A DB R ORI D ERBREIC DWW T

R LERZF R TR
ek 1%
Yu Sato
School of Computing
Tokyo Institute of Technology

1 Introduction

ARG T Second order D4 ff Temporal Logic & T Modal Logic, 2% b LTL, CTL, K, K*, L, (bt
p B H) CamEARORLE MA kR (2hzh QLTL, QCTL, QK, QK*, QL) KRB DLtz
$5. AMEARI LT LTL, CTL O 2 (kROFEEIC S 713, LTL ORBAEH O ¥ LTIk [CDSY] T
ZORHOTICHET 2 EEMIRTREINTWAE Y, OB TB D, ZOERIZERET LI L
TULAEHTERN. AT OIIH%Z (EREFLOBEICHIIRL) FEMICITWV, FEDORER % Second
order DERIZBWVWTHRLZ. ZDFHRE LT, LTL @ Finite Model Property  fiif.ic/"g Z ¥ 23A[HET H
5. CTL i2BdL Tk [LM14] TERODPDOEFBENK N TE Y, ZoFEKIZH» QK*, QCTL, QL, DB
RENZIRL, 20PN TEHELWVWI L, 2F¥D) QK = QCTL = QL, kU QK < QK* #/RL7=. Fic
QK < QCTL »&EH» & w5 R [BHL1S] TAREROMED 1 D LTEF b TWes, 20k (BEEN
W) R LU RER e 725,

AT QK, QK*, QLTL r 3! L 72%RI3E @, SOPML(Second Order Propositional Modal Logic),
SOPML*, QPTL(Quantified Propositional Temporal Logic) &Rt XN 55, Kid D — 1Kk ol witk %
ERLIDES PRI LIZT 5. ZOMNOTTEARMED D DT RENR W CIZEE I,

2  Expressibility of LTL

ARERUPXRETE LTL, QLTL 224U BWTC, K1 &8 Thm 2.16, Thm 3.9 2/R~3 2 L B HEET
»%. QLTL 2B 5 Thm 3.9 OFFHHDIE S MEZETH D, FREDOFIET Thm 2.16 2/RT I dTE B2,
Z 2T 2 AT Thm 2.16 Z/R L7z, 2 2 TR THEMR TIEEZHRH LD, JtimX [CD88] O Tk
WS e wWo ERE, GEICMES Lem 2.5 ZHW2 &, SR EPHICR-> 7 F 25X 6NLETLEARD D
DIEWTE 5729, Z& LT Finite Model Property 2/R3Z B TE2Z 20D 2 ODHBNH 3.

2.1 Syntax

G, EERDESEE AP TRL, ¢, ¥ BXFHNELTELVWE E o= L HEZRT.

Definition. 2.1 (syntax of CTL*, LTL)
CTL" (Computational Tree Logic star) @ path-formulae 2L F T 5 :

o= plop eV | Xe| Uy | Ap



72722 L pld AP @ L% E 2 mEZE % #K 3. LTL (Linear Temporal Logic) ® path-formulae % CTL* 2> 5
iLE A 2RV DY LTEDS. A % path quantifier, X, U % temporal modality & W&, propositional
connectives A, —, <+, path quantifier E 2T temporal modality F, G 2 TD X5 1I2ED 3 :

e Y AN := (- V) e Ep:=-A-yp
e p Y i=pVY e Fp:=TUp
e hi=(p=P)AN W — @) e Gp:=-F-p

X, U 2T A D scope NIZENLTW 3 path-formula 25FZ state-formula ¥R, TR0 5 -
@, ¥ = p| ¢ | Vi | Ap (p & path-formula)

LW H D formulae % state-formula ¥ FESR.

2.2 Semantics

LTL @ model ¥ LTk linear 723 D% 5 Z & 32\, RO HNIEZ CTL* O H#A DT, LTL &
HL EFT CTL* OED R LTI, semantics d ZAUTHET 3.

Definition. 2.2 (Kripke model) Kripke model M = (S,R,V) ZLLTD XS WED S :

o S IFREDUSE (set of state).
e Ri% S L total Z2BBBR (transition relation). (F72b5 s € S 3 € S sRs'.)
o V IXAEAR A IREOESITEID M T BB (valuation function) V @ AP — 25,

Definition. 2.3 (path, finite path) M % Kripke model ¥ 35%. S OEZEDMIREY| 7 = s9s1--- T {E
EHOD 5 IZ2WVWT s;Rsipq Wil TDDE M D path LWER. £z w(i) = 85, T i= 8;8i41 -+, Tg, 1= T
YEDD. AR S ODEZDOHRY| © = sgs1---5, TILED s; IZDOWT s;Rs;01 ZMizTHDE M D
finite path 2 WER. FRCZ2H|% ¢ TRT. 2(i) =55, (1 <n WAL T) 2% 1= 58418, EEDS. w(0) =5
(z(0) = s) 7% % path (finite path) Z¥#Z s-path (finite s-path) £ WEX. finite path z = so---s; & path
T = 811842+ WRLT 5;Rs;01 D DILDE E path s9s1 -+ 88111 & o7 TETF. s A3 path (finite
path) 7 () ODELETHSE sen(sca),ptha B r=an tHRoTWBrE s Cr rHEL. (T|TER
W)finite path y =t -+t IZDWT t;Rtg DL X tg---titg---titg--- £\ path & y~ THT.

Definition. 2.4 (semantics of CTL*, LTL) M % Kripke model, 7 % M @ path, ¢ % CTL"-formula
55, ARG M, 1= ZETO XS IZRANIZED 3 -

M,mED = 7w(0) e V(p)

M, 7= —p & Ml

MrEeVYy & MraEe kI M rEY

M1 E Xp s MalEe

MaEUY & 52 j>0DFEL EED0<i<jITRNLTM, 7' =p 22D M7 =19

M, E Ay & {FEOD 7(0) -path o KHLTM,0 ¢

B state-formula DEFE, 1R s ZIRDIUL ¢ DEBIITEES. ZOHAEHIZ M, s = EHERT.



2.3 Lasso Lemma

Lemma. 2.5 (Lasso Lemma) M % Kripke model, 7 % M ® path £ 33%. ZD¥ Z{EE®D LTL-path
formula OERES & 1K LTH 3 finite path xy C 7 BEEL, TED pe @ ITHLT, M,m Ep &
My, xy® = p DS VD, 7272 L, Kripke model M = (S, R, V) ¥ M O finite path y =g+, iIZH LT
My = (S, RU{(t1.t0)}, V).

- oy /-\

T Y T Y
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Proof. T :={p' | p € ®, p/ 1% p O } £ 35, path 7/ CHLT [7]r:={pel | M,7 = p}
CEDD. T &i’ﬁlﬁiﬁ@f, {[[WOHF,[[Wl]]F,...} bERe 225, 20 TERREHIT 2HES Ag,..., AN
E3d, m DTTETIE Ag,..., Ay LPEAT, F0ThIhso2THHET 5. 38bb 7 =

So Skto o .tltl—‘rl - T {IITrto]h_W IIth]}I_W R [[Trtz]]l—‘a [[TrtH,lﬂl_W e } = {IITrto]]F7 RS} IIﬂ-tLHF} = {A07 cee 7AN}
Vi) [[77150]]1" = [[ﬂ'tHlﬂr‘ E782DB S0,y Skttt DIET 5.

{ o] " [7o]r Irepde «-- }

{lrele - [melr }
| = —— >
5 ot t ti1
‘: ................... > [m.r

Dk E m::so~~~sk,y::t0~--tl,xyw:so---skt8~~-t?t(1)--~tllt3~~ eLT:

TED pel, s€ay LT
s=spex = M7, Epe My, (2y*)s, Ep)
s=th€y = "m>0, M,m, = p & My, (xy?)im = p)

PREIUZ V. GEATAREMEZ EOFRD s = 71(0) DHFEICY 2 5) T idEmrmERicowTHL T
WBDT pel OMBICEET 2 NETRT.

e p=pDEE: M EpeseVip) & My, (2y¥)s Ep

e p="pDEE: M1, |Epe M,ms = peo My, (zy?)s = p (by IH) & M, (zy*)s = —p
R LERD & 1F,s€ex D EWE s/ =5, s€cyDEER /=t ZRT LT 5.

e p=pVT DLE: —p LR

e p=Xp DCE.:



z Y
~— 7\
™ I I ——+—— >
! " ‘\‘\A
xy” I I ———t—t—+— >
S0 sk 1) 0t t
T Y )
—s=s5, €x DL E s =7"TH0) ¥ T BL & €ay BDOT
M, 7, = Xp e M, (r,)' Ep
<:>M77TS’ ):p
<:>jvlya(xyw)s’ ):p (by IH)

& My, (zy?)s) Ep
& My, (zy*)s = Xp

—s5=t, €y DLE:0<n<] DHFEWE s =35, cx DHFBHLFAKE n=1 DFE,

M7, EXpe M, (7)) Ep
& M, (Ti) o
& M, (m,) Ep (Itolr = [tisa]r &)
& My, (xyw)tgl“ Ep (by IH)
& My, (zy? )i = Xp

e p=pUr DL % :
—s=t, €EYyDLE:

My, EpUr =7 >0,0<% <j, M,(m,) = pand M, (r, ) =7

(M, = m, OBEEIH EDEBIHES. 25 THWHE M, m,,, F pUr BOT M, m, |=
pUT ([tollr = [tisa]r & D). F7% {[reoIrs [me e -} = {[7tors - - [7e, 0} RO T, &5 L,
BEEL Mm, 7. MEXD Mm, Ep... . Mm, Ep Mmy Ep... My, | E
p My, BT BOTIH &D My, (2y°)im E py..o s My, (2y°)m = p,/\/ly,(l’y‘“)tom+1 =
p,...,/\/ly,(;vy“)t:/tll E=p, M,, (xy“’)ts“ E7. £oT My, (2y®)em = pUr. #i3 -

My, (@y*)im = pUT = % >0, 0<% < j, My, ((xy*)ep)" = pand My, ((2y*)m) E T

(xy)ep ) = (2y®)em, PHEFH XDEBIKES. £ 5 TRVEE, My, (2y°)m E p,
sy My, (zy)em = op. 2D, B2 m! > m, 0’ > 0 BIFEEL My,(a:y“’)tan/ Eop ..,
My, (@y?) | py My, (2y*)pm 7 BRDILD. Ko TIH &D M, | p, ...,
M, £ p 50, Mimy | py ooy Mo, po Momy, = 7. 23R D5, SAED
M, 1, b= pUT B30, My, = pUT ([tolr = [tisalr D). AEED M7, Eop, ...,
M, m, = p, M,y = pUT BIEDSLODT M, 7, |= pUT.
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2.4 Single Path Model

Definition. 2.6 (submodel) Kripke model M = (S, R, V), M' =(S",R', V') 23S CS" R C R,V (p)

V/(p) NS RilizFrE MCM 2l

Lemma.2.7 M, M % M C M’ 75 Kripke model, 7 % M ® path, p % LTL-path formula ¥ 3 3%

ZorE MmlEpe M TEDp.
Proof. p OREUZEET 2 ImNIETRT.

e p=pDE: MakEpe(0)eV(p)en0) eV (p) (n(0) €S HDT)> M kD
e p=pDEE - MaE-peMralEpe M, alp by H) & M mE-p

e p=pVTDEE: p=-p LA

e p=XporE: MrEXpeMrtEpe M ot l=p(by IH) & M 7= Xp



e p=pUr D& % .

MrEpUre >0, 0<% <j, M,x" =pand M, 7/ =7
=7 >0 0<% <j, M7 |=pand M, 77 =7 (by IH)
s M 1 pUr

O

Definition. 2.8 (single-path Kripke model) M % Kripke model, zy* = so - - Sg(Sk41 - S1)(Skt1 -+ 81) - -+
Z M Dpath £35. ZDYE single-path Kripke model M(zy®”) = (Syyw, Ryye, Vayw) ZATTED 5.
BBiI£jTHHEERE, DL si=s; THoTh 5 #5; £T5. DD, s0,51,...,5 OTWCEELRD -
Th 50,51,...,5 BENEXHILTRMALLDDTH S -

. Smyw = {§0, ceey §l}
L] Rwy“’ = {(50751)7 ) (§l 1, §l)a (§l7 §k+1)}

¢ 5€ Vyw(p) = seV(p)
M(l’yw) o)uﬁgo) path §0 e §k(§k+1 e gl)(gk-‘rl e §l) e Eé) (L’yw VC“?%\?—

Lemma. 2.9 M % Kripke model, zy* % M @ path £ 55%. 2O Z ATED i >0 XML T (zy¥)' =
2y 2Bz BEIEL, RO D LD :

fFE® LTL-path formula p 2% LT, M(2y*), (zy*)" = p & M(2y*), 2y = p

Proof. © =sg-+ sk, y=to-t; £32. i<k DL EF z:=a', (xy*) =t; - ti(to---t)(to---t;) - D
EERz =t THUEKV. ZDEE M(2y¥) C M(zy?) 72D T Lem 2.7 X DAEH TR = FiRHIAL
URVASR O

Lemma. 2.10 M % Kripke model, 2y % M @ path £ §%. ZD¥& Z{LE®D LTL-path formula p {2
LT M, zy” Epe M(y?),zy” Ep

Proof. p DRI S 2 hidfiiETRg -

p=p D& : My’ Eps (zy”)(0) € V(p) & (2y°)(0) € Vaye (p) & M(zy”),2y* [ p
p=-pDEE: Mzy” | —p e May” [E p e M(zy®),zy” [£ p (by IH) & M(2y”),zy” E —p
P=pVT DL E: p=-p DHEE LA

e p=XpDrE:Lem29 Ti=1tL7ZED 2z %22D, (zy*) =2y~ T3,

M, zy” |=Xp & M, (2y®) = p

& M, 29" FEp
& M(zy”), 2" Ep (by IH)
= M(zy®), (zy*) Ep (Lem 2.9 &)

& M(zy®), zy” = Xp



e p=pUr DL X :Lem29 Ti=k LI ED 2z, 22D, (zy°)F = zy® T3,

M,zy® = pUr < 75 >0, 0<% < 7,
&7 >0, 0<% <y,
&% >0, 0<% <,
(by IH)
&3>0, 0<% <},
(Lem 2.9 &Y)

M, (zy®) = pand M, (zy*) =T
M. ziy” | pand M,z = 1
M(zy”), zy” = p and M(zy”), zy” =7

M(zy®), (zy®)" k= p and M(zy®), (zy*)! =7

& M(zy”),zy” = pUT

O

Corollary. 2.11 (Finite model property) LTL & Finite model property Z¥¢>. 37255, LTL-path
formula p {Zxf L C, & % Kripke model M, M @ path 7 2MFEL T M, 7 = p B Y ILD4 51X, KEHE
A DHER%Z Kripke model M, M @ path 7 23#fE LT M, 7 = p.

Proof. My(zy®) BHRET NV THS Z & & Lem 2.5, Lem 2.10 22505 .

2.5 Characterization Theorem

Definition. 2.12 (delete function) CTL*-path formula ¢ 7*& temporal modality A =2 THIFRL 7
formula % ¢ TRT. EFE» 5 o 1312 LTL-path formula T 3.

Lemma. 2.13 M % Kripke model, zy* # M @D path £ T 5. ZD¥ ZFED CTL*-path formula p IZ

MUT M(zy?),zy” | p & M(zy®), 2y | p
Proof. p DREBICE S 5 L TRg.

e p=p,—p,pVT DEE:TH XDBHL .

e p=XpDrZE:Lem29 Ti=1tLAke&D %2, (ay*) =2y* T 5,

M(zy®),zy” | Xp & M(zy®), (zy°) = p
< M(zy?), zy” = p (Lem 2.9 &)
& M(zy”), 2y” = p* (by TH)
& M(zy®), (zy*) = p? (Lem 2.9 &)
& M(zy”),zy* = Xp? = p*

e p=pUr DL X :Lem29 Ti=k LI ED 2z, 22D, (zy°) = zy” T3,

M(zy*),xy” | pUT
3% >0,0<%<j, M

s3>0 0<%<j, M

(zy®), (zy
&3>0, 0<% <j, M(zy®),ziy* | p and M(z;y*), zy° =T
(zy®), ziy® = p? and M(zjy%), zy* = 74

“) E p and M(zy®), (zy*) 7
(Lem 2.9 & D)
(by IH)

=35>0, 0<% <j, M(zy®), (zy*)" E p? and M(zy®), (zy*)’ = 7% (Lem 2.9 & D)

& M(zy?),zy” = p'UT? = p



e p=Ap Dk X

M(zy”), zy” | Ap & M(zy”), zy” | p (zy” & M(zy”) OME—D (zy~)(0)-path 2D T)
& M(xy®),zy* k= p* (by TH)
& M(xy®?),zy” |= p*

O

Corollary. 2.14 M % Kripke model, zy* % M @D path £ 5%. ZD& ZEED CTL"-state formula
@IS LT M(zy®), (2y*)(0) ¢ & M(ay”), 2y = ¢?

Proof. o ORERBUCEET 2IRINETIRT. o = Ap DIED L ZZ Lem 2.13 2V 5. d

Definition. 2.15 (Expressibility) formulae ¢, ¢ 23EE D Kripke model M, state s IZH LT M, s =
pe M,sEY RTEE o~ EEL(ZDRIKIIRELE S FHICHWS) CTL -state formula ¢
WXL T, % LTL-path formula p 251F1EL ¢ ~ Ap SR DD Y & ¢ 1 LTL TREAEX 5 5.

Theorem. 2.16 (Characterization theorem) ¢ % LTL THBIAfE & ¢ ~ Ap?

Proof. = 3HLH. = 2/RT. ¢ 25 LTL TREAJHELX §5 ¥, 5 LTL-path formula p BFEHEL ¢ ~ Ap
DD ID. 2D pTHL Ap ~ Ap? %#/RF. Kripke model M ¥ state s Z{EEICHLA.

M,s = Ap < s-path 7, M, 7 |=p

& Ys-path 7, M, 2y |= p (@ :={p,¢?} LT Lem 2.5 & D)

& Ys-path 7, M, (zy*), 2y |= p (Lem 2.10 & D)

& %s-path 7, M, (zy*),s = Ap (xy” & My(zy”) OHE—D s-path 72D T)

& Ys-path 7, M, (zy*), s = ¢ (p~Ap &b)

& Ys-path 7, M, (zy*), zy* |= ¢ (Cor 2.14 &)

o M,s = Ayp? ([FAkRIZ L C)
koT Ap~ Ap?. O

Example. 2.17 AFAGyp i LTL TR THE.

Proof. M = ({s0,s1,52},{(s0, 50), (50, 51), (51, 52), (52, 52)}, {(P. {850, 52})} £ F 2. TDLE M,s0 |~
AFAG) ((s0)* £1°5 path ZEGUEE) 7225 M, 59 = A(AFAGp)®. & >T AFAGp % A(AFAGp)*
DT Thm 2.16 £ D AFAGp & LTL TREFHE. O

Corollary. 2.18 CTL" OXHAEE/E LTL X D b HEIZHHW.

Proof. Example 2.17 & D. O

3 Expressibility of QLTL

HiE®D Thm 2.16 ® QLTL R T» % Thm 3.9 2R3 ZEBPAEDHETH 5.



3.1 Syntax and Semantics

Definition. 3.1 (syntax of QCTL*, QLTL) CTL*-path formula & . ¥\ S KON E X 7=tk
%% QCTL" (Quantified CTL*) 2FER. 3T4bHH QCTL -path formula & ZLL T TER X N5 T

H5
e = pl-p oV | | Xe | Uy | Ap

72721 pld AP O LR EZMEEEET. LTL Ok = I QCTL 225 A 2RW-{A%% QLTL
(Quantified LTL) & &E® 5. V % propositional quantifier ¥ WX, A, — <, E, F, G Z L4l & FIHICE D
% . propositional quantifier 3 % . := =p.—p TED 5.

Definition. 3.2 (Kripke model) Kripke model M = (S,R,V,D) ZULTD X5 IZED 3 :

o S, R,V 35T LMK
o D IZE(LHIR (domain of quantification) : D C 29

VO pichT 3 ESTOAE UILELEZSDE VP, (S,R,VE, D) % MV, v £7.

Definition. 3.3 (semantics of QCTL*, QLTL) M % Kripke model, 7 &% M O path, ¢ Z QCTL"-
path formula ¥ 33. REBEFE M, 71 E @ 25 ETOERKCREMIATED S :

M, 1 =" & UeD, M T

Propotision. 3.4 (Finite model property) QLTL i& Finite model property Z##7z72\. bbb, H5
Kripke model 25TFE L, Z Z TXEIZR 553, (TEDOER Kripke model T 2 il BTHEET 5.

Proof. p := GF p.(p AXG—p) &5 5%. p FFEAHE (21 M = (N, <,e2Y). M Z{IEDOHER
Kripke model, 7 % M OEED path & L, Mt Ep £35%. M IFAERZDT, 9 KE% N ZHN
Wr o NEFBLORE BREEIFNZEZLIFENLRY. TEHEEED : > 0I120WT % k>0
DIAELT 7V0) = 7VG + k). IREED M, (7)) = .(pAXG—p) £ T5%, H5 U c DIZOVT
MY (7N = p AXG—p DT TN() e U 20 aN(i+k) ¢ U. ZHEFE. £oT M, m - p. O

3.2 Characterization Theorem

Kripke model M = (S,R,V,D), M’ = (S', R, V', D) S C SR C R, V(p) = V'(p)n S, {U'N
S|U e€D'}=D %Ziil3esx MC M r&EL.

Lemma.3.5 M, M % M C M’ 725 Kripke model, 7 % M @ path, p % QLTL-path formula ¥ 3
5. 2ot MaEpe M ml=np.

Proof. Lem 2.7 2 lilbk. "p.p DYEDAHRT : U'NS=U £5%. M,m|E"p.pe U €D, M},7p.
ZorE ML C (MY, (o (V@) NS =VE(q). oTIH &Y W e D, MW, nlEpe M 1k
v,

D.p. O

Definition. 3.6 (single-path Kripke model) M % Kripke model, 7 = (s, $1,...) Z M @ path £ 3 5.
M(7) = (Sp, Rp, Vi, D) ZUUTTED 3. Def 2.8 LI, FICIKEEDXAIL CTEMT 2 Z 2 ICHERT 5 :

¢ S, = {§0,§1,...}.



L Rﬂ— = {(50,§1),(§1,§2),...}.
[] Vﬂ-(gi) = V(SZ)
L Dﬂ— = {Uﬂ— | 255 U e D7§§T??:T:L,Uﬂ{so,sl,...} = {Sil,SiQ,...} Vi) Uﬂ- = {§i17§i27---}}-

Lemma. 3.7 M % Kripke model, 71 % M ® path, p % QCTL"-path formula ¥ 5. ZD& X
M(7), 7 = p e M7 k= p?

Proof. p DRI T 2IANETRT. p=p,—p,pVT DL XX IH X DHS .
e p=Xp D& X :

M(m),m = Xp & M(r), 7' p

e M@, Ep (Lem 3.5 & D)
e M, 7t = p? (by IH)
& M7= (Xp)?
e p=pUr DL E : Xp DL = L[tk
e p=Ap DL E:
M(m),mEAp s M(m),mEp (m & M(m) DHE—D path 72D T)

& M, pt = (Ap)? (by TH)
e p="ppDLE:

M(m), 7 | pp e Ur € Dp, (M(m))} 7w = p
& U e D,(Mp)(m), 7 k= p
& e D, MY 7= p? (by TH)
& M,m = (p.p)?

O

Remark. 3.8 QLTL @ semantics % ffif standard semantics, D% D#1Z D = 2% ¥ E#K T 5 & Lem 3.7
EH D SLT2700, 0 M B 127 1 DA 575 model, 1 B M DHE—=DRZ, p:="p.(p = Xp) T 5L
M, 7= p? 2D M(m), T p.

Theorem. 3.9 (Characterization theorem) ¢ %% QLTL THRBAHE < ¢ ~ Ap?
Proof. o~ Ap ¥ 55. Ap~ Ap? %#R7.

M,s = Ap & s-path 71, M, 7 |= p = p?

& Ys-path m, M(r), 7 = p (Lem 3.7 & D)
& %s-path m, M(7), s0 = Ap (7 & M(m) OHE—D path 72D T)
& Ys-path m, M(7),s0 = ¢ (p~Ap &D)
& Ys-path 7, M(7),7 |= ¢

& Ys-path m, M, = ¢? (Lem 3.7 &)
& M, s = Ap?

10



Corollary. 3.10 QLTL O&RHEE/E CTL" ORBRE L D EITR R S0,

Proof. Thm 3.9 X b Ex 2.17 £ A6 AFAGp 7 QLTL THEETHER & ¥ A7RE 5720, O

4 Expressibility of QK, QK*
AED S QCTL FHEOHBOFEEEHS. £7 QK = QK* 2 WS BRE/RT. [, REDEDOHD 7
A4 7 7& [LM14] iIZfko T 5.
4.1 Syntax
Definition. 4.1 (syntax of QK,QK*) QK (Quantified K) @ formulae Z FTED 3 :
e, 0= pl g leVe | Op | Dy

72720 p & AP @ L& EImEEBEET. QK-formula & U*p ZMA %% QK* THKF. temporal
modality O, O* & Qg := ——p, O*p = —[1*—p EEDS.

4.2  Semantics
AEELIFE, Kripke model @ transition relation I total ¥\ 9 S&HFER & 2 < TRV,

Definition. 4.2 (semantics of QK,QK") M % Kripke model, s € S % state, ¢ Z QK”-formula &3
5. TRBEBR M, s Ep ZUTOXSITED S :

M,sEp & seV(p)

M, s = —p e M, sk

M,;s=EpVy =& MskEp FRIEM,s =y

M, s = Op & EED sRs WHLT, M, s Eop
M;sEO* & AEED sR's' 1T LT, M, s E
M, s =g o RO Ue2 LT My rke

7272L R* i3 R @ reflexive transitive closure.

4.3 Fragments of QK, QK*
AEiTIE QK, QK* ZHlIRL724% EQK, EQK* E&E L, RIRENINEDL SN L B/RT.

Definition. 4.3 (prenex normal form) QK (resp. QK*) D&%, propositional quantifier @ H{IiA3
&0 B DIIZHIR L 7-th% % EQK (EQK™) TX7F.

Lemma.4.4 {10 := 0o ADp.(O(pAp) = O(p —p)) LB, ZDL ELIFAD LD :
M,slEO1p e 5 sRs' 2372721 DFIEL M, s’ E ¢

Proof.
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(=) METRT. M,s' Ep £723 sRs' DFELRVIEEIE M, s = Qp. 5 sRs', sRs" 1IZ2WT
M Ep, Ms" Ep 35 U:={s} 35 M s =0(pAp) 05 MY, s" £ p 7adDT
M, s = "p(O(p Ap) = Dl — p)).

() M,s' Ep 33 M, sk Op EALD. Ue2¥ ERICED MY, s EO(pAp) £T5. ZOr %
s O—FBMEXD ¢ €U DT M}, s EO(@ = p). £oTM,sE 0.

O

Theorem. 4.5 (QK = EQK) EQK X QK tFFORMGEN 2F>. 748bE, EED ¢ € QK I L
T ¢ € EQK 2FEL ¢ ~ .

Proof. o OMEBICE T 2IRMIETRT. Q€ {3V} L, Q #ZDXxt e §%. propositional connectives
WZDOWTIE —Qp.p ~ Op.—p, Qipr.p1 V Qopa.ps =~ Qip1Qapa.(p1 V 02) HDOTIH &S (7L
P& o, po W o1 IWHBILAEW). O o0 Tidk U = .(01g — 2.0 = ¢) (7L ¢ &
e WHROWEEEL), |:|/V]Z0 = .0 EFhiZ &, - EED Kripke model M, s € S IZ2WT
M, s = DO.p e M, s = %q.(01g = p.0(q = ¢)) DART.

(=) MEERT. M,s = q.(01gADO(GA ) £T5. Z0OE 52 U €25 iZ20T Mi,s =
O1gAD.O(gA—p). FHZ MY, s = O1g &Y, 2 sRs' oW T U ={s}. 2Ot & M,s' | pp
YLD, U € 29 ZERICHS &, qu,}z;,,s E O(gA—p) 2DT M?S,}Z,ys’ E-p gk ol
B0 DT MY, 8 E-p. XoT M, s E .

(<) sRs' ZITEICE 2. M,s' E .o ZRT. RKEXD Mgy, P0G — ). &oT, H% U €25
PEEL M? P s =D — @) DT Mj’% P Ep. o 12 ¢ BEABWOT MY s Ep. o

()0 o
T M,s' = ..
O
Lemma.4.6 (ip:= 0o ADp.(0*(pAp) = O%(p = p)) LEDSB. TDX ELIFAD D :
M,sl=EQ1pe B2 sR*S D372 1 OFEL M, s E ¢
Proof. Lem 4.4 ¥ [AICTRE 5. O

Theorem. 4.7 (QK* = EQK") EQK™ & QK" L FIEORBIGEN 2>, ThbbE EED ¢ € QK©
LT P e EQK® DFEL ¢ ~ .

Proof. Thm 4.5 ERBRCRE S, O 100WTIE D3y = Y.(01q — .0 (q = ¢)), DVp == p.0%p
R R (IS INY O

44 QK < QK*

Definition. 4.8 (generated submodel) Kripke model M = (S, R, V), " C SN LT Mg = (S, RN
(8% 8, VN(AP x §)) 2 E®%. n>0,s€ S ITHLT RS"(s) % s 25 n-step LU T TER AR/ IKRE

Definition. 4.9 (modal depth) ¢ € QK @ modal depth md(p) ZLTD XS WZED 3.
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e md(p) :=0 e md(Oy) :=md(¢) +1
o md(—y) := md(p) o md("p.p) := md(p)
e md(pV ) = max(md(p), md())

Lemma. 4.10
fEED n>md(p) KNLT, M, s pe M sEp

Proof. o ORI T 2 L TRT.

s o=pDrE:HoH
e o=-p,pVY,pp DLE : TH XHHLD
e p=0p D ZE:n>mdp) =md(p)+1 &7 5.

M,sk=0p < sRs' . M,s' =

& sRs', ./\/l?/_l, sSEp (by IH)
& YsRhs', M7, = (- (ML= M
o M7, s EOp

O

Theorem. 4.11 (QK < QK*) QK" ORBAENIE QK XV FUCHV. $4bB, O'p ~ § Zilikd

P € QK IFFEL L.

Proof. WHIETRT. D'p~ o 2453 o€ QK BFET BT 5. M= (N,RV) £¥5. 7275L R =
{(nn+1) |neNLV(p)=N. 2O E M0 Dpe M,0kEpe MM 0o M = (N,R, V),
V'(p) ={0,...,md(p)} £F 2L MP = M) T M0 EDp e MPW 0Epe M. 0=

o e M0 O, ZREHES»IFE.

5 Expressibility of QL,

O

AT QK' = QL, Zi#T 5 2 T QK* = QCTL = QL, #/R¥. AHiROREO% LROFHI

BIELTHEDS 2 L b5 5. (FHIE [Kas22] £ 51H)

5.1 Syntax and Semantics

Definition. 5.1 (syntax of QL,) QL,, (Quantified modal y calculus) @ formulae 2L FTED % :

b= p| e | eV | Do | ppp |

72720 up.o D o HD p i positive ICHIAT 2252 (37205 p 3MEEED - D TICOABNS). fixpoint

operator v % vp.p := —up.—plp = —p| LEDS.

Definition. 5.2 (semantics of QL,) M % Kripke model, s % state, ¢ % QL -formula &3 %. s €
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[elm ZEATFOESCED S

[p] = V(p)

[=elm =5\ [¢lnm

[V Ylam = [e]m U [¥]m

[Oelm  ={s€S|Rs,s" € [p]m}

[Pl = (U | [¢laez, € U}
[[Vp»@ﬂ/vt = m [[SDHMf]

Ue2s

M,slkEpesclo]u CEDD. o€ QK ITHLT, S TOREMRDER L SED=dDIIFAMHEICKS.

Definition. 5.3 (LFP, GFP) B F:24 - 24 1IcH LT F(X) = X ®2¥fizT/8 X % F OFRE v
5. AHHOFT C I L TR (resp. IK) DdD% (b LEETIUR) SN B (Least Fix Point)(#
KAHA (Greatest Fix Point)) & \WW», Zh2# LFP(F), GFP(F) T#7.

Lemma. 5.4

L [pp-p]m = LEPAU.[@] me,)
2. [vpglm = GFP(AU.[¢] arz)

5.2 Game semantics

£ D QL -formula &2 41 & FEL S ERHER (Negative Standard Form) Z#50. HERHEE L 3R D
omBERoZ WS
o= pl-pleve|eny | Op| O | upe|vpe| | o
AHICIE QL,formula 1342 CAHZEEH L 3 5.

Definition. 5.5 (Game) verifier 3 ¥ refuter V @ 2Player iZ X % Game ZRHOES G & rule DL
FED B, rule IXJRTHD S FFHFD player ZED 5 BHE player : G — {3,V}, player 2’55 2 DTE5F %
T BEE next : G — 2¢ BX U play OBKER PSS, 727 L play L 3R HEDOERD L I3RS
g1 -G -+ TH>T, % >0,a; € next(a;11) ZiizTdDEVS.

Definition. 5.6 (Evaluation Game) Kripke model M, QL,,-formula ¢ IHRLT 3,V D 2Player 12k %
Evaluation Game G(M,p) R 1 TEET 3. 72721 n ¥ p,v OWITHdr. BRIERD XS5k 5. AR
TLADYE, VT I EBZDRIETHERLS 3, 725 V OEH]. R 7L 4 0¥E, #REBIN 2 5
DN, D IMNDEED - ZE8 726 Y, v-ZE872 5 3 DIFFFL

Theorem. 5.7 (Adequacy theorem) Kripke model M, state s, QL ,-formula ¢ (25 UTRAMD 37D -
M, s = GM, o) TBWTRI (p,s,V) D2OIME S I ORBBEBIESFET S
Proof. ¢ ORERICET 2IRMNIETRT. 2I Tk ¢ = p.p DEHEDART.

(=) M,sEDo &T5. U e25 MV s = . TH XD (p,5, V) 2 ot0% 5 3 ORI 71E
T3, £oT (D, s, V) ZBOWTYBEDESZFERELTS J 13085 . 31& (pp,s,V) 2260
WASHRIS 4550
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#£1 GM,p) DIL—IL

Je | & | waEsiELT |
(VT o & e 0) |- -

(pAY,s, V) v {(¢,5,V), (0,5, V)}
(p Vs, V) 3 {(¢,5,V), (¥, V)}
(Dw s, V) v {(% V) | sRt}

(0@, s, V) 3 {(p,1,V) | sRt}
(7733 ¢,5,V) - {(p,5,V)}

(REZER z,5,V) | - {(nz.p,5,V)}

(D0, 5. V) Vo | {(ps V) | U €25}
(Fpp, s, V) 3 {(p,5, V) | U € 25}

(<) 3 & R (p.p,s, V) P oIEE BB EROL T2, - ATEO U € 29 10 LTV 28 (p,5, V) &
WOFEELTH JRZIHhL0LBHIEERD. XoTIH XD MY sk U2’ BMEREL o
DT M, s = pp.

53 QK =QL,

Lemma. 5.8 M % Kripke model, s % state £35. R*(s) & s 26 HRRAT v S TERAIRERIRERE
BEL M, i= Mlpes) EEDZ. 2O FLED QK -formula, QL ,-formula ¢ X LT M,s | ¢ &
Mg, s = .

Proof. QK*-formula D513 ¢ OMPUIEES 2 A TR U RE 2. QL,-formula (2B L Tl& Game
semantics &% Z AUXBH 5 20, O

Theorem. 5.9 QL, & QK* ORBAEIZFL .
Proof.

* (QK" <QL,)
0% ~ vp.(p A Op) DS D ILDDT L.
¢ (QL, < QK")
up-p = P.(p AT (p ¢ 0(p)) ATq.(O%(q <> ¢(q)) = T*(p — q))) DRDILD. )= p Aty A,
1:=0%(p < o(p), Yo :="q.(0(q < ¢(q)) = O*(p — q)) L&D 3. Lem 5.8 £ H M % Kripke
model, s % state ¥ L My, s = up.p & My, s = pap ZREE+5
(=)
s€upp]m, =:U £ 3F%. Lem 54 &b,
® U =[elm.y,
@ U =[elm.yr,. (U ST
D T, BFt (M (M) s |= o BRT.
L (M) s=p
IRE & DB S D,
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2. (M) s E
s &35, (Ms) s Ep < wp) & (s €U e s €plm.yr) 2%, T3 @ XY
URYASR
3. (M), s = 1o
fERD sRs' IHLT (M) 8' | a ¢ 9lg) £722 U € 25 25, (M),
O(p = q) BRIV, @ KD UCU O IDZ e boitS.
(<)
M) sEY &35, s€U, U=LFPAU.[¢]pm,)r) THDE
© U= [elim.yr,
® U =[elm.yr,, (U CU)
ZREREEV. se U R (M), sEp KDL
@O U =[elim.yr,
YU e (Mls' Ep e (MG’ E o) (Mhes b £D) & € ey,
DT KW,
® U =[elm.yr, (U ST
U = [[‘PH(MS)@N selU3a. ELD (Ms)f]g],,s EO*(qg < »(q) = 0Op — q) BD
T M) Ep—q &oTs el UCU.

O

54 QK*=QCTL

Definition. 5.10 (syntax and semantics of QCTL) QCTL(Quantified Computational Tree Logic) @
formulae ZLLFCTED 5 :

pi=p|-¢|pVi|AXy | EGy | 9EUY | .o

M % total 72 Kripke model (%55 s € S 7' € S,sRs'), s € S % state, p % QCTL-formula & 3 3.
TR M, s E o WUTD X515 -

M, s = AXp & (EED sRs" 1T LT, M, 8 =
M,s EEGy & B3 s-path (s;)ieny PIHAEL,% € N, M, s; = ¢
M,s = pAUY & (TED s-path (s;)eny LT, % >0, 0<% < j, M,s; =1 and M, s; |= ¢

Theorem. 5.11 QCTL & QK* ORBREIEFEL L.

Proof. EGy ~ vp.(¢ A Op), 0EBUY =~ up.(v V (@ A Op)) I DIIDZ & & Thm 5.9 & D. O

6 Conclusion & Future work

AR THEE L 7 Quantified Temporal Logic DERBAAEN DB X & Cor 2.18, Cor 3.10, Thm 4.5, Thm 4.7,
Thm 5.9, Thm 5.11 KO U TFD XS5 cFedohd. LiRD7=D 1 EDGEDOREGREHIL L -
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QLTL < QCTL* (EQK =) QK < (EQK* =) QK* = QCTL = QL,
LTL < CTL" K < K< CTL< L,

SHOFEY LT, Rem 3.8 26005 X 512, AFED Thm 3.9 DFEA% Z D % F standard model D
BREHEHTZZILWEFTERY, LWS ZeBHEITFoNS. 20D, THERTHEARERS 7 o —F B0
Thdrilbhs. £z, [CD88] 1cld CTL BT 2RO R & BN ST W 528, Rk 5 P TORt
WMOTTHZ2DT, ZDEMEENL— BV FIRTOIHO R S FRE L LTEITFHh 5.
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