vi) and

haup (Vi + Va, Vs + Vi) > by, (Vi Va) + by, (Va, Vi)

(vii) hl,(aVi,aVa) = ahl (Vi,V2) and b, (aVi, aVa) = ahl (Vi, Va)

feE 3.2, 3.31CB B AT —(LBIBOMNE L. AEOTFERTH L EM 4.2, 4.4 %773 DI
B R E 7 R d

3.3 E/EREADT—DEHTEE

Wl T 3% LI A0 AN 5 — (LEROWEE NS C LT, EAMIKE AN T —OEHuEH
EI1B T EAHRD, M. TOMOREIICDONTIE [2] TR SN TONEH, DA D
Mis o 1=DT. [3] TZOIEME R L,

EH 3.4 (-inf B [3]). C C Y 7% solid 75, k0 € intC &9 %,



(i) HL VI € Ve D C-closed, Vo € VIEHIX, RHE A
VQCV1+0<:>hmf(V1,V2)§O

(i) BT, Vi € Vos Vo € VI C-compact 75513, RXINE A %,

Vo C Vi 4+ intC <= hl (V1,V5) <0

EE 3.5 (u-inf BU[3])). C C Y % solid 75, k0 € intC &9 %,
(i) BELVI eV, Vo eV D (=C)-closed 72518, KNF A %,

Vi C Vo= C <= hiyy(11,V2) <0

(ii) E5IC. V4 € VI (—=C)-compact. Vo € V_c x5IE. KNEZ 5

Vi C Vo —intC <= hil;(V1,V2) <0

EHE 3.6 (I-sup B [3]). C C Y 7% solid 7xBfiM#E. k0 € intC &9 %,
(i) BEL VI eV, Vo € Vo M C-closed 75513, IVE R %,

Vi CVa+ C <= hg,,(V1,V2) >0

fup(
(ii) THIC, Vi € VI C-compact T, Vo € Vo B HIE, XDV Z 5
Vi C Vo +intC <= hl,,(V1,12) > 0
EE 3.7 (u-sup B [3]). C C Y 7% solid 7=, k0 € intC &9 %,
(i) &BL VI €V_c D (=C)-closed T. Vo € VIEBIE, XDNEZ D

Vo Vi —C < hg ,(11,V2) >0

sup
(i) EHIC, Vi €V_c Ty Vo € VI (=CO)-compact 75513, RINEZ %,
Vo . Vi —intC < hgup(Vl,Vg) >0

AR 3. LidOZHuE R, A OAEERE [3] 72 EISHIHIPHAY & TE AN T & DL DWgE
THHILTWS, CThuclE,. WO DEFEEEND S,

(a) ESED 4 DDEMTERE (i) IcBFS [—=1 DIFERICEWNT. 11, Vs € VIKRERRFETH B,
AL, [2, 3] Dffuc, [18] DFFIA GEHE 3.3, 3.8) 2D L,
(b) L5FER®D 4 DDEHER (i) IcHITD T+ DIRRICEWNT. £EIL [6, 18] ILBITEEED
RE TEHES&ER] % C-closed. (—C)-closed] BB LICHIHL T3,
R? :=={x e R" | 21 > 0,22 >0, ...,x, > 0},
R} ={zeR" |21 >0,29 >0,..,2, > 0},
Y = R?, C=R%, V =R3, U{(0,0)}

6] D MGE 2.41 Tlk. A, B e VIZHES, DOERTHZ EMEL TS, LML, LD
BTV X C-closed THBZ EWah 5., VIFEETIEEVL, HRTERV,



(c) ZHuEH (1) OFRAIEHEE L LT, Vo ={0y} & LTIcEEDT LZEZ S,

() Oy eVi+C = ni() <0 (21580

(IE) Oy €cl(V1 +C) < bl (V1) <0 ([4,12] B8

inf

B Vi IC C-closed DIREFRHETH B, LATDKDICRET %o
Y=R, C=R%, k'=(1,1), V={(z,y)]y< —i, x> 0}
ERCER

hlLe(V)<0 < Oy eV +C

1

BREEWTH 2 T EMHERTE %, GEAEDL, V+C ={(z,y) | x>0} & 0y ZFEEW
FEBTENETH B,

(d) EFLD 4 DOEHGEFD (i) OAEHIE, [12] Z#2EIC LT 2] Z2HINICEBIE - B LZED
THb, [12] CRERIC Tcompact] ZRELTWAED, EEW 3] IKBWTEEDREE
[C-compact. (—C)-compact] $E®HB T EICHIHL TS,

4 ELGER

SRR, FRAMRORIEA T EAb B, ZO—DIk, 11« BOEAMIKIC
DIV IROBEREZRIET 5 T & Th B, RN EEAIIG 6] 1. T8 LIRS
8T R— R T % T L IE &> T BRI IR « o B ORI A L— RT3 (R
FREREOBRE) T ENTRICA S,

ARETIE, (6] BHRER U7 BAM £ AMIROMM I EE NS,

EHE 4.1 (HEAFEEARMR ¢ Chen-Kobis-Kobis-Yao [6]). C C Y % solid Z&BiH#E, X\ € [0,1].
K0 eintC £ 9%, A, Be VI LT, ROEAMFRZELT S,

A<M B e AL (A, B) + (1 — \hts(A, B) <0

—inf inf

A<M B s AL (A B) + (1— MhE5(A, B) < 0

inf i

EE 4 ([6]). A= 00D& XL, NROERIIRE AHT—DOLEHGEIINS, A<M B s A<y B
LB, A=10L &, FABCEHEm»s A<M B« A<, BEi3, &L, A<L B
Y A<y BBIROOABIE, A<M BIEEO N € [0,1] THRO D, M0 kg &
SIS %, TOHIN, BRMNZEARE <M ZUATEHNTH S, /37 XA—Z NFEA
IR <L, <t OE#EERRY TEMEE 2L TV 5,

6] Tld. AT OERIC I B2 MH (i), (i) ZHEL T2, AT, BHASEGBIROH
T RIS DV T %,
EE 4.2 ([5]). C CY % solid 7z, A€ [0,1]. K €intC &%, §5&, A, BV, a>0
ISR UT RO VLD,

() A<M B—=A+D =M B4+ D

—inf —inf



.0 .0
(ii) A jl);lf“ B= oA jﬁl? abB

(i) <M i, RS R RSN D 11O,

—inf

(iv) <ME 0, HEBHASER D AT,

inf
(v) L. A€ VoD C-closed T, B € V_ch (—=C)-closed 7551E, A< B= A j;\n’fo B
TH%,
(vi) & L. A€ Ve H (=C)-compact T. B € V_c H C-compact 75 51X,

A<t p— A<M BTHZ,

Proof. #Ffllld [5) 2BMD T &, il 322FH I 2 &T, EH 4.2 OMHE (i), (i) (i) (iv)
2R T ENHKD, (v). (vi) 1 BBERE AN T —OEEHERIT % LR HIORE S, O

(ARAVF) [6] Tlde PEE (1) IEOV TRFARSNTOARY, W (i) 130 L7 I %
HEZDT, [6] DEZILNMNDED > EOMEHNE, UL, 18« o TP () HRD
B, EHITE I - 0 D RN S AOEREIIMEET B C LD, HE (1) DD IO &
EERET LR EEEEIEL TV,

6] 5. FhTeBid sup AT T — (LRI FIH L 72 ROEEBIRZIRET 5,
E#&E 4.3 ([5]). C C Y % solid Z=HiM#fE. A € [0,1]. K € intC £ 9%, A, BeVIxLT, X
DEGBIRZERT 5,

A<M B ARl

—sup sup

(A, B) + (1 - Nh% (A, B) >0

sup

A=ME B = AL, (A, B) + (1= Mt (A, B) >0

sup sup

EH 4.4 ([5]). C CY % solid7sPAiM#E. A € [0,1]. K0 € intC £ 9%, §5L. A, BEV, a>0
IR LT R D LD,

() A= B=A+D=XE B+D
(i) A =0E B = ad <}l oB
(i) <35 1&. ST HER A LD 31D,
(iv) <31, HEBHASEL D AT,
(v) &L, A€ V_¢ B (=C)-closed T, B € Vo B C-closed 7551E, B <l¥v A= A<3F' B
2 IRVASS
(vi) L. A€ V_¢h C-compact T, B € Vg B (—C)-compact 75 513,
B <l A= A<NN BAMD IO,
Proof. fivi 3.3 ZF|HT 5 & T, ROBERVEENS, 0
R 4.5 ([5]). HAMNSEEBRITONT, ROBED LD,

0 0
A=M B = —B<IM 4 = AL B = B A

—inf —inf —sup —sup



(AAVR) FRo@EN D, <M L <3 <MY e M e nEn TR OBIR] i

BoTVBTENTH B, HAMSEEGMBRD NS OV TORHIFITONTIE, KR
R CTH %,

HEAEESRIT G - HBEADEDIIDD T, £ 2.6 LIARKICHOERZEZ ST LN
TE%,

E 4.6. (ji’\n’f O—minimal, maximal, <§;?O—minimal, maximal element [5]) S CV £9%, A€ S
yoN ji);fo—minimal [maximal] element T&H 2 & &, {FED A € SITH LT, ROEFRMNEKD LD
LETH 5,

A=MTL — A=MT A AN A =AM g

—inf —inf —inf —inf

EHIC, AeSH <i)]‘ﬂ’?0 minimal [maximal] element T2 &i&, LD A € SITX LT, XD
BARM D Vi DERTH %,
A<MYE = A4 A<M A = AN g

inf inf inf inf

SD ji);fo-minimal [maximal] element D% Min(S; -<.)"k0) [Max(S; -<.)"k0)]\ SD —<i);1’?0—minimal

—inf ) —inf
[maximal] elements D%z wMin(S; <i)]‘ﬂ’?0) [wMax(S; <1)]‘H§O)] &<,

e 4.5 CEGBRE AN T —OEBEHEMHTA LICK D, ROBBRHIDN S,
il 4.7 ([5]). EAMNZEGERICONT, RO LDV 5,

(i) L. SC Vi &EbIE, ROUEMIEHEZ B,
1&u-Min(S; ) € Min(S; =), 1&u-Min(S; €) € Max(S; <48,

(i) &L, SCColibld, ROUGHUGHER B,
[&u-wMin(S;intC') C wMin(S; —<~)"k0)\ [&u-wMin(S;intC') C wMax(S; -<§\ﬁlf)o)o

inf

(i) Min(S; <f") = Max(8; =05 ) Min(S; =3i) = Max(8; 25t ).

—inf —inf

(iv) WMin(S; <nf ) = wMax(S; < )+ wMin(S; <A ) = wMax(S; <t )

inf inf

5 FELHESEDRE

ARCIE. BEHMIEEABG < QY OMERZ OB OWTHEE Lz, EAMGE
AN T —OEREIERT S CEAICEYAREEMIMEZS) LT M0 <0 psH L
Hl < B AT LN, EBIT, B A2, 44m5, <00 QAR g <L <u | <l
LI U2 > T B T e o e Ee, <0F & <08 13, HOMGR TS LS
HHIL T3 (Al 4.5, 4.7),

FRIOHED b BB X EABIROE IR E NZRED, XOMEL LT, BHIEES
BROERICH S A E EDKSICHDHEM? LWVS MBS, ORI [F— X205 Ick
X RIFLTOT, Chud ke OB TH S, SllLomzR ik, MR - Hitze O
W L8 < H Y. ERREILIEOHECONTE, Bt OMAEEZBNE L XIChS
DMEHNE,
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