On realization problems of graphs as Reeb graphs of
smooth functions with prescribed preimages

JLERERT (Naoki Kitazawa) (JUMKFES A - 747 - 4 XA Y RISEHT)*

(A Z kiK%, 2D LD, B X D IRTDE K R WZEAD BV (A5 E
BERWTA, NS LW FERE, BRTEETH L. FILEHREORMETS
CORELRMAVHEHEZ L TETED S UkITTWE. OB, Wi EH; k>
MO DERIBDLIMR DRI ZEM Reeb ZEMNZ K ODFZHECTEEER L 5. K
Tl B UZ-BEATEERNMNE, 5260277 72 EE0 R WA EE D
Reeb ZEft] & U CEHBETEZ 5H 5 Sharko 75§Eﬂﬁé‘b7‘:ﬁnﬁﬂg, W12 Bl A IS
EEBHGDVAB LI EZS, BB TEELZEDIIRELDITERTE LW
9F"ﬁ_k“)b\fﬂlbﬂfdf*%@%?’btrf*%% HIEITT 5.

BB, ARDL I [13] LHRBPANEPLZEEL TVWLE I L 2HRATEL.
7272 U, #¥ D Main Theorem 3 E# 7212l > 23R L FET 5.

1. Reeb ZE (V7 7).

c: X =Y ZAAHZER OO (# %n)%u@%m% X OERED 2 5 21,2, ITOWVWT, Y
DH By DFB cLy) DIFE Uik 2 C’%ét%hlﬁ%O)ﬁC RO xy~oxe %
AT LS, X FOBFR ~Z2EHRT S HoNIZINIEEMEREBETH 5.

Definition 1. RGZE[ME] W, := X/~, % ¢ O Reeb ZEfH] & FEX,

@: X =W, THEM, e Tc==coq 2ATEBRL L TERT . 5iH ITEGRE
E(%z, BE GGG LT UhE ~EILEx 5.

G, WO MRS IRIR DD & MR G T, EHRIBD L ERIRD 13 hMEIS D % Fk
ﬁnk DIRTEDTEN L 5 75D & ZD Rech %% E A 5. %EAk L OTHA D
AR D Reeb ZEHIZEI U, [20] 2 BHHE L 201D XD —~DTH 5.

DI f: M — N THSPRERRIE M D505 DRERIK N ~NDH S s
BEaRT. f OREFEII, M DR pe M TEITOMSY df, IZDOWTREDN M

N B DRTE & Mﬁjuwb@a@‘é. HOREL p TOME LTEED f(p) % f
(D%Eﬁﬁtnﬁi FREMETR W N Of% f OIEHME 2 FEI.

HOMNBRERIRN SR 27 T A%EZ IBODRERRIK M, & My IZD2WT, —
FH oM GADWE SN THESZ S 20 E S REHEESD £ WD EHEEEDS
BHETLHLE0DFORICIRD FMEE U, FEEHZ Z O ZEREOHS FEHE & W
RbHBLAAZ :'G%Zf:%ﬁ%iilﬁﬁﬁﬂﬁf%%) ZRRAR M, & My O RIAHE
DELWE E M X M (Ml & M 1) BAFMHTHD &NV D.

S k> 0 IRJt Euclid ZE[t] % RF TR, TNIEXEHRZE Lk IRTTDIE S 7%
IR TH O, BARLGFHER2E T 5 Riemann ZHRIEATEHS. 2 e RF LEEF 0 D
Mz 2% ||z)| > 0 THKT. 5% .= {o € RF! | ||z|| = 1} T k IRIGHAL
BREIZRT (72720 k120 L EDOER). ZOZRRIKIE, k IRTTD W S b 72 B
DERRIRT, BRA2H 2TV THD. T LT E>1 BoIEERETHS.
DF:={z e R"|||z|| < 1} T k ROCBMBRIKZ RS (72720 k13 1 B EDEEE). 2
Tk IRTT DI S DRI L RIR T, ERZEH IV NT N THB.

fBRINFERATA L, CEYI R T) — 7220 S h R E&O L & W, XA
D & FIRITCD L HAK(T, —#IZH O DR EERIKD & BRI —RIZZ KD
WEPEELZENEISROENT WS MEBOLRIFIZE LS ENZF ERTH
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Figure 1: X6 2 PL EDHAIBRAT D HARRE S 2 F 2 TH 515 Morse B E Reeb
75 7(k). RRIZHRRE THORAENZ P —TF A (S x SHIZH UERRE S %
ZZ T35 5 Morse A& Reeb 77 7(hR). 77 7DRiEHRURTRRDILIZH
5 RCHEEOXE P BAEKE " S™ 1 ORFIE, TORD ¢ TEA LB ZR
T RBEDT T 7 TH(DOWH)DE R OFBRITHAE.

THRIZFEINDH D)L 725, Reeb ZEH W; DI DX S BLHAETHD L\ D
RIUZDNWT, f DD E Reeb 228/ W, 175 712705, 128, KF&ET, 77
ZIZBET 2 HEE, I ZXTHR (RS, MEER), ZE4, V—T1l, 75 70 EHTH
5ZERERTHL I LIZOVTIE, @& IC & > THMOEARN MG 5. %
7z, 75 T HARICAAEZER, 1 IRIED R IVEIR(CW HIR) & Aist 208, — DD s
ZI7MWEMTHB LE, ZDOEOD PL AMHERT—HDI I 7OHRAESEEZDL S —
HDT T 7DEMEGIIETHRREDORDHEZ 2T 5T 7 7 2KDEED
OEOFEEEFE UTRETHE L WO EREEE ).

Theorem 1 ([23]). 2 /N7 M ZERIK LD S 272 BE f ChrSED S 4 A7 BRAA
THEEIBREDIZODVWT, Wy X 1RGN T NETHKRE 5, DF D ERK
757 LEMTHD. ALK LD S »REY f CREM S~ BRETH 3
E2BBDITONT, Wy I, HEESZ ¢ THLUTOEGPREREZEL LS %
LEDLENORIERTHILE LTI TLR5.

Definition 2. PAZ K EDWE S 2B f T, W, 28, HREE%Z ¢ TEATH
BOREREE2EL I ORI DEENSRIELETHHE LTI I TR B L E,
Reeb 77 7 L IR,

Bl 21X, Morse(-Bott) BIED & 5 R R A D E DD TORPEHETHR VL S22
B f Tl Reeb 77 7 W; D35 515, Morse BAE D E 35 F AR 72 HFE X MHEE
I$AME X TIHL . Morse-Bott BIEUZ DWW T H AR E T 50, FEFRALDH D TIT,
R IEN T BEED L & THF & Morse BIEIDEK TRETWVWS &5 R#E S H
WEAMEUTERETAILEZITERLTEL. BEAXHENE U T, Morse B D MiGm
2B L T [16, 18, 19], Morse-Bott BI¥UZEAL T [1] A'd 5.

Figure 1 & Figure 2 C Morse B%%, Morse-Bott FA#(& Z D Reeb 77 7 Dl %
AL TsL.

Remark 1. $ 2 FERWHEZ AT S EHHD SGHRTHEN L 5 2 5 7 EA
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Figure 2: R} IZHARRIL THOIAENZ b —F AW UHARRE I 2FZ XA THE LN
% Morse-Bott B8t & Reeb 75 7. 75 7 %#48 URTRRDEIZH 5 HE L, Figure
1 A BRZRL, £720(ONE)DERTOHGRE .

IZDWT, Reeb ZE[IAMEI D22 & [FAIRITTD L HARIZIRD &\ D Z 212D\ T Al
KT 5. [14] TG 3 A EOBAZRRIRD 5 FHEAD, FRR OB 5 LT/
RIS DREMR, VODEIEEGHRTRINT VWS, BEEMHL VDS 1R EE
DY T AL, ERESTHEPERS XD REALKRIEK LD Morse B 2R %2 &0 &
DT T ATHB(HALKRK EDWH S RBEBIZOVWTESWHSEBTHEZ L L
ﬁi?%é:t@ﬁ@@%é)iiﬁ@#@ﬁ%%atTMﬁ5@®%ﬁﬁﬁ‘
L%Té%ﬂiﬁiﬁkbf[]#ﬁﬁéfmm 22 [l A M D 22 ] & IR OT D %
RIZ 2 &\ WD FEFEX [26) TR —BINZRHTRINT VWS, 20D &5 724Kk
H T, Reeb % L SRR A SR T2 L 5 ZNA D IZ L B A S, BIKIIC
X, BRI TR, AEO Y R aRE D Y —BELHRAORBIN 2 ERE H D
Eﬁﬁé[m2qﬁﬁﬁ® WX 7L TV [3,4,5,8,9 FIZBEELZGEND S,

2. 727 DEFMNRAIMOEED Reeb ¥ 57 & L THRI.
SHBRERTNV =T 2w —h, 2B LRIRBELS5 L5077 70 AN TE
EMNHER R RS, ZheD s 7% §%L1am®%ﬁwt%zé mH s
7 7Y B EAN L HFEFOHHIZEKT 5.

AR TIEIROMEZ LIz S .

Problem 1. 52 57227 7 % Reeb ZZ[H & U7-EE DB W S 1 7 B % R
TEBN? T2 UEEEBOZHRFIZOVWTEHEHEEIILARW. BESHREDRT%E
TR 2EEHREZHEED Y 5 ARREILHIET 5.

HKEREPAEIIZAIR UBIZEZ KGR 2/ TWS, LFOMELZ FLIHBNAT
3.
Problem 2. Problem 1 (ZH\WT, IEHIED H 4 F THIH - THRLEL T, HEOR W
B oD EEEWE TE 507

InoDRJEIE BANTHARTEETHS. UL, —Hiz, TEMERBNIZ(RIC
KB E O DN REBRZERTHIILDHLI ] WO LDERHVHEH LW, Z
NETUTD LS BWHEDLH - 7-.

o HAXHIZEALU THREDHEY LM 2T ORI I 7RI 7%

Reeb 77 7 &9 %, BT LD 5 2 7B O#ERK([25]). Problem 1 ® & 5




o

Figure 3: 52 6N 7=2 7 7 (H) L BAdhE LD 5 272 B (L).

HEBEOBED E WA AHETH S.

o TED, BRTN—T2FZRVWHDPLELIZFONPELNBVWEOIR)T S
70U, FNE RS 5 7% Reeb 775 7 &35, FARIE LD S H 7
% WK ([15)).

o WU AM-T LIRS 7IZOoWT, TR EFBARZS5 75 Reeb 75
7 & 75 %, Morse BEEUT 1 R O Wi Y BAALER T O FE A FT & B840 [ M2 72 %
X% EDELEORTE 2 DL EDERERITTE U THR([17).

Figure 3 1%, D277 7I1Z{ U, EO/FTRINT WS XS5 o B EET
WS EaRT \WhW S 2 Ol &A1)l el EOBBE R
UTFHOREMERDO—-DTHS.

Main Theorem 1 ([6]). G := (V,E) Z AR CEFETH 1 AU LEZET LS L5747
77235V 2EHAESFE %L%Atﬁ“é). g:G - R EZEGHETEL e F
ETHRFNTHE LI LEDETE. 1 %, E FOIFADREKEME T2 X5 wEK
£95. 20LE HDH 3MTMENMNITARREMEASKE M £ 2D EDWE S 9
B f - M - R DBPHOT 2T

1. Reeb 727 Wy WEX YD Wy & G IIETL(LABEEY) 2 F -2 EDTE R
%).

2. a % e DNEDORET D E, gy a) I I(e) DR AT aTaE 72 ARG

3. p WRERDEE ¢(p) €V, 2LD ¢(p) & Wy =G ODHERT, g(¢s(p) =
f(p).

4. qs(p) eV I g DIMMEZ G Z WL D RIHAKTH Y p WRRELDE &, f 1
DJE D T Morse BFAE L 725

| 97aﬂeeEc OL\’C I(e) =0 Z'g“é pyb)fr# @k% f ;cpombf
Morse B & 725 .

6. p MERTD 2 NA—=VIZYTEESRVWEI BRSO EE, fidp DR
T Morse BEE 3250, ULRALZDESRRESDOEDTD fizo0
T, BRMEDE DLANDE O Tld, Mose-Bott B L THRHE 3.



AL OIS %23k R 5. 7T TDIHEAD 0 H TORAKLEBEEBRL, KD D
WAIIHEEBE L TREZICA D GLEL L VWO THES P RERZEE T 5. 7

9, BEE G 27200 K S 2THS D D T, Morse BABDRFE & ZRRARD
YRUBHIGL TWEEWIEL DS DERZREEEZFMAT 5. FAFFIIZ, Reeb 22
M2 ZDHES v EZNE2EOULEOMEEGL LTRINDE LD T 7 DEH7%E
[ & FA T, TR OWHBRDOARRITNEZGEATHWTHIDO RO FH{IEEZEATEST),
BT, FEENTE 1 [HTZDBRONEBIZH 5 & 5 7 Morse B %215 5.

Wiffi % 52 2 THMO XDV IZOWTHIAT 5. £ T T v OB 2 U EORS
POBIAT 5. ETTHRE AL £ RULADEEEETR 2 DDOEAICHET

5 (22T 2 DOEEZSIZMTHRV). TNTIVEIRFEMMU FIZRS L5 7%
Wy, R B2 5 K5 80 & 705 X S E T RATIIZ, Reeb ZE[MAY 1 fH D
EHREENZEUUEEOMEG L LTRIND LD T T 7 DE 52/ & FEMHET,
HROFBOARRPEZEATVWTHO ROFHRIIFRREZEATVRWVE D2
B ZEES. v PMEZ G- Z MWD K 512, Morse BB Z R TE 5. T 1 D
LRBEOL IATHRRELITRINELRD LT, B2HAKBEE AL LZED LD
IRz (5 > THEINT M OIA A, BARIZEEH SHANDOHE 2 GKT 5. THA v DIX
B 1 ORIZOWTHERICHN S THRZFLILTO [ DEA 0 O & SIEHBALER
R D? DEE%AFZTHESNSD Morse B, D? ED z — +[|z]]* + g(v) D TES
INDBBEZEZNIER . | OEPEOBBTH L L ZIXDUHAPBETH 5.
& T, Main Theorem 1 [ZBE# U, 23] TUTFAESNTNS.

Theorem 2 ([23]). m > 1 2L 5. G:=(V,E) 2ARTHEETH 1 H2A L%
H32L5%77 7892V 2HRER E2URGLT5). g: G — R il
BCTKLec E ETHHATHL L5305 1%, FE LD, UT2HLT LD
REH{ETS.

o | DIEBIE m — 1 IRTTDIE S D72 EFEPA S AR DI R R 2R 5 72 5 &
BTH5.

o BIEM v eV IZDOWT, L, #ZZTD g DD gv) AR THE L 5% v %
BUUEEDES, U, 2FZTD g DIED glv) METHZ L5k v 2858
MEEDEEL TS, L, DR e I2DWT le) IZET S & 511 S Lk
WaE LD ENSDIERM FL, D, U, THRIZZHIK Fy, 25, 20
LEINSDIERM FL,UFy, 2ERETEE57% m IRTOE S H Tl
RAVINT NERRIRD D B

IDEE, DD m IREEESHEE M EZOLEOBSIRER M SR M

HOLINZ2m7=7.

1. Reeb 777 Wy BEX D W, & G IFABL(PABEEY) 22\ — 2 €D TH X
%).

2.a %l e DAFDRETDE, ¢ (a) IF l(e) IZBT BLHARE W5 EE.

3. p BWREREDEE ¢(p) €V, DD ¢(p) 1& Wy = G DIEKRT, g(q;(p) =
/(D).

Remark 2. Theorem 2 12 DWW T, FflIXEE T 255, m — 1 IRTEDIE S D72 545 B
ZRRIROMD FIMHEL 26 DIERMEER T 5 X5 RmorTHisLa Ny
FNERRIRIZOWT, MEZRADEZAGE M L UTRAEVA-ZEDEHFELI L
MTE5.



ZORERIX, IR HBIZTH T 2ERRRIZOWT R D — R % k-
TW5. —H, BRANVHRIEDOEDHPHEIZOVWTIEMNO S TWRW. 15 H
THBEINEBFTH TR VWEBZFAWT IS EREZERT AL VWO THERED
BFonsd. Iz, Shlfko TWASEE IIMNIZBRIZH s N TW=kER 2 HN T 5.

Theorem 3 ([22]). 3 {RJG[A & F 1) AT REEREPAZ AR M 73, Morse BA%L T Main
Theorem 1 IZBWT | DIEA 0 5 | THEBADEDEHTS & &, M ¥ 3ot
%&ﬁﬁs{yxsl@v/zﬁﬁi#i%h@@#ﬁtbf%éh%%ﬁ%a
WAL RS, WIZED XD RERIK M 12X, 3B LEMt 203X 5%
Morse B3 H 5.
RELLTHE 5N T

Main Theorem 2 ([11]). G == (V,E) Z AR CTEFE T 1 B EEZETLLOXR
757835V 2HREG E2LEAELETH). g: G — R &l T«
ec E ECHEHTHALIO>REDETS. 1%, FE LD, A T2 T LD LEH/HL
T5.

o | DAEI 3 IRTT DI © A Tlal & A 1 AR 0 8 B 2 Bk D 40 [RI A AL 22 44
MORBEETHS.

ev cV % glv) WMMEL 2B XDRTHMET S, 20D& X v DIRBUIL 1 T,
es>v THBH ec EIZDNWT lle) 1X 53 O FIFHE.

D& E, 4 RTCDOEFERM S ATREPAS IR M & Z D ED Morse B
f:M—=RMPHHUNZN7-9

1. Reeb 777 Wy WEED Wy & G BRI DIEEYLFA—-HE2EDTEX
%).

2.a %l e DNFDRET B L, g a) 1 l(e) ITIET B & DRERRIKE MO F
.

S p WRE[DEE ¢(p) €V, 2FD ¢(p) 1T W, =G DIHKT, g(qr(p)) =
f(p).

AEHRIZ X, Jeif D Morse BIEIDR R R &NV FIVICE T 28Ew, £ L T 3 kot
ZRRARIZEE DB L, W WS Dehn surgery (ZBET2EFHEFEEZHVS.
SDULFHLI RS L, ZOEMIE, L —BHUREMORL L THELON. &b
UNEs0h o7
Main Theorem 3 ([12]). G := (V,F) 2 AR TEFETH 1 AU LEZ2ETBH X574
75735V 2HRAES E2UEELTS). g: G - R 2 EHEEAKTEL
ecE FCHHTHA LI RBDETE. 1%, E LD, AN 2h7=d &5 REHEE
T5.

o | DfEIIZ 2 RoC DA M DD M RN 5 2 _ETH 5.

o BHM vIZDOWVWTedv ZAT LRI ec EIZDWT l(e) IZET 2 HlITH
D Euler A —FIZEE DD, TRTD ed0v IZDOVWTED Euler 8% 2T
EHETHS.

IDEE IRITOERERHALE M 2D LEOBSHRER - M >R M
HYLATET-T.



1. Reeb 7777 W; DEE D W, & G IXFEB(MUREET 2F A2 EDTHE R
%).

2.a %M e DNEDHRET L E, ¢y a) I l(e) IZET S & D i & R
.

3. p WRIREDELE ¢;(p) eV, D2FD qpp) 1& Wy = G DIEMT, glgs(p)) =
f(p)-

4. BRMEORESZ2RE, FRELADRED T, f I&Mose-Bott B & L TFEE
5.

3. fHE.

SHOMEEZEITTEL.

Problem 3. Theorem 3 D X 5 7%, K€ DZ IR DR Z FHED 1} 5 & 5 b RIZE S
N5 .

Theorem 3 @ [22] &, 1EHIMED F G OEFERL 2 A ICAHIZIIIKETH S
@@ﬁﬂf?kﬁkwﬁﬁj\ﬂmt KBRS 7220 K 5 78 Morse BIEL Y, & DE &I DL HRIK
KBTI THEDLD(EWVI LD ZDEDBEBOFENAA THB). ZORMK
TRHIBETLELHRIZIBFBONTVE L VWA S, MMORIIZDOWTIE, HIXIXEH
If i Tl&, Main Theorem 1, Main Theorem 2 DR T Morse BIEIDAZZ T, X 5
(2, M E A ATRE R IR AME O @ G D@ RE A > 2 BRET 2 b — F ZITHIBR U, [\ & 51
Z:E‘fﬁﬁfaiIEEUﬁE@iﬁ@@ﬁ%ﬁﬁ7&@%&755‘ 12 THBELIBED, DF D ES
BT 2 Klein bottle (ZHIR T 22 LW eHE L v e b s, Blhm iXEE D
L#éamém%@% 1525, —MDAZHARDE T B L@MITHEHL .
BRI, R TEDOEB TARIITERVWEWHIRBEDHEB THS, LT 22
67“‘5.

Problem 4. 72 7 % 5.2 fl}&A3 R T Reeb 7 7 7R ZENELFHITH B L 5 7,
HEORWES P REROMEE2ZEZ TS, Tk, Rt n > 1 DELHEKCW &
)% 5.2, fEig% R & U T, ARROREZZ 2RI 2 5?

Z DA, FENIAIE S 508, [7] TlE, BEAR DR WERIK LD, i a o b
LIRS WK S REYRESHRBERD I S AREZ, ATk TEL5%
M E2EZ X CTHERBTWS.

4. HE.
Zlilj\]@ 13 2021 FERLEAAEMISEBARE (S) THEARE . kA BEREE

5 17TH06128) | D22 175D TH 5. EfAKIZIEA A MRS & U TAR
&Z FBE L 72 CRWIZ B ICR o 72, A L LT 720,

ANFICEEL, HEAMAED 7OV 27 MIMNKEIZX - TxT - AV RA
N URRGEAT 2020 4R EE TR E ML EA S URE - bR ERGEREES
20200027)] (https://joint.imi.kyushu-u.ac.jp/research-reports/year-2021/) D)%
ZIFTWwWa. BEMoEWIT oYz e UT, £EAHEO TO Y =7 N AN K
FERA T AT A YEAN UG 2021 - RUPFE- SRR 1 TR
B KRB (M R FIE AR v X —WENA I 7 A5Hll - SHERIZE R v

—)(FREE S : 20210013))  (https://joint.imi.kyushu-u.ac.jp/post-2051/) T % &
HFhRIEBTHWEZ. WIhd, Reeb 77 700 TEH A FULFIZBE W TEERY —
VT H B BUE, (HIRD ZRARD ST HRTTDEN & 5 B WAHD BEHEC T Zh 5 %E
£ % Reeb 77 7% Reeb 220, WEICHT 20 b Ao Y —Maamz sl LT



WIZHEWIHEICED S, ZhoDTuY s FOBBREDH % DX 2 I KHH
U B0,

B, RNA, ERBRLLFEFRIE - RS0 R R RO e A AT 9 2 [ A
FE (A OISR TS B4 O 5 AGR L 2 D] (http://www.math.kobe-
u.ac.jp/HOME /saji/math/conf2021 /index.htm)IZ & 1} 5 E UEEH DEEZE B H D
HONBZHLIZLTWS. [IAK #ZFE KEEEZRE)] FFHEEEIZ Main
Theorem 1 & 2 [ZBIT B EHRIEO @ SATITAREME S WS BELFEEICOVWTERM
ZLTHREY, ZUTHHEFMBHREICHESNZBEEMTERE LT FI o 7=
JEHH U BT 720, B S N2 BAR O E RIS RRIK OV &\ 5 AR 2 EHE 4 H
HIZOWTHEMZ U TFE o7 MYy R BEL K&FIKZE)] CHEHHBL LY
W BEEZHE LU T IS o B IA, BEHOBRRE TS o L UEEATHEREZHD
TR o7 MEH HRES KA RT)) WU HHEEATHERICHERE LT
o7 ThtE AF KMEHELESEFEHFEMFER)] ICHEEHB L LIT720,

RIRIZ, ARZE - 72508 R 0 D D IZ K WKRFER A S K, TN TEHD
BHRINLDEDTHS. RO DTGP IRV M EDLNIXRIELELTTFIN
XFENTH 5.
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