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1 Gentzen

1.1 [Gentzen34/35]

Z®D G. Gentzen DEMFL Z Z WA E WIDBEE2VWEDHE07-HIZH6LDZEDTHS. LHrL/SAT
FAZTIZEBHNTMEDTRTHADH 5 L H 720D, [Kreisel71b] BB R TWHE Y B VT 1w 27 k] Hl
IZEBERNEA S,

Z DFIZ BT Gentzen (&, FEEN 2 #EHREZ K THR L UTOMEEIA (logic calculi) & LTHET, HR
##% (Natural Deduction) NJ, NK 2% A LU, ¥ 512 sequent calculi (#E/FFFE) LJ, LK #E A U7z, SR
H1E Frege, Russell, Hilbert DAk, BEIZH 0, T D5Z2ME K. Godel IZ& > TRINTWZDED, FHifzizZ
5 DFMEIEZEALZHH % Gentzen (& [FEEOHIRIZTE 2RO IEWEOEAN L GmIEARE/ES] 720
ThHholzeBENTWS (FHERIE [FIE 73] 12 & 5. ¥, Gentzen DJFFH X &2 F T [FIE 73] 65 & L),
ZZTNJIFESEE (R MHEO-OOHRAEFETH O, NK ITHHHEOZNTH 5. X 512 Gentzen 1
NI, NK 5 (B MR MEE2E > TWVWEE WS 2 8%, IOIZFDMICEL T, BEREBENGRT I Z
20 P BRRGHIA 2 EDTVWE L WS T bbhroTE72] L5, HARBERBIE VT, Wi
VA5, D (IRoiE) IV 0DV E DI U TEASA & FRES & XN 2 HEFRBIZH 5. T ot
BHK f## (Brouwer-Heyting-Kolmogorov interpretation) (2L T, WhIXZNZNOREMEAFHAD (FIEEH
) EkzHET 5. FIZXAIZOVTIE
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DD DEAMAZH NS LIE AD T#55 5] (closed, discharged) 5 W ZHME I N 5. X 512 NJ TlEF
& LIZBd 280 (L) 2%, 2L T NK TIEZEHEHAEDRESA (—) BENENHNSGNS.
Ly =
ST LD T MR EE] & I3EAREH (Hauptsatz) [HOFRIZEREEAZREERIE, 37X T 5 45 E LR
BT HIENTES] LWH I T, WEDFETE ZAIXESMLER (normalization theorem) TH 5. %
WO TIE, BABANTHE W TRESAZFAND &0 Z a7, BIAIE A A& S AEOFERITEER Tk
7L, TNFEIZAERI NS ¢
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Gentzen ¥ MEHEIZIZ B I NZFEHO B ARENLMEEZ —~SITUTE AL, TR b @E» Ry &
WHZETHD. D RBEDMIZE TN TV LRIE, TOMERES7OIZBRTHNE 2 2580
LEDTHEM, TNUNO Y OERIE, ZOFFHIZIEENZRN] LBRRTWNWS,
S TCHARBEEDOBEADKE 2 T I TE Z 5. [Gentzend4/35] IZIXIEHE (normalization) & H &
Z DEFIIER R 5N T WA WAS, Gentzen 1% A. Turing 12 & B EIfF & T L XEFHEIZ T 5 EF L & FH 58
HEDGERA 2 D7 < &b NI T U TidRE > Tz, of. [Plato2008]. EHLEIRDFEA D HRKIZ 1% [Prawitz65]
ERERITNXRSRD o7 T D [Prawitz6b] 1F 4R OFEAGRIZ BARBEOERZ S 7-56 Lz A5, #ilx
I¥ [2ndScand71,Kreisel7la] 2. £7-BRBRETORAL 702 J LOx NG L O L RO G, & S IZGE
FHOZ BN & 7 A XEIHFIZE T 2515 & OxIGIE, [Howard82] 12351 T Curry-Howard Xt (isomorphism)
& U TERME T N TEFHGR & BRI AR Z DR A2 725 U7z, of. [Girard89]. & 512 [Martin-Lof98] (23
\F 5 RUPRERIE BHK R & BARERHCHIZ Z T T0Wad D eF A oMb, )i T section 2 T3 [Godel58]
TODZIAT %, B E N-ROPRE A% LT, £ Z TOMRIEFL (strong normalization, & & 55 DIF
IEME) A3 [Tait67] TRINTWS. T ORESMELE WS ZTDOHEEZDH O L Y BEALDIX [Tait67] THW S
NZ#EIZH 5. L computability predicate & W3 BERIZ & o TWT, ZHIKIEID section 2 THIFAT 5
(generalized) inductive definition DHIZ7R > TW5. Z D computability predicate (2 & % i IEHLDIEAT X
Z DR, BRZHRE N T WS

X T Gentzen %* sequent calculi LJ, LK #&E A U 7- B 1%, HARERE NJ, NK TIZEAREHE 2R B720H1Z
BEDLLBNDPBEEL ST WA, b UEL %57 [Gentzen34/35] £ DAL £ 5.

HATHEZTH>EO U TRELVMHTEIZ N TES L DIZT5720120F, BT ZIUT@E L 7~
HEEI AR EBIC BRI S o7z, TOENOZOITIE, BRI ENIREYTHS Z
ldbhro T\, ENLIZZENI i%zliﬁfiﬁ:ﬁijéﬂ'éf*@@Z&EE’J?&'I@E%T'NZEL'C =AY
UA L, BICHERL TB W K512, ZOWEIZEE L CHih @ Rk R AL 2 HDTWAIR Y
li1®ytiﬁﬁfﬁﬁ@k@&@ﬁé%fbij@f%é

DF D EHLEHE L U CORREHIZES ERR/E NI I OWTIHENWIBRCHHT LI LN TE S, &
HEREE NK 2 DOWTIEE S Tl . i 5 ORI H@IZR 0 L DFEFE L UTERL L TEFHH T 5 72 O I G Bl
HEBEKAELEELZDOTHS.



sequent calculus LK TEEHH I N AR sequent ' - A THB. ZZTI ® A ITEEAOFRES. fuif
R AWZDOWVWT A— ADLK TORMIZY S sequent TH 5. TOHERMRAN, HEIZBET 2R & mEL S
CET B BRI SNBE, Ay b (cut) (BBEICET 2HAO0 &>, [Gentzen3d/35] T BAMEZH

ENELAVLOTOTH 5.
I +AC CA—=©

A= A,0

(cut)

(cut) PASNDREIEIZES S 5 H{AllE weakening, contraction, exchange TZNE NG AZ P, 0 &DItE L
OB, WD, KA - OLEMTIT S RMAZITENTEL.

r-a , AAT A I A B,A— A
aroa WD Sr5Aa D rparsa b
HEBIZBE T A HHIE VA, TV, D IED VTR LT EXL.
I'— A,Al A“F — A
F—>A,A0\/A1 (\/R) Ao/\Al,F—>A (/\L)

Ao,F—)A Al,F—>A F—)A,Ao F—)A,Al
AO \/Al,F — A (\/L) I'— A,AO A Aq (/\B)

T — A A(t) (3R) A),T = A VL)
' = A, 3z A(z) Vo A(z), T — A (
A(a),T' = A aL) ' = A, Aa) (VR)
Jr A(z),I — A I'— AVr A(x) /
(L), (VR) 12 H1F 5 HHZE a (eigenvariable) I lower sequent (ZE{#172 12,
ATl - AB I'-+AA B A—>©
r>a4a-8 % AsBrAsAe OF

INnoOHANE (cut) & D WIZET 2 BAIDAMNILAELG PRI TH D, £72 (cut) SN TIEEHEGRBAI O EIZ
H % sequent IZHN BRI FIZH 5 sequent D S RNDOHMOMEATH B Z 2B 9»5. HLIZT
EED term ¢ [ZDWT A(t) 1F Jz A(),Vz A(x) DENENE SRR TH 5.

Remark 1.1 (3R), (VL) ® upper sequents T® term t I lower sequent %* 5 —EMIZFRAINIR N, DFD
term 7% derivation TRZTEE %2, L4 IFWELZFZHEHETETWAWV. 52 (cut) TD cut formula C
IZDOWTHEBRIZ RS B2 E 5. 2458 proof complexity TODHifr & 72 5.

D FIZEBEFMIL D sequent calculus LI (FdiHERHID Z 1 LK IZBWT, sequent 2 KAl — OHIZE
FNZMERTZNENLOLD] 2RB2EDICHIBLTEOSNS. DFED sequent I' — By,...,B, L] D
sequent ZMDIE n=0,1 DHFEZITTH 5.

HARERE L OBIRTE AW, S S OB ABRANIAHANC Y725, B2 X (AD) 1& (AR) 1. fli)f T
AN AT E (cut) DFIAETH 5.

F—)Ao/\Al
& N A
i A
I' - Ao NAy AgNAL — A (/\L)
F—)Ai (CUt)

DEY (cut) & WS HANIEHAREFEZ sequent calculus TEART 5 & SITHIBIT 5.
I T% 2T [Gentzen34/35] TOHRATHIT TLK [LJ] (2B 25fH%Z EFIZEBL TV EZ I 5 (cut)
W RTHY B0 T (cut) LD LK [LI] DIEHIAE SN, TNHREH L TW 5 sequent IZTCDFEHID T 1
2 [Gentzen34/35] TIRERIIHAZH L AMEZHO 2FEIZH TSN T WD,




LHELTHD] EWIHNEBERDTHY MHEEEH (cut elimination theorem) & H FbN 5. ETHERLAZED
22D &S BEEICEN AL, FEHEI N TV S sequent IZH NS XA OB X 0o Iz R 5,
cf. Remark 1.1. £72» D B2FHOP 0L VREINTLES. ZOFEEPSHwHHEIZET 572 IAD
EHAGEHGRIC B W TEALINT E 72, £ DEBRDIFHGRIFZEDZ < 1T [Gentzend4/35] NDIEFUTE S I &
EESIRIZE SRR E S WS IEETH 5.

LI AT, ﬁ@%ﬂi% MELO A L L U T ERERE NJ IZEHE % EIF72\. sequent calculus LJ & FEAHERATHT
WZIFERNRD7ZH, 1Y sequent calculus IFHFHEHHIZRE I I DL LWEES . 02 DIZIE E TR 7z A5

W’C“?&of:iﬁﬁ']@?ﬁa LTOELI. ZOFHICE T 2530 HHEZ WL Z L DAS I, F4. £ 2 DHAID
EIRIE, {2 DGR BB 2B 2 @A (NS EIZmh - THE) 35 HELS V. TE, 20 sequent
ENRBETHETIVTORBERDOEBLEMG %S > TWD 55672, cf semantic tableaux [Beth55, Smullyan68].

Z @ observation 7* 5, canonical proof search (Z & - T, completeness theorem (for cut-free fragment) &
cut elimination theorem % [FAIRF1Z 779 Schiitte’s schema (dichotomy) A3 T < %, cf. [Schiitte56, Takeuti87].
728 [A2022] TIEZ D Schiitte’s schema % EELRHZEB L FIEITY TRO L 5 £ LTW5S. %7z [Afshari-
Rathjen2009, A2020a] T/RE N TV 5 & 5 (T, canonical proof search D HIEIF I NS MM EHIGHI N T WS

i, HAEHDIGH & U T [Gentzen34/35] T, EH] 1 Fandam Bl O e B DR & AN INEEE & £
RN B O R EVEREAA G- A 5N T WS, BFEIZOWT ST, BT HiGgmHE (L TEBEE
AmEL) OEFEMIZRA SRR W, Bl Z1X one element model & Z X KWV, UL Z D FHIETIE Peano
DREVr(z+1#£0),Vr,y(x+1=y+ 1Dz =y) OMFEEIIHER V. BEqz2%E5 =I1ClTAH =1
FERER TV, y(zr=yDao+1=y+1)] EUT,PA” 2% Va(x+1+#0),Vo,ylx+1=y+1Dx=1y),Eq
WRUE, #8E +, R 0BBE S ICET 2 6REOAEEZ )-FHEATCHWZ02MIT MR ZED L B<
&, sequent PA™ — DFEAN S (cut) ZBRETNIXE D & 5 LEFIHIIFATE LB W £33 005

HHIEREIZ RO K RNHR % 9 5121, BI/E T one-sided sequent calculus %3% < W bii”bé FhiE
one-sided sequent calculus (% (cut) LA OWEIZEIT 28 %2 —YI&E XL VWD T, TDIED BZDERRICET
L% T 5BICHE IR THEUL S TH L. L U HEEEE (substructural logic) D% DD
FEEEZD L, FEIZET 5 HA1% Gentzen B0 L CTEO H L TEWTLKNZDPENVWTH 72 EX D
7259,

IZH <12 % [Gentzen34/35]) 12 & - CAEHAGRDEEE DIFE S vz,

1.2 [Gentzen74a,Gentzen36, Gentzen38, Gentzen43]

INSD—EDOFHXIZEHUTHEZARITNER SR W DN Dhdd. T [GentzenT4a, Gentzen36,
Gentzen38] 1%, &1 MILAVRTED —BOBREG=5M PA QX EMIEATIEIH 20720, $ilhd K
FIEMREA] TIE2\0. [GentzenT74a, Gentzen36] 1Z1&7372 O D R— I % [Fi> T PA OEF EMAEIAD 2H 2%
BIRDOP PN T WS, [Kolmogorov2h, Godel33, GentzenT74b] (235 W\ TIEB] 3 i A & o HLEHEL A D R
MEoN, TNED PA 25 EE LR ARG HA ~NOF BB o0 T Wz, & LIEBIERIC L 2MRIETEE
2RE UTZOHEMITEIT 2076, A7 &b PA OFEEEMEIIKED-oTWBZ Litk5. L L Godel,
Gentzen 1F & HIZZ S FFEA LD o7z, ZTDOEZHEBIE [72561F) O BHK BRIZIEL L FE A SN DIEET
Hb. 2FY A—>BD MK %2, ADEED ] % B D THEK] ([ZGD1F % operation & & A & 5
952, A— BD MK PMITHA02ETLDI1Z THEK] 2EPEBIZEREIN TRV WITRWT

LA RIZH LB 2R B LT T8 A— BliX T8I A X016, T 1IZBIT 2R
FOEFRLE NS TH, BUZ THEK] W5 502 EBONRLELTWEDIFELS, £S5 LTHEE AR
] RREIEE R,

PA OIEFEVEGFHAED THELWI L 2RBDE LTH, ZHUIMANZ U THARER DD ? H 5 WIEED
EOREDTHORIFHSBRVDN?ET, ETIVN BHELETE056, TEAAITHS. T UTHEHBEETO
HROBEATHBRETER, o T [Godel3l] 12 & D, ZDFHIE PA THERILTERNZ L H > T



%. D. Hilbert 285E U 7l 5 ORIEREDOHRM L FERIEZL B 5 A PA DFOF-2HT WAV, AIRK7ZT
HEORRIZH D B S, TNE2BAHD HiE2 RWHE I RITNER SN, 2072802 Gentzen DL LS & L
72D, NTOEMBTERL, BEWARELETHERWVWESIZ PA OB E2MINT I THS. 22T, PA
THIATE 2B RIE I DD FTIEL K o TRV EWIF RN, TD &5 2f#RE DL 5 2 L IFEIT K
FEMIEATIE RV TH S, HEFEMLRFZORICEES AV, TNEFE 1 =2 BELBWERREINSH
5TH5.

I CEFEVEHICOWTEEDEZ X 2> TH <. [A2007] IZEVWZDOTI I TRV IBRI 20D, 4
FEVAEHEZ T2 Z L IERAICEA SN BFENIIHERMED 7 SATHEEFATWS. [REmFEE
AEAHZ LRI ER o 0won? ] Lfibh =l e BPEEH L. ThE2 BT TSI TEARI LT
THERBREDNZW. BERSHIZIE NV BELETIDIEHSLENLS] W05 28500, ZOMWHS IR
2D OFFHPGEEN R B TH 2 LEMEVREVIAATWS, & ULIFEMERITR T ONZEENZHFE
ATWVWBEEMENPEVAATWALRDESTHS. £HTIEHRV. LAETHIER SRV EOMETIZE -
72w, AR & HIRANCFEAO Bk, 23RS <ERME TH 2 85E, BHmET AP A T
WAL FEIUTH S, [HREZTDHIHEZLZVOR?] AP NTE, EVIRMEDZI L2 EX 555D

X T [GentzenT4a, Gentzen36, Gentzen38, Gentzendd] 2@ U7z A2 V& 2L TE S & [HRDFEA proof
figure (&, &R D (cut) &L DFEM cut-free w-derivation % encode L TW5, H UK IXFTE IZBE DRI TH
5] WS ZLeTHAHLES. AUIEZE> THIAL £ 5.

[Gentzen74a] 1XEFEZ LD NI 54, [Gentzen69, Bernays70] (2 & > THID ThhbONDEID L T 5 L7k
725D TH5. M, [GentzenTda] DFEFHP VPR D FEUZ L D500, DE D XD XS5BT NDERENITD
WTIFEZ DU WRIBEIZZAR 2 DT Z Tz, of. [Tait2015]. %7z, [GentzenT4a] TILNEFHULA
2R IZHTZ T, derivation tree @ wellfoundedness 1232\ —FED cut-elimination 23R ENTW5. JEHRE
AW O TREIHFRIZ B W TAKIIZHW 5 72D [Gentzen3d6] IZBWTTHS. T TEIIEHFEK LI, 5
BUZIZERE DS LD term & 2 S QM DFIHEATRERK/NEHRDOZ L TH Y, ZOMIZIEFH L ST
ordinal term &FERZ &% BH 5. [Gentzend6] (2 DWW TIE [Godel95, Tait2005, Buchholz2015] % Fds DAY K.

HOMRRETH 5 HHHE LT I ThINZMREZ BRI, FRER, £ D —#ITI sequent H3IE L W
2, %D cut-free w-derivation WELET DI ETH S, ELTWVW3E. T LERIZREIRITNERSRVWDIE,
PA TEEHHT & % sequent B DEETIELWIZ & TH Y, THUIARBERNITIE, [Schiitte51, Tait68, Mints75] TD
& 512 w-logic T® cut-elimination % X X\, B %2H - THHT 5. HHZEOD W one-sided sequent
calculus IZBWT F T iZ, sequent > I' @ cut-free w-derivation BELT S Z L 2R KTHL L&D, ZZ TV
DFEAF w-rule TEEMMZ 5 Vo A(x) E D IZHENZ L LT

I, A(R)
T

Z 2T EIZIZIERIA D sequents T', A(R) (n = 0,1,2,...) 3B 0, 7t iE n-FH D numeral (--- ((0+1)+1)---+1)
TH 5. &> T w-derivation I sequents @ w-branching wellfounded tree & 72 5.

THLRULEZVDIFZ PAFT(a,...) 8o, FED n,.. . IZ2VWT FI(A,...) 2WSZeThHd. ZIZTH
REUZ 72 % DIFBA I RIE D HEG AR : Vo A(z) BT IZ&ENLE LT

T,A0) T,-A(a),A(a+1)
r (1)

&, MR (cut) DT D

I,A0) T,-A(0), A1) T,A(I) T,-A(1),AQ)
I, A(0) T, A() T,A(2)
T

3T = {A}icn DEIRIEV,_, A;



EXHZ LU NL, T5HL
Lemma 1.2 FT,-C 22 +C,A %&51E FT,A.

ERTIEPIEEL LS. Lemma 1.2 1k F T, -C BLUF C,A 2 FNZFNRT wellfounded trees (ZEH9 5
A CRINS. 2D Lemma 1.2 12K 0135615 T @ cut-free w-derivation % (1) & encode L TW5% &
ZEZ5DITTHS. Lemma 1.2 L TN 5R™FS5NDERDIEHTH 5 PA TIEHH T E 5 sequent ' D cut-free
w-derivation I%, $ % A A wellfounded T& % ¥ 5 % D depth, height ZEHFH L L TE X T, IHFHLARIZT
% [Gentzen36] 5515,

Gentzen OflE Z 55T L > TIEHHED L. [GentzenT4a, Gentzen36] TIEMLDEEZ - T,
JERRD XA (infinitary derivation=wellfounded w-branching tree) (25 %9 25 Z & Z kT T\ 5. HEED tree A
AT 5, WSRO DIZ, ZD path AT 5 FHE & (reduction procedure) U 2B R TWRN, 72025 Z D
AEAIER D V. DR WL DA [Gentzen38] THEE, FEAIZ/EVEL TW5. [Buchholz97] TIEMIZHED D 5
N7=DFN, T ETL 5L Gentzen AL TW5B DI, [Schiitte51, Tait68, Mints75] T infinitary derivation
@ cut-elimination % % @ code # %\ & embedding D preimage TH A HERDIHK ETLTVWBEDEA S &
R DL oYK, 5T HIHREIE g = min{\ >w :Va < A\2% <N} THD. w KO KREHRLE
5 23RV, BFENRED W T, G 20 THUTWTIEL VWO, FS T %, £ O depth< a, £ D
D (cut) D cut formula DEHEE < d £V D T D w-derivation BIF(ET 5 I L 2 EIKT 5L L TOENRHD
NDMHLTHD.

Lemma 1.3 5, T &5 & F2° T

d=0DGED ST IET D cut-free w-derivation TZ D depth< a 722 L DWFEILT H I L 2 HKT 5.

[Gentzen38] D#EHR% 5 D ARIZIFRRTH L. FHHEAEE (elementary recursive T 6 H 5) 2B % 572
Drip—r(p),o:p—o(p) 2L 5T, i (empty sequent) — DFEAKID code p IZH LT, r(p) & £7=F/F
DEEHF D code T, E7z o(p) I ordinal term o(p) < g9 T, o(r(p)) < o(p) L2 > TW53 T & A A)fE < HRRLHK

RENT VD, ko T phBZD &S code TH D75, BIED n-th iterate & ™ & FHIFE o, = o(r™ (p))
Meg £ D FTOMKE FEFIZZ2>TULE D DT, BRNIZD < 5172 ordinal terms< gg 23R N2 72 &
N2 & G RBEAITAMAITINAUE, PA DR FMENRES.

AU JEMEREI 72 D 7205, B 21X [Gentzen38] DFFH%E D U\ UAvE, PA TIHEHAT & 2{LE D sequent
IZXF LT, £ D cut-free w-derivation % gp-recursion TES Z LW TE 5. LD Z D nodes ([ZIXFEITED T
WEED2 XS ITEFE < g9 BAEONTNS.,

ZD &S IZHD proof figure 1& cut-free w-derivation @ code TlEd 5 D7ZHY, —H, [Gentzen38] IZH W
T, proof figure & ordinal term & WS HRROMGE (5 5 HMBOXNEK%E denote LTWD) FHLHBFEO DT
S5NNE, ZIhSERONAEZRTLIEILHEHT I LEHEH5DTH S, cf. section 3.

%72 [Gentzen38] DFEIFI, Ml A ERAMEDMSMEEIIZ inspiration %52 T &7z, HlZ X [Rathjen2015]
& section 2 DEHIHEZ A XK.

D E T REIER S [Gentzen43} IZHEEDWTIER AT (ordinal analysis) &\ 5 2 #AMRD Sz, £ 2 T
JRE N2 HWNE S VRS O IZNHR RN &0 D SEPMESNI2D 72D, Gentzen 32 D Z L IZFHAE ’4’50)7?
857)%191/\‘(@5@%@%‘(&“ L1z < B [Gentzendd] TRI NIz Z & ZHHFIZHRANS. PA 1T 1 £HD
WEEFLE E 2 UM TPAE) 2185, EXMIEORGEEZRLTVWSELEZITWVT, H%E’J'ﬁﬁ%(ﬁ IE%
AUWERNZBIRINT VS, LT IDIICDL > HARBED order type g9 DIE/F <., (ZD2WT, D
BIRYI P £ COMBIRMNIED PA(E) TIHHTE 22055 & a < g (% numeral Z\V5 2 &) 12D
WT PA(E) b Vz(Vy <.y 2E(y) = E(z)) = Vz <., a E(x). #IZEHAAEEZ strict partial order < (< &
irreflexive and transitive) (2 E@Téiﬁ[‘ﬁﬁ‘fmﬁﬁ PA(E) TiFFHFIRETH B & T 5. ’)i D PA(E) F Vao(Yy <
rE(y) = E(z)) = Vo BE(z). B 3MEEORFEERL TVWEDT, ZUTBRIFINIEIIRGEIC X & 312 —RRIZEE



HTE2LE-oTWA. 2D E nlx=sup{|m|x+1:m=<n} EUT,|<|=sup{ln|]x+1:ne N} <g
LD, BEOHHOMMIZZ > THS. EVe(Vy <2 E(y) — E(x)) D& Z 5 % HEiuifl

I E(m) - (m=<n)
T, E(n)

TEEMA 7z (cut) i & D w-derivation IZHBWVWT, H5 a < gp.d <w IZ2PWT FY E(R) PMEED n iZD2WT
OO, T (cut) ZIOBRIFIE, 5 8 < e l2DWTH E(R). Z20& & E(R) ® cut-free derivation O

R IFEARIIZIE
E(m) ---(m=<n)

E(n)

L%o>THBY, LD E(m) £ TO cut-free derivation & £72 U0 TH 5. T5 L -2 E(R) &9 |n|< < 855
m5. 5 UTPA DIFHGRINIEFE |PA| =0 TH D Z e WREI N5, ZITHLBEOHEM 2 ELAMER T
DIEHFRIEREUL, T - Va(Vy < 2 E(y) — E(z)) — Va E(z) &7 251 AIRE72 strict partial order < DJIE
PR | < | DLEBROZETHS.

Z DiEERIE, PA(E) F Va(Vy < 2 E(y) — F(x)) — Vz E(z) DIREDH & THIZ order type DEIET
| < | <o ZRLTWAEIT TR, ALLETNER y <2 = f(y) <o f(z) £22 X RIEFERD f 2
(elementary) recursive in < TS Z & EHR LT W5, cf. [Takeuti63, A98]. —fIZIE | < | <egg & WD FHE
Nolk, 2O X574 fIXAl THND Z LB TE 57217 TH S. [A2020a] T well-ordering principle % A H
1Z% D theory @ cut-elimination (2R AIRER: f DEFEELH WV S N7z,

2 1950-70

1950 FEAR & 60 HEARIZFEHER DS RAME & 1, MEERGED SN FE O ZWHTH o7, T T [IPT70]
ECOREHFRD MY 720 D> T Z 5.

section 1 TH7z & 51T [Gentzen74a, Gentzen36, Gentzen38, Gentzend3] 125\ T, HREGH PA L EF K
g0 BHIDTHEP DI 6NZDTH 5. HLHBETE LD o 72 ERITEVZR. T IR Z 0fE RO EEN
AR Z Gk L TH <. [Ackermannd0] iF, Hilbert O X EMAFHD FH#%2 X D EHHAIZE L T W5 epsilon
substitution method IZ & % PA QP EWIEHTH 5. G2 oNTHARMED e-axioms A(t) — A(ex.A) 5
WIZEARBGERTIX A(t) — c2.A <t A A(sz.A) DINZH LT, Z Off% B % 23813 % epsilon substitutions
ez A= nneN) DFZEFESTWS. 2D & ZIZMBEIZLDDH, T OUEMFN DA BRIEIOIE LD £ 1Z fiF 1 25
52, TRHOEZDRADPEX SNZERMEAD c-axioms 2T RTIELLTEHES1IRBZERTIEIC
H % . [Ackermannd0] TFFNIN U TIHFE < g9 ZWIESETIDIHFEN K3 > TN Z 228D, a5
DEFEMEERLTNS.

15T [Godel95] 22 SfAl A 5 & 512, Godel 1% [Gentzen36] % FEAIIZMRET L T, £ DFEHR & U T [Kreisel52)]
IZ8B 1T % no-counterexample interpretation IZEZEL TWz &5 TH S, cf. [Tait2005]. il 2 1Ll TE A
DA A = 3avyIVw B(z,y, z,w) 2E R 5. ADIEL L RN VeIyVeIw -B(x,y, z,w) TH B0
5, KHI (counterexample) % 52 272 A 5D DR f,g 12XV Vo, 2-B(z, f(x),2,9(x,2)) 785725 5.
o T APELVDRSED LS KH f,g FFEELBNET 7205, -3f, gVa, 2-B(x, f(1), 2,9(z, 2)) <
Vf, g3z, z Bz, f(z),2,9(x,2)). 2O EHIPEBF,GIZEVERD f,g12DWT A = B(t, f(t),s,9(t,5))
(t = F(f,9),s = G(f,9)). [Kreisel52] & [Ackermannd0] DFEH”2 S, HLEH PA F A 2o, 5 < g-
recursion TEHZEINDBPEHMF,GHPFHELT A BIELWIZ L 2R L TWA. & <IZ A=Vady B(z,y) HTIS-
AERR D & 12X, < gp-recursion TEHFEINBHEH fIZX D Vo B(x, f(z) &5, Zhidk, S-FilXTE#
INTWEI LN PATIHIHTE S KRB, DF VW ENEEIHET 2707 T LADEIEMED PA THEINS S
% (RHED 5 505 B (provably recursive, provably total recursive) i&, FUZEFIBEAGEE WS 721 TR &
DINEWIT FRZBTZ LW NDL VWS 2L THDS. Tl [Kreisel58] THRA S N7z, o i XY 722 5E A



NOZOMEDEL ILAEDOHEREZMESHIZ S L \WS 712 F A (unwinding of proofs) DHlIZ>THEH, Z
ORI IR OIS B VW THIZE#R I N T E 2. 22DV TIEHIAIE [Kohlenbach2008] & H k. X
O JE < 1EESC [Kreisel58] D X 1 MVAWIEES & 512, THFEMIEA] EIFIENTWBEEHIE, T8 D &
SIRFEIRT TERY ] C U COEFEMIHTH 00 2HMT I8, BEETRIARDRSILILTH
DRDS, ZDiHEMT DD DL YFO TP EMIEH] L0332 #LWESICBX 5. i TZ DA
PREHEHWI LIFFENRL, 22 THHL S P EETIIRMOMPEZFFHL TSI EEATATD &
M55, L WS ZETHDHM, of. [Godel9d).

[Godel58] 132 5 < [Gentzen36] DEFZEN HHFSNTZHDTH A S H, T ZIZEWTHREL D FIEFHIFIIN
BE% (primitive recursive functionals of finite types) 27 7 A T ZE AL T, #NIT & > T HA OfER%Z 5 2
T\WB. 2O [Godelss] D XA b b TBHEE TRV SNEZ L ORWERD SO S BHARICOWT] 10
E<EINTVS. DF Y [Centzen36, Gentzen38] TONEFTE o 525 D (FIAFIRMN) NEFBEZI D EMED
BLLTOT WS ZLThHAD. b, TIZETSHARK LOBAKDEIEIL < gp-recursion TITA 5. TD
HEIHIZ I [Tait65] TRINTWS. ZOFEHD T A 7 7 1d [Schiitte51] (251 5 w-rule % {5 7z infinitary
calculus T® cut-elimination % F T, PEKZEROFNZERHT 2 Z & 2h o7z, BIZITNER F G, H
»* 5 primitive recursion T F(0,a) = G(a), F(n+1,a) = H(n,a, F(n,a)) LEHINTWZ 5, ZHUTXIL L
TNBEEDF] {F,}, ZFEIRIZ Fy = Ma.G(a), Fhy1 = Ma.H(n,a, F,(a)) EEZELT, F 2 ZOMRY{F,},
THEIMATHEZS. MaGDEE s LELE, ERIIZEN - 0 2F>TWT, fHIX {F,},(m) = F, T
H5.

2.1 CA, AC, DC

BEIZ [Hilbert-Bernays39] 125 \WT, 2 fE&E A Second Order Arithmetic (SOA) $ LU < IZ=FED BHREGR X, £
TR AR AMET BHEFFE LTELINT W, L LZOIBARRERE L CENS OMHAERBERPIE
FHARINTR S, BT D EDOHIFH E THE DEH D AR THE AT E 2 Dh 74 X OREISEMIIZEY EiIFshzo
1% [Stanford Report63] TH -7z & 5. FIFEH L [Stanford Report63] IFK A THS. UL EDZE K DE
5313 [BFPS81] D I #X° [Feferman77] THE I N T W 5.

2PN SOA ZEH L THL. BT 2ROLHE X, Y, Z,... TRT. ZNSRBERE» SR REE2RTEE
2T\ 5. pairing function HIZIE (ng,ny) = 10T ””)(7;0 Tt e 22D ((nema)): = s (i = 0,1)
25D, X((noym)) 2EABZ LT 2 BB EOEBUIEANEL TEV. (X), = {m: X((n,m))} EB<.
A((X)) BHIIR AY) 1EBWT, V() & (X)n(m) = X((n,m)) TH A THSNLHMRE LT, 2
DT 2 BED quantification D 7z D HE AR Al

A(R),T A(Y),T
X AX),I VX AX).T

EAND. T T RIFEHPHEFREET, Y ideigenvariable. F5 &R 6ESITET 6N, T VX, 2, y(z =
y— X(z) = X(y) BAND. DEDORIEKN%2%E Z 5: CA=Comprehension Axiom, AC=Axiom of Choice,
DC=Dependent Choice

CA: AXVz (X(2) & A(2))
AC: VedY A(z,Y) — 32z Az, (7))
DC:  VXIYA(X,Y) = VX3IZ[(Z)o = X Ay A(2)y, (Z)ys1)]

ZZTAIX QBD) FEOWHEAT, (2)=X o WW[(2)(y) < X(y)].
DL E 7L \FFESAED 2 BHE LT, A% (KX) 1% PA™, CA LHFNIRMNLEEZ — DDA TEH W
IND := (VX(X(0) AVy(X(y) = X(y+1)) = VaX(a) V5.



DELINSDRHEMADOWF 2 EHET 27-DITHHERD 7 I A2 ERT 5. kT I = 2) 27 228N
TW5 quantifiers 239X T bounded (restricted) Jz < t,Va <t THIMEANSKD 27 7 AL LTEL. F
PRI F AR A R TG SRS S L T, 207 7 AE T iR 2 BOZLOA A O IR
MEREZERL TWVWD. DEITIL = ) 1% 2 D quantifiers ABENRWERE AR S5 7 T AT, £ ZILET
AP 1 ORI & MBEMERER L XN 5. BEMIERE (arithmetic hierrarchy) % & #9272
HTHh5. ZUTY,IBRNT S 2 D quantifiers D4 & matrix B 2311 THD A=VX13Xs---QX,B,
ZTnMBEZS Q =3, @Hks Q=V, LEILmEL% M-mEAL Vw0, ZN5156K5 27 7 A% 1T
ZDOHETEITSWMHMAD Y 7 X% X TR, MEHTHRERE (analytic hierarchy) IZJBTE S ZE#HT S FwH A
b TH5.

WE @ ZiHADI I AL Lz &, @-CARRHMAX CAIZEWT Aec @ LHlRLARBMAEET.
®-AC,-DC HAKTH 5.

PANTHEAEIZZ 5 SOA & LT, F5f &0 2w LT, A% (MRX) & PA7,II§-CA, IND TH 2R %
HoTHL, 2k (T-CA)y LK. 20 LTS (TI-CA)o I AHIEIR $-CA & AHINATA SIS SOA #
(0-CA)g T, £72 & SITHBEEIRNED AEIRX Ind == {VY, y[A(0,Y, y) AVz(A(z,Y,y) = Az +1,Y,y)) —
Vo A(x,Y,y)] - A€ IR} (112 = U, 1) ZMAT=D% (-CA) TKT. DF WIRTF 0 1T AWRIEIESIZ
BIRENTWS 2 L& RT. (8-AC)g, (9-AC), (8-DC)o, (-DC) b AT EEE NS, X512 ALLCA 2K
DAREMA LT 5:

V2(A(2) <> =B(2)) — 3XV2(X(2) < A(2)) (A, B € I1)

TOrETCIEADBEHE LT (II-CA) C (AL, ,-CA)o C (S1,,-AC)y = (II1-AC)y C (IIL-DC)y =
(3141-DC)o. 2T C X =R TE oAk EE L AL L TOMRK LELOBR C DN THDD S
T DIFIBAMNTIFEL <, BREDIZZ S TRV, n=0,1 DHEIZINERANL, BT (2L ,-AC), (K-
T (A}, 1-CA)g) 1F (IIE-CA)o D I} ,-PRAFHEK (IT) | ,-conservative extension) TH 5. 15T (XL ,-DC)o
13 (I1-CA)o & D HIZERW, Bl ZLHTH 13 EE O EMEEZFEHT 5. 22 TIN50 SOA DRFREHRZ S
7212 CA % & DR ATREREBIET < 2o TV IRTABEMAEZ Sz, BIAIX II§-CA 2E X THD.
Az, X) €I IZDWTHEAY = {z € N: N | A(z, X)} & jump operator X — X' = {n € N: {n}*(n) |}
AAMEBLTHRONIEEDSFRARETH D, LW ZEIFI-CA 2 < IZHR-> TV IRT L1, jump
operators % HRMICHED KT Z L1285, ZOX I RESEREZTFTAMEE (II-CA)F L &EIS. £ <
S DINNES Tz eo BT DIRTIF D & ETEDIEF IR o < ey TH D & EITIFND D IT (I-CA)g &L £
72 (I-CA)5 = Uy, (I-CA)G. B ZIE (II-CA)§ & (II5-CA)y DEWE, i TIAEEARE LA jump
DHEDIRE RN, DE Y (IF-CA)FY = (TI-CA)y THB. T i ACAg (Arithmetical Comprehension Axiom
with restricted induction) & HEFRT. flif THE T jump % w-FEVIRLCTE2MHE >, 0 ZDbHD
MEATH 5. jump operator DD Y IZ hyper jump operator X +— OX 2F 25 Z 12L& Y III-CA %2R
1A D SRS ABE (IT-CA)S % o < 20 D & F0 (IT-CA)S, (II-CA)S® AERZ NG,

M EDHMOL 2 IZHSNTWBERERRS L, n=0,11Z2WT (SL,,-DC)g & (IIL-CA)F" DI, -
REHERTH Y, (81,,-DC), (BL,1-AC) 1d & BT (IIL-CA)T=° D II} - PRAFHERTH D, ZDHEEEZHDIZ
R U7ZZDE [IPT70] IZA > TW5 [Friedman70] 7253 O FEIZFHO L S RETIVERIZ LS.

2.2 Predicativity

Z 2 Tl& [Feferman64, Schiitte65] TOFERZIKIAL & 5.

predicative( Al ) /impredicative &5 W3LIEGAM P(z), ZUTHRME P(x) ICL2HEE S = {z € X |
P(z)} (B2WIE—ITIZHRASHORR) OERIZEL-TE bbb, LTEEL, FMFITL> THEMIZ
D2 6NBEZHDULNEZTHWARY. £E S ODNUIWE D predicative TH 2572011, TNiED 5 5%ME
P(z) OEWED, BOES S OFIEL IFEHEARICHEE L CwiRiITndk s kv, B4 S OFEE T DERLE
ETHILLFEZLROE ERBIZEZONEZNR 2 12DWT, P(r) DN DO DRMENRES ST, o



T P(z) DEAL/ABNLIZHEF L TIE R s 2w, fIAIXEARBOESGZ -l VX C NB(X,n) IZ&b
S={neNVX CcNBX,n)} LEBELLD>LTE. ZOLEZHXMFVX CNB(X,n) OBEKREMHEIESIZ
3 TEBEOBEREPSKLES X CN] DR FEoTHARAVEWITZWA, WETFIZDL A5 LTWEES
SHSCNTHhHA IS, THRBD»SHLEGRIK] M4 ORI IFHNIZHFEELTWE e F AT, &
BlIRERS - EBE LTV BDEEZXDRS, JFERLTVWE L EDLI B %2E\. ZDFHIZ vicious circle % i
135 7-012F 2 TN 7z (Poincaré, Russell) DTH A 50, MFOHEWEEZEZ LD & T5L ST, EOHIPED
¥ F Tl predicative & WD K D 2 AIETREBATEA2D0RED L R5. TDL 2 IZMEIZREDN
predicative/impredicative DEEZ T 5 L THA .

& AR predicative TH DI L &FAD & 5L, HE MM D BHK ERIZZITEN S R0,
M2 51E] ML 725, cf subsection 1.2. £72 [H 5542 ATR/NOEHBE] IZX>THRBEEHL
o219 BLE ZTOEMIZ MEEOEHAE] Vn e N B A->TWTIERIEY predicative £ IEE XV, T2
TZHUT, HREE WO S DOIEBIZHO N TH L0 5 BRBEER N WS L DIFFHET 5, /o THR
BUZBAT % quantifications Vn € N, In € N IZEKZFED L U LS. ZOREIZIL » 2 R& L LT
NTClX predicativity 2% X 5.

ZTORERPEE->TWVWBEZLA2EH 5T, €HED predicative THDEL L THD. EHIFIERLLEHRINT
W DEEBEZDERS, BEBPEED LW I L% absolute THDZ L LREETETENRDHD. DEHVHEED
M,N C P(N)IZ2WT(N;M) = A[n] & (N;N) = Aln] 72> T3 An| IZDOWTEAERK {n e N| An]}
ERDBLNWIZETHD. £H746 ALCAIFRMEZR V. UL IH7ZT T predicative IZ2 < B HEA I
RE7L\WES S, % T T predicative IZEFR T E 5 HRBDES 7S %, Russell D ramified type theory 127
525TOL 55, BFHRBEDFRIZREVEIRATRLBIIET < 2> TH <. HFH (EERIZZ D code
TH5HRE) o THRFT oNTZERBOEAE Ry 2 HRINIZ Ry =0, Ror1 = Df(Ra) % U THERRIER
BNZOWTIE Ry =U,o\ Rae T2 T2MDEFEIINT 5H1E (w-model) Ry = (N; Ry) IZ2WT S C N A
SeEDf(Ry) THHDIX, SHR, ETEHEARERLE, D0 H S 2MOHMMN A(r, X) & X € Ry 1220 T
S={neN|R,E AnX]} LHR2565TH5. HlZIX R IXBEMNEEIZBTES2EDELHETHS. T
5 LTSNz {Ry}o % ramified analytic hierarchy £ \5. &£HEA X € R, »° predicative TH 5 1XH 0 T
372 <K, BETE Ry 2RPHECHREREZROZ L Z2RONIE, TINOEHRIND Ryy1 DEITHA5. T
VX {Ra}a TDHDE predicative ICEHRI NIz L FZ 572550 7B TEPEI &5 0Id THFES ]
WS HEED predicative LIZE AR NWE ZAIZH D, £ I THIZEED predicativity 721 % RIEIZ 3 5 D Tl
2L, ZDEEMD well-defined TH 25 Z LD [FEHH] @ predicativity B bR iEiR 572 <% 5. £ L TERF
o 7% predicative TH 5 & 1%, a F TOBRIFHE (o) VX Ve(Vy < 2 X(y) = X(2)) = Vo < a X (2)]
M predicative IZFFIAI N D &L &, LEDD. TEDRL LD (o) DIEIAD predicative & IZfAINE WS & Z
E I(a) A a-stage & D HETIZ predicative £ RO AR TIHHINDG Z L %2 E .

IO EBRMIET 72012, PADEFEITH SITNUT Ry DEHER2ELLH X (i <w) 2MZ 5. &
HERIE term ¢ 12D2WT XP(t) BEBFHRIEAD OV & DT, 2 D quantifiers VX?,3IXP £H 5. \WE SOA D
SETOMEN A 12DV T, AP T ADHOD (free or bound) B8 X % XP TEESMAZHmERAEERT LT
5. NEE UTZOEGETORENIFINEE B <a D& & IXVXY(2) & A%(2)) 2Fio7-1kR%E RA L&
WTHEL. ZOLEHER o (2L T, wHERAD RA, DRFERTHL0D1E, TOFIZHENDEH XP DAL
B<alioTWbILEED, £72 RA DN RA, DI T 2 DI, T DIEINZEHN 5 i AT R T
RA, DA THBH L &L 95, ZDL k%R (predicative IZFEAAT E M ADES) RA %, RAy C RA,
I8 < a(RAs F I' (o)) = RA, C RA TE®DS. —DHIE PA IE predicative £S5 Z &, “DHIE a FTOM
BRIERAIEDY o K DN W BIZDWT RAg TREFHI 275, RA, Tt X 1v7z £ D13 predicative IZGFH X
Nz AT, LE-oTWV5D.

ZDES5IzUTHRON RA DIEFRIIE % Flid 9 % 72812 (binary) Veblen function ¢ ZE€#%KT 5.
Va(B) = paB EFELZLIZTTE. Q=w LOBHEUT p, [FEFEHEFHE A D3EHE (normal function) T
HY, DM ran(ps) 1% Q T club (closed and unbounded) & 72 5. %69 ¢o(8) = w? L LT, a > 012D
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WT ran(pa) = <o F2(py). TITTB € Fa(py) & ¢4(B) = 8. TDLE Ty :=min{a > 0: V6,7 <
alps(y) < @)} TBHEL|RA| =T THY, £72 RA = RAcr, = Uyor, RAa 5, NG 6Nz L2k
& O predicativity DR L I N7z, |[RA| < To 1ZDED Lemma 2.1 12X 5. subsection 1.2 D Lemma 1.3 I
Lemma 2.1 TO o =0 DHATH 5. (cut) formula OEHMEX 1EZ OFFERICHN B ZEE XP O superscripts 8
P RD S,

Lemma 2.1 7

B e D@,

2.3 Inductive definitions

[Godel58] 137 FREL D F AR IR IBEE % FIW T HA Z IR L 7= D72 572, i 2 BEO B REGR Zo IZHRR
L7=D A% [Spector62] TH 5. & Z THEDNIZDH bar recursive functional of finite types &\ 5 RYITH
% . primitive recursion 7% N (2% 3 2 BEEMIRINIEIZRIE U2 E & TH 5 DX LT, bar recursion & bar
induction {2 JE U 7ZRBEBDOERETH 5. BH o @ bar induction ZIFWIIKIZ (D F b HHGRET) S5
&, 8o DEF ) DAY S ES wellfounded tree T 1ZBT 2 HIRIFMHEDZ 2. DX 0 o DE  DER
Hl e lZBAd BEE Alc) 5, c € T = Ae) D Vu: o Ale* (u)) = A(c) 7= LT\ 5225k A % 7=
T, LW FEETHS. T Tu:0 FE/ uDBR e &I T ET, (coy-- ren1)* (u) = (cop. vy Cpno1,u).
bar induction D&FFH IZELTRINIID DR E DD, OB o 1T UL TERX LS T I<HBETESRL.
o = N 725 T & w-branching wellfounded tree TH 5506, £ L. UL UHIZIE o = (N — N) 72&, tree
T DRI EREARDREDH D Z L1280 b, BHAAFEASNTVWHHN —» NOE / IZHRAREHZTTH
A9,

EEH M < B G. Kreisel 1% [Stanford Report63] (25 W T HAREH LOFEEHAFEIZ & 5 IFME RO AR
ID (theories of positive inductive definitions over N) ZE AL, ZDRHMH) 5 [Spector62] TD bar recursive
functionals Z E4 LU &5 & U7z, FRE LTI ORAAIED F< WD o 7DD, ZONMR ID ZH5H
L7z Z & 1%, impredicative theories DFEHGRIN DT ANDE L2 EZ L WO EHFENH L. ID 2 EHTLH720
2T (o772 1 28e LTEL) BRES X BIEIC UABENR W (occurs only positively) 1 B o G
RAX,y) 2F2 5. T &5 LimHA% positive operator form &IF, N ETHFHZ (monotonic) fEFH
F:X—{neN|NEAWX,n|} (X CN) 25 EEIT. TN XDIEFPE o THREMT 5Nz N TS EEE
{In}a M 1o = {n e N| AlUg., I5,n]} TEHES N, TWUINFIE 52 B <a=Is Cl,. TITIA =,
L BT, ZNAEE T ORINRBIE 75 T4 = (X € N |T(X) = X} = ({X € N | T(X) C X},

ANFEZ ID 1% positive operator form A DE/NAE S [4 2K THGBHLE PA &, ThIZBETAMHA
PA TR INZ TR ONE. BFNRWEX PA 2B 0RERNCIEESINS. £ PACET AHE LT,
A(PA) C PA, Zhid Vy[A(PA,y) — PA(y)] OB&GL. BuMEAR KT 72D DOAHRKR & LT, BRIRIHED A
LIEENS A(F) C F — PACF %2R, FIZ PALRENTIVHRER F I2OWTANS.

# 21X positive operator form A(X, z) %%, A S D OEFIREATGERER < 12X > T A(X,2) & (Vy < 2 X(y))
CEZBEINTVD L T, TOR/NREA T4 1ZB6R < D wellfounded part & 72 0 | HFEDEKGR (notation
system of ordinals) {Zxf 9" % wellfoundedness proofs TDEHETH 5. i, BIHRD wellfounded part %74 2 T
wellfoundedness proofs % 9" 2% £ D 1% [Godel58] DREITEIZ &K [Ackermann51] D& 5 TH 5.

ZDEDITERINZAHR ID 1F SOA (I11-CA)y LAEHHERINIZFETH 5, of. [A2018]. ZZTEMED
YA FA — T T-CA TO IR A(z) 2 2O BEHZBEEETRVBDOICHIRT 222K, 2D LS
RHERAE - IHES . 4B (I-CA); ITIF I-CA EESH T WAL, cf. p.48 and p78 in [BFPSS1].

7537 ID TOMIR C 12BN BBBES PA &, T - 14(2) o (VX(AX) C X = X(2))) TEE
MmATlRons 2BOMMER%E CT LEERTZLIZTS. VWE A B A Y% positive operator forms & U T,
BOEIIRAIE AL (C(0, PA, 2) AVy(Cly, PA,2) = Cy + 1, PA, 2)) = C(a, PA,2)),

PAIZHT 5 A8 (A(PA) C PA)', (A(F(PB)) C F(PB) — PAC F(PB)) #v$hb (T-CA); T
TETLES. (APA) C PAY EHBEMICRE S, BEEMRREAE OB X TR No(a, 2)
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VX[C(0,X,2) AVy(C(y, X,2) = Cly+1,X,2)) = C(a, X, 2)] 252U X<, EIRIFNIEDOAEORIFIZIX
I iR Br(y) = VX[AF(X)) C F(X) = F(X,y)] 2% 2 L.

BT TR A(2) ISR LT 3YV2(Y(2) © A(2)) % (I9-CA)o IZfHI R 7= ABER (ITL-CA); % ID |
fEFRS 5121, 9 1i-complete 72 W % #4IZH S . HIZIX W & L TIE, computable 72 cut-free w-derivations
D codes /A% inductive definitions THR/NAE R E L TEHRTNIEE V. £ LT 2 BED quantifier VXB(X)
% VY (Vy{z} (y) 1= B({y : {z}V (y) = 0})) CEZH#Z 5. IX BEK Z5LT2HOHHER C »56E5
NZmERE OV e EHELZLIZT S, 2F 0 ZOMIRTIE 4] % computable sets in W IZHIEL TW5
IDLE @YVY(2) & AR))Y, 20 Fy [V2{y}V (2) L AV2({y}W (2) = 0 <+ AW (2))] # ID THHTE
5. ZhEb (IE-CA)y FC 25X, IDFCY. LA ZOfIRTIE inductive definition (& W 12X 55 D
ZITkw, Iz IDW) L FIFIE, ID <, (I§-CA)y =, ID(W) &b, ZZTT <, SIETHSIT1
W e@ird T {MRTES L 2KRT.

X 51T [Feferman70] &, 1nduct1ve definitions % a-FlfE VIR T Z LB TEL0HR ID, 2EALT, [I3-CA
DAE DB UDGEHGRIIZ I NS IZRETE D Z & 2R LT,

DT < ZIEFED eg D 5D D ITIES 7z HRE L DRI HRIARIET &3 5. ID, T, %7 AX,2,Y)
% ZH X- positive (X occurs only positively in it) ZRFgHR& LT, 2O L5 AIZDWT 2 2K
5 PAEEATS. PMy) = PAu,y) BLU PA, =Y _, PA(disjoint union) & LT, u < a D& &
(2 2378 positive operator form A, (X, 2) := A(X, 2, P4,) OR/NAERERT. D2FD o ETOIEF < (T
o T, BANRE A BRIEIRINIZOL 5725 D TH 5. &oTPAIHT 2R8I Vu < a (A.(PP) C PP,
Vu < a(Au(F) C F — PACF), FIBRidS PAPE,... 2 BAZMEED 1 BOmER. 2L T ID, =
Upea!Ds. ID % ID; &5 8<.

IDLEa <eg 20T, (M-CA)SY" 1& IDoye LM AS (DR 2 HFHTE % -
DOFPIXFEL) &7 D, subsection 2.1 DB THERAER L dbENIE, (21-DC)g 1 IDpe &, (EQ—DC),
(E%-AC) 2 BT Doy EXENTNIEHRINZHETH S Z LITR5.

5 LT [IPT70] DT, (X3-DC) 72 £ D SOA 13 inductive definitions D 0 K U IZFERHGRINIZ A X
?i’bf: Z DFERIZIRD & 5 22 % reductive proof theory GEICHMIAEHHG) (ZHWTHED. %7 inductive
definition 1%, ZDHR/NREIRL [4 2 stages I, CHRTET IA = |, Lo, & stage & I, = {n € N |
AlUgeo Is,n]} &N ETIZDL SN stages #*5 arithmetically definable, 2% Y TI5-CA Z#H U TE
ZINTWVWD. TDIZ Lo stages DIRFTHIIEFTH a DL 025D, H 50 FZENZEEFEMIZANTN
X, HfE LS5 L5 X 5. KT positive operator form A(X, z) (2 & - TEME A BERLR < @ wellfounded part
ZIHHNIIZER T 5 & ZICTIZEBMZERL X T V. £ 0 L 5% inductive definitions Z FHWIIE, B S 52
impredicative T# %< 25D SOA HEHFRMIZIRE TE 2D7EH 5, [, TORTDIEFRE o T AR
BIE, SOA KV EDRVERESRLIANKELE TS LARES. AL, M#EIX ID, A HHGHIEIZE DI W
TAHRTH D Z LT, ZORETIEERZYFED SOA DIRERA R FIIZE L B2 L 1 E AR WIRILE - 72,

3 Takeuti
PRS2 Z TlE [Takeuti67] 12 % 28 M % fij 2B > TH L.

3.1 [Takeuti53]

HAFH (Fundamental Conjecture, FC) [Takeuti53] i3 & DiwElF I HIZBIH 5 £ D7D TEN% one-sided
sequent calculus T2 BEOHEIZHEALTH I 5. 2D quantification % 3X F(X),VX F(X) £ &EL. ZIT
X ZRAODPDE > 01ZDWT k-ZHD 2BEDLH. EER A(z, ..., 2x) & 1EOZ K 21, ..., 2, ITOWVWTELS
F {x1,..., 2 }A(21, ..., 2p) & B-ZE abstract £ WD . BRIFBEEAALZ T A {(21,...,21) | A(z1, ..., 78)}
TH 5. abstract 1V H720 DXFTHT . abstract V = ({z1,..., 25} A(T1,. .., 78)) & k-ZED 2 BEOLEE
X B EOBIEA F(X) 1200C, (V) 1 F OHD X(tr... 1) & Altr,... 1) T = 82T 55

12



RERT. ZOL & 2MEOWRMEEE GILC X, 1 D sequent calculus 12 2 BED quantification (283 5 #EiwH

Alz LT
L, F(Y) L F(V)

I SV _ PV
TvxF ) Toaxex )
ZRTMATE OGNS, (V2) IZBIT 2L Y I3 eigenvariable. (3%) I2H1F % abstract V IMEREDOE D, D F
D 2 D quantifiers BS\W <K 5 ZIZEHNTH LW,
(F2) 25 CA 3XVay, ..., 25 (X (21, .., 21) < V(T1,...,21)) PHTL B, 72802 CA & #EGakiAl
T, F(X)
T,3X F(X)

T (F?) 2RET DI, Vor, . o6 (X (21, 1k) < VT, . xp) = (F(X) < F(V)) 2200 X00.

FRRIZ L T2 615 b (finite-order) DFMEEEIH sequent calculus Z GLC TKRY. D& EEATHM
FC 1% 2 D sequent calculus G'LC 5 X D Z 1 GLC IZ B 1) 2 GFBHRNT XT3 2 BRI 22 0E % faf 1] />
THZLILEoT, ERICEZONTZFHKN S (cut) ZIO RS 2N TE S, Ld ZOEEDQRIED AR
1%, Gentzen DFEAAD & 5 AR ZOEE FIZH 5 HETREND] THHH, 2\WH & Ths. [F
Ml 2ws kod TRIE] &5 Hilbert’s program TO 7027 F 4] 1Z3EW. FC FRIZIZEEFARK AN D EIEIX
BEWIZEZ 5N TWBIRTIEIZL, £z THRNBEZOER LIZH 5 HIE] BDOPes50028 X510 T
WRW. BUAENS ZFARIZHEA L THNTNI S WS ZETHAD.

FOIZHER L TH < & GILC TD cut-elimination theorem, 2% 0 [GILC TRHEAHT & % sequent 1 (cut)
MUTHAATE S ] 2\ MEIXEFRAIZRY. E4RKIZ1E GILC @ cut-elimination theorem %S 2 B H
B Zo D (1-)consistency DA RMIZHE S . [FAFRIZ GLC D cut-elimination theorem %* & &l B AR EGR Z,, D
(1-)consistency AR D Z & B0 5. 2 BEOREA

N(a) := (VX(X(0) AVY(X(y) = X(y + 1)) = X(a)) (2)

WZEoT T lZEHRBTHS] BPEFTULESILSTHS. LHIDUIFIHT S &, BENRINEON IND %
WZHIBR U 72 INDYN & (VX(X(0) AVy(N(y) = X(y) = X(y + 1)) = Va(N(a) — X(a)))) DFEHTETL
9.

INEKY Zy THFEMGIHIND 5, GEAK2MAE N IZHIRS 5 &, subsection 1.1 KE T I19-sentences
PA™ IZ9WT G'LC - ~PA~, ~VXVa,y(r = y — X(z) = X(y) £%3. 22T term t 12DWT N(t) B
NEPA™ oD T LITHE.

EHITEX) :=Vryle=y— X(z) > X(y)) £95&, VXV, y(E(X) m =y = X(z) = X(y)), 2
F0 (VXVr,y(z =y — X(z) = X(y)° REPATE 295, BOHHN% £ 1ZHRL T GILCH -PA~ &4
%. ZZT% abstract V(X,...) IZ2WT £(X),... = EVE(X,...)) MFEHTE 5 Z LIZHER. T D sequent
®D cut-free proof Z AKX, ik 1 BEDFFHITH %525, subsection 1.1 KRB TD [Gentzen34/35] & [F LR
273:0 ZHhEHhoBrnIeins.

5 LT 2 WEEREGE Z, DI FEMIE GILC T cut-elimination theorem (2 X 41, &l EHREGE Z
@ﬁ%lﬁ Pt & GLC @ cut-elimination theorem IZ DWW T HHETH 5.

HAPH FC 13 2 Bd 2 W dE M HARBG Z2,Z, OEFEEEZRT LV, PXTENLEESHDH S
N, eV TRIEBEBIZIZBEOEB S RENTWARWEEZ, iENFRE2 527525, 2F0
G'LC, GLC ? cut elimination % Gentzen D JFEDERIZBWTRT & WS BN EZ ML LD &
%%, cf. [A2005].

72H 5 GILC, GLC @ cut elimination E{AAYEK 0 32D Z & A [Schiitte60, Tait66, Takahashi67, Prawitz68] (2
Lo THD»2TH, TNSDFEMHIE FC [ZIXFS LW, £ 55 A cut elimination 23K 0 3D Z & D33 1r 072D
X, WHEHOMERRII 22 WO BE®RPEHE L, ELWIZ T THEOLNETNOFEZ2 T RIZIT Y5 EK
3H 5. (HUERTIX, GILC DEMARD cut-elimination 23R F Z 21, XIHT 5 Zy DR D 1-consistency
ZRTOLY, HEMNZES L IFEZ W, DUAHT, BEHEDIEFIVRRDPRTVWI b XX H5, cf. [A2020b)].
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3.2 [Takeuti55]

T FC OMARERAU &S, JF [Takeutiss] OFEHR % [A8S,A99] 12 & > THHEL 725725 DFIHAD S
5. GILCIZHB VT 2 BED existential quantifier DZABA] (32) Z XD L S ITHIR LU 728%% LBl L KT Z

LT 5.
I,F(V)

2
I,3X F(X) ()
M LBI THIND DI
abstract V 23D & &h, £7213 IX F(X) B -k e & (3)

IX F(X) Aol e nwd Z &l F(X) 282 D quantifiers 2 & £ 7220 1 ORI WS KR TH 5.
%23 LBI T cut elimination »*5 1 B HREGH PA DIEFEMEVERINIMED 222, GILC & Zy & D &
ELFARRIZHNS. PADFEIZEDGHNE (2) TOBREEZERT S H-FEER N(a) (IZHIRT 5. AWK
BN Vo (A0) — Vy(A(y) — Ay + 1)) — A(x)) 1ZZ D& & V(N (z) = AN(0) — Yy(N(y) — AN (y) —
AN(y+1)) —» AN(2)) £ 7255, N(z) » (parameter-free D) IH-FREARD T V(x) = (N(z) A AN (2)) IZ
£ o T LBl CiFHAAIBE X 725, X > T LBIF -PA™ &7 9, cut elimination L TH VB NZ L W00 5.
S TTIFLBI DFEN A5 5 X 5 T (cut) ZBRET 202309 5. MEZROIE 2 D quantifier 25%&E

(cut) TH5 :
F(V),A 9
EXF(X),A( )
F,VX;F(X) ax F:(X),F
T

p— é (4)

ZZTPIE 1D sequent &9 5. FEMEDZD% S PA™ A3 1 D sequent 7255 ZNT L.
HHERE LTIHESEATE F(V) OIS 3X F(X) & D EHIZR D B2 5, (cut) DIELET X AV %
BUZRALTH D < WAV, £ ZTL LT inversion U TiFHAK %

Py(X) = ,~F(X) (5)

CEEMASL, TNIZEVAEPHEALOT, HOAR L Y fif TH 5. Lo T HRIFHEDOMRE L0 1
BED sequent &, —F(X) ® (cut) #L OFFHR PY(X) 25855, 2hi3 1 O LK TOIHIKTH 5. 7N
P (X) 12 BWTEH X 1T abstract V 2AATHUE &, ~F(V) © (KEMIZIE) 1 BOFE P (V) 285
N3, % 2T (cut) ZFAWVT

- BT(V)
O oF(V)  F(V),A
IXF(X),A,®

(cut)

[, VXAF(X) AX F(X),T.®
T, o

Pl

<1>,: ® (6)
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PSI(V) 12 1 BEOZERAR 72925 i TH B, Lo THONT: (cut) D EDFHIM P 13D P v b2k L
T i TH 5. BARINITIIFERARNIZ BN S sequent 12 [Gentzen38] & [AfkIZ U T ordinal term< g % Rifsf 1}
5. 22T 1 BOHKPZITMSIHFBITERTHS. Z2ro6FdD (FP)DEIATEw 2 RLTEITIRE
W, BREER A OBEMEE dg(A) < w ZEFET HBRIC, SR (BXUH-HBEAS) dg@X F(z) =0&
LT&Ww., 25 ULUTLBlI®D1BE®D sequent & (ZE Z).&Eﬁ. Pz, ALK & D cut-free ZIFR Z MG X H 5
P+ CE(P) ?* go-recursion TIENS Z & D335

L OFEREIE, He R
F(V),A

IX F(X),A )

%, 1D sequent ¥ 725126 LT ¥, ~F(X) D cut-free LK-proofs Q(X) D352 6N 56, ko AT O
AEFAEED 3 operation ¥ FE XA TWA. MTEL &, ¥, -F(X) @ cut-free LK-proofs Q(X) TR TEUART

L Q(X)
U, -F(X)[X:=V] - F(V).A
IXF(X),A, T

AU T, HRIFNEDOMRE £ V1§ 5N S FEDIEAN Py(X) ZE D L TW5. section 4, [Buchholz77]
2B 5 Qup-rule LRI UE#BFHE TDH 5, of. [Buchholz2001].

3.3 [Takeuti57, Takeuti58, Takeuti61]

MNAESE DRERHGRIC B 1 L H T EN R E D, L b, %9 [Takeutis7, Takeutis8] 22T 5. T b

IZ& o TIH-CAp ITHY$ 5 GILC DEMARD cut elimination 2° [Gentzen38] D LR L TH SNz
[TakeutiSS] IZH W T cut-elimination H3FEAH X 117z GLLC DEBMARIZ 1R 0 B DD T, fHlEL L
AR D & HEFRFA

raxFx) &)
%
abstract V 23D & Eh, £7213 IX F(X) ¥ isolated TH S & & (7)
WZHIR U72ARTH 5. T Z T isolated ZREmEER & X ZF DANZEHNT WS 2 D quantifiers ¥ nest LW Z

E,DFD 3X( VY (- X o) - - 0) & WD quantifiers DRIAGEDENE NS T & isoltaed ZRERIEA A H
EI/J TEFETNE, 1 OB L [1]-, Y15 AT isolated. isolated ZREWEEN F(X), A(y) 6 RAIZE - T
BFonsimHEX F({y}A(y)) ¥ isolated.
D EIZ [Takeuti6l] & @D GLC DIBAAERD cut-elimination Z /R L TWBH, T2 TIHEHRD D 2 B
ZEEL 2R - TH <. GILC Iz B W CHEamE Al

LFV) _,
P,EIXF(X)( )

IXF(X) D 2MOEHmERE LRV X (8)

IZHIR U 7248% % GILCT & {HERT I LICTS. IXF(X) IOV TIH 2BOHBEELHEZEE LWV, VWS L
HDEMZE KD, MHT IAX F(X) 252 BEOHHERE GO abstract V BAEBO & ETT S (F2) AL
52N TERV. Lo T initial sequent & U TEEDFREN A 12DV T

r-AA

Zidd 5.
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DEOWEHET 5L, GILCT T abstract V AVEK® ¥ £124% 3X F(X) 452 B0 AR E GATOTS &
W, & (F) BT ARMEBENLTLUE S LEROFEN A IZDWT CA JYVz(Y(z2) «» A(z)) DREATE T
LS. BERSIEZTDL &, VXIYV(Y (2) & X(2)) BVz(X(2) & X(2) 6D (F)Itk-oTHTE
TLES» 5. &5 TZD cut-elimination 1 Zy @ (1-)consistency % A PRITIZE <.

15T GILC™ TH 2 BED EHIZRA B E R A LD WTI IVV2(Y(2) © A(2) REFITE3. 2L T
G!LC™ T cut-elimination % ID.,, @ (1-)consistency % HRIANIZE L Z & 23595, 272 51 X-positive
operator form A(X,z,Y) (ZDWTZDE/NAE PA(n=0,1,2,...) 5 2 B iR THIFIIZ

LNz) e (VX (AXTZ) € X — X(2)))

LEITLEIRSTHD. £DUFATE L, ID, DA B I LT, predicates PA 2HEA 1A T&
Sz THEONS 2O E Bl TXT. 75 & section 2 TR & 512, ID_, F B 72 S I XBUEA M i i
75 BT RGILCT ETRS 22 nh s, TEHER I 2BOHBEZENEENTOVRWRSTH .

BRINTIE T V2 (AL, 2, I2,) — TA2) 2R 720, ATA 2, 14) & AX,IA) C X 2KET 5. »
¥ IA(y) & TE, O HORE & D HEERIHHI (32) T X(y) DO 5. y FEEE 27205 IAC X THHH
5, X-positivity & 0 =D HDKEN S, 1 BT A(X,2,14,) 745, “2HORKE.R S5 —~EHWT X(2)
2185, X JMEBE 272005 TA(2) £ 5B,

PIZERIER C 1IZDWT A(C IZ,) C C 2IRELT, I} C C 2R T720Z, I1(2) 2IKETS. T5& (F)
Z2BDHEMABEGE R LN 2) IGEAL T ACIZ) C C — C2) 21350 T, HIDDIKEIZLY C(2)
B,

DEHHHEA AT LT 1D quantifiers % (2) TOBEAKB AR TR N THRLZZH D% AN TRT.
N2 2BOEBEEAEENTVARNT L ICEETHUE, (Va(A(0) AVY(A(y) — A(y+ 1)) — A())N »
G'LC™ THHHTE 2 Z W0k 5. - #HAI (32) TO IX F(X) E3X FN(X) IZZLT 55, ThTh 2
BEDOBEHMEREE LRV 2IZIFED Y W, 25 U Tsentence B D, - B 2261 GILC™ - -PA™, (BN
DR E N, BB Y- Ror i B'=B»2 BN - B E» 51D, - B = G'LC” - -PA ™, B.

X T [Takeuti58, Takeuti61] T® cut-elimination procedure (ZH T, Al (32) ~DHIE (7), (8) 1,
FEBIZ BN 25 (D occurrences) ZBYNZ w-lHFIZWAND7DIZEFINEDTH L. LrLIng
BT 2L RO TROMBARGEIZOWTHIAL LS. 2 B0 BEREG Bl %, BEENRMIEIIERD 2
BEOFEAIEA T E U, S5 E L subsection 3.2 TO LBI &3 5. KRz HesmiAl (32) IXHIR (3) db & 12
DAHZ 5. BS 2T IDy 13 BHIZHDIAD 5.

XTBITHHTES 1 BOBENANVNTELWIZI EZ/RT72DIT, A D cut-free w-derivation DIF
{LERTOLTH. TNk LBIOL ELFHKIIPASL L TAS. 1 HED sequent ® DFEIAK (4) 22 5[FH U
< 1FED sequent @, —F(X) DFEAK Py(X), (5) 2L o T, HEIRIFHHEDRE 75 &, -~F(X) D cut-free
w-derivation PS(X) 872235, LA L—fRIZIZ cut-free w-derivations 725 @ depth 13 Q = w; (ST
1% D recursive analogue wCX) TUMIZ 5 Z LR TERVDT, P (X) D depth ® EFIZQ TH S5 5,
LOHAT (P)DLIATEFHQEZRLTBELL ZLIZLTH, P (X) D depth ® EFiE Q Eo/hEnweZ
AT EHE Lwnwewidiw, 20 BRFWIETRZES L LTWAHHEE (Bl TIEHHTE 5 1 BED sequent
I cut-free w-derivation 22| TIXIBELDTHS. L Vi< Bl TD 1 D sequent ® DFFIH P 1Zxf
LT, ® D cut-free w-derivation TZ D depth 23 % o(P) < WK L2 L DWFMET 5] R THENDH S.
JedREI (5) Po(X) BARDBHEGRFR (32) 2 A/ DTEDIEFTE a = o(Po(X)) 1F, eger D IFATWN
PQEVEFIRELBRSITZEBLRV. TZTa> QIR UTEFE I () < QE2H5Z572A5HD collapsing
function ¥ RHREIZRB.

Z ZTlFEN % [Rathjen-Weiermann93] T® collapsing function (2 & > TEFT 5. T & % notation
system T®DAK/NER < 1% [Takeuti57] TD ordinal diagrams O(2,1) TD <o (2% 5, cf. [A88, A99]. #]&IT
a < eq EDOWTHRHOERES E(o) 2E#HTS. E0)=EQ)=0. ag < - <ap <eqp &LT
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E(w* + - +w*) = ;o4 E(a;). o <Q % e-number £ UT E(a) = {a}.
DENEFE o, B < eqyr IZOPWTIHFEDES C(o. B) C eqr1 LIEFE I(a) < Q % o (2T 2 lwflik
TRKIZEHET 5.

1. {0,Q}Up C Cla, B).

2. 7,6 € C(e, ) = v+ 6,w" € Cla, B).

3. yelC(o,B)Na=Y9(y) € Cla, B).

4. 9(a) =min{B < Q: C(a, B) NQ C B,E(a) C Cla, B)}.

AIRNEFE BIZDWTEE Cla,B) BHHTHD. ZOHENPS, fo =max E(a) +1 < Q2 oHD T, FHIFH
IZ Bpyr = min{B < Q: C(a,B,) NQ C B} LEDTWVWHT, B =sup, B, <Q&BIFE E(a) C Cla, B) H
DC(a,B)NQC P ERY MEED a<eqp IZ2VWT I a) <QERBEIEVNDND. £1EHEDS, I(a) 1E
=T, E(a) C C(a,9(a))NQ &V E(a) < d(a) &= VB € E(a)(B < I (o). 2005 J(a) < I(B) BEY
SEDMEBEFREME, a < 82D Ela) <9(B) BERIF I a) <EPB) £HRD2IETHD. ITN6DI s
Ceqyi1,0) 1F, 25 0,Q,w,+,9 LD terms DES L ALY, FZTORNMER o < BIFEIEAIGEE KRB I &
M43 h%. Collapsing function ¥ Q@ < a— 9(a) <Q B2HDTH 2520, HFIFREFEL RN L IZHER. H
ZAE Q> 9(Q) 2AY 9(Q) < 9(9(Q)).

PED®H LT PI(X) O ERIZ a = Py(X) I22WT J(a) THEAONEZ EHNNS. %7 sequent
O, -F(X) DAERDIFHR Py(X) 55 cut-free w-derivation Py (X) 25 TH 5, 28X X 1T abstract V Z{RA
LT & —F(V) ® cut-free w-derivation PSf (V) %752 £ TOHEMERIAKE O & D OHEHRHIAI substitution (sub)

DMz HTHENT,
O, -F(X): « b
5 ~F(V): 0(a) W
LEF. 22TI0Y : QLMD o SI3E 2 TOFAMIC A EIEFRTHS. T5 & (4) DIEEN

FV),A:¢
XF(X),A:Q+5 (

)
[, VX-F(X) IX F(X),T
I':~

d:a

25 (6) DD D IZIRDIEHKAE S B,

(D, ﬁF(X) a3
O, -F(V):¥(aq) FV),A:¢
IXF(X), A, 0(ar) 16

(sub)

(cut)

I, VX-F(X) 3IX F(X),I,®
F, P : Y2

<I>,<I>':a2
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TTHERELRTER S R0DlE, —H A2 Z(bI 8T U £ S (sub) ZBALZSZNIZE ST
(3?) O EFER IX F(X) 2RO (cut) ETCORTEALTLES>BNLEHS. L L Ihidd v ERw. &t
25 (sub) D EIZH 2R ¢, -F(X) X 1BOLDENSTHE056. DF0mlERN IXF(X) dH 2R,
Z 2T (sub) X, o TZ Z Tl collapsing function ¢ BMEH L TWRWD T, BIR J(ar) < Q HHEE
LT y<y %285,

IZDERE ar < a XTHT 272D, TOFEHIR (4) IZEWT, T 25 @ DI B HEEmALR (sub)
NHoTEHD. > TED (sub) ZHAWVZAEHAMDEZHZIZEWT, HLW (sub) ZEAT 257 ¢ %, T
L0 ND (sub) DFHT—FL (HBLEDXIZ (sub) BWdNIX) £T5ILITR5. Z5THhNUT az <aTH
2150 TlER< d(an) < 9(a) BV LD, BERS Flag) C E(a) U{d(a;)} TH Y, E(a) < I(a), L
H I () <V(a) THENPOTHD. HEIF o <anD E(a) C Ela) <d(a) £0515

25U T IBI CAFHAT &E % 1 BED sequent 1%, £ D depth 2% J(eq11) & U /N cut-free w-derivation %
ol BWREINs.

FWELE I T D cut-elimination procedure (2 DWTHREIZHHIZIN S, HlZIX (F?) O EFwE A 3IXF(X)
N2MOEMEREZEET, F(X) 2 1 BOWmHER» LM X 2E& £V -, S{-GnBR 2 A b‘(@f%ﬂ’ﬁ:
GiEEFEZD. TDHL O -F(X) DifHIZ7z L X cut-free TH-TH LBl TOHEGRHIA () 252 21245
DT, subsection 3.2 D& Tl 7= HEGREHI (32) OMEIRA ES & —FD infinitary derivation 2R L TW\W5 &
ZZ o, Z® depth ® EFIERIE0 Q L LTHEL L, 2o T collapsing function 23%HEIZIR 5.
fHU, 5@@51’%:'@ X 1D sequent D cut-free ZRFFHHBIZARTH 2 DT, (I2) O FiwH K IXF(X) 128V T
F(X) 21 BOFwMHAD & T subsection 3.2 & [FARRDOFH S A T X,

[Takeuti58, Takeuti6l] TiF LELd ~EHOREE, @411 -, Si-sHHEAE 2O LD ZN 525 2 D quantifi-
cation % — & U 7-#B# X, 2GR0 IZZEIXINT WS, %@7"&56 WIERH o> Q, =w, 2 o <Q, 1T
.59 collapsing functions 2AMEIZ72 5. T 51T [Takeuti67] TIEZ DB w £ TIEIFINT, 2O ER
B I -CA+BI & 2 W ZEEHHERIICIZFEZE 2 ID, O EYEFEI A [Gentzen3s] DIEREAR ETH X 5hTW
5. T ZTffib /DA [Takeutis7] % MERRIZ & TLEIX L 7z [Takeuti60] TH - 7z.

4 Buchholz-Pohlers-Jager

S. Feferman & [IPT70] DI S WziEHiRO KR E 2518 e LT D, % Efl ¥ HimFic 5 < IDL(0) 127

Bz E 222 ] 2L T (ZNEBL ) D, OIEHHGRNNEREUE EIRD 55 % notation systems T
RTZL] 2BPT05. FIETO O i Kleene 12 & 2R ATBEESINERE O codes T, Zh% IDL(0) B WT
inductive definition THEKT 5. O D & 570 & D FEEANE > & Y U7 inductive definitions (ZFR D, L A% E#
EBETOAZTNEZHERT S LT, RFEDOIEFE o BE LD BIEF BlziEe) THBERY, IDL(O) IFHEK
e At b, F725%E8OFBIL, [Takeuti57, Takeuti60] TD ordinal diagrams (FWHIXKFEEDEH D7D T,
ordinal diagram % ‘£ 3 % A D BERPBEN (BEFRI) 120 6780, Tz B < £ 5 7 notation
systems CEIMLZI VWL WS ZETHAD.

753 [Pohlers77, Pohlers78] (23T [Takeuti67] & LD cut elimination procedure T [ID,| D LF AR
H5NT. IDL(O) TO FHROFEMIZ [Buchholz-Pohlers78] (2 & %. ZiUZ & 0 Rl ORTEIZ L IZH < IZHE
iz, UL LZO EROFIEIIVE [Takeuti67) IZE > TWT, K5 A2+ E I B o7z, 22
THi7-7% cut elimination D FEPERE I NT [BFPS81 IZfTEEL 282725, N TEAINZHHEE ST
DR L & 5.

4.1 Q,qi-rule

[Buchholz77] IZHWTEHA I N8 U WHEGRH A Q pq-rule Z2FHIL £ 5. THIEE B L% [Gentzen3s]:
[Schiitte51]: [Tait65]= [Takeuti57]: [Buchholz77]: [Howard72] &\ 5 (&R IZH D, TN X - T II}-CA
HBWIEZEN L FEER ID OFEIHFRN 27 AY infinitary derivations 2B U THOLNSE. ZZTIERBEEA
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ID = ID; & Z D7D DHHI Q-rule (IZDWTH R 5. T HENIRNIEDAEIE w-rule 12X > T TFEH] LT
L% 5. DEIZ subsection 2.3 TOAHE A(PA) C PA 2H#EsBIHITERL T
T, A(P4,n), PA(n)
T, PA(n)

EAND. ZZETOBANZ X 2/KFR% ID° £EHL. IDJ° Tl negative 72 ~PA(n) &2 B AT 2 KHIDENZ
CIZERL &S, ko TENAEMRIZIL initial sequent IZBWT I, =PA(n), PA(n) £ LTOAENS.

DEBIRFIEDO A AF) C F - PACF % (3] $§52%2%25%. ZONMOMEHRED
Va(PA(z) — F(z)) & w-rule (2 & 0 {PA(n) = F(n) | n € N} 5 HTL 5. 22T PA(n) ? negative (Z
BN TWBiHER PAn) — F(n) % [GEA] 32 8AIZEAT 25728, TOEK%E [Gentzen3d/35] B L < I&
BHK-fEHUZ &> TH 2 5. Thud TPA() @ TFEH] 25 F(n) @ [GEH] 285 FB (BEF) 2F-oTw»
5] 7255, 22T [PAn) OFEH] 2 E-TW0W5H0%, [PA(n) ®IDF TO cut-free derivation d] &
ffd 5. ZD& EEAE 11T DX S 7% derivations d % F(n) @ [GEH] 7(d) (22419 5. % Z T derivations
d \Z PA 23 positive 1Z U DB TWRWERELR 2 5 K % sequent Ay BT Mb > 72546 #HTILIZLTE
D & 572 derivations K% D, THKRT. d € D, 1%, d D3 IDJ° TD7RA 5D positive sequent Ay, PA(n) O
cut-free derivation TH 5 Z L %Z/RT. 51T [F(n) DFFAI % & O —fIZ Tsequent T DFEHAI IZLTHE,
BT ZEMEDONEZM DRI 212 LT D,-branching 72 rule #1545 :

7(d)
Ay, T - (deDy)
-PA(n),T

ZZTT IHMEED sequent T, rule ® kI positive sequent Ay, PA(n) ® derivation d € D,, T2 Ag,T D
derivation 7(d) WA TV 5.
cut elimination ##% 25 & &, Z®D rule DE N TO cut

m(d)
Ay, T <o (deDy)
I, PA(n) -PA(n),T
r

% rule IZHAAATEWEZIEINEIWVWDOT, 23 LT2ED Q-rule IZE 3 :

i 7(d)
T, PA() - Ad,rr e [deD) o

Q-rule ® A - 7z infinitary derivations DA% % ID° L #EL . FHHEN PAMn) OEMS X0 L EHTHI LT
IDY° @ derivations (Z &% o T 2455, AL Q-rule Tl Z 5EH 5. subsection 3.3 T ordinal term o O
IZHN S Q @ occurrence D& DIZEH LT a=alQ] £EL. HLU ZD Q @ occurrence 13 collapsing function
Y D scope WIZIFRWE TS, 2 <QIZDWVWT alz] Ta[Q DFDOFEHLTWAS Q D occurrence % z TiE &
WA TSNS ordinal term 2T, 208 Ec<w e UT, 2T D, PAM) THZ LTS, X510
® positive sequent A, PA(n) & z < QIZHNLT, F A, PA(n) 2 51F FE AT THBET B, BEDRT,
FOT EREDBD.
Fg A, PA(n)
T PARY o FEETAT (2 < QA C Pos)
FaT
2O Q-rule 12 & 0 EIRIFED AR A(F) C F — PAC F L &S5 FITY —(A(F) € F),~PA(n), F(n).

Qrule IZBWTC T = {~(A(F) C F),-PA(n),F(n)}, iR F OBHI k <w iZ2WTa[Q =2k +2Q &8
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. THEHETHIT, PAM). WE 2<QIZDVWTH A PA) ThHEET5. ZorxHATTHs
EMOEDLSIIZLTHMNS. i A, PA(n) 2/R7 cut-free derivation d (25T, FERDO T D PA(n) IZEHR
LA PAEZTARCF CEEMZS. ZLUTIOE FTderivation IR 56RWVWE ZAEDED K S IZEE M
A5
R0 T, F(m), A(F,m) F2F <F(m), F(m)
2 1L, PA(m), A(PA, m) FERT2ERL LT T F(m), A(F, m) A =F(m) E)
FEFUIL PA(m) FRRR2GEED I T F(m)

ZZTHEMTO (3) O EmERIT -(A(F) C F) =3z (A(F,2) A\—F(x)). 295 LUT Qrule iZ& v ST

fth /i T Lemma 1.3 1ZZDFEFETHY LD, ETTHLID FPAN) THEH5, HDc<wllDNWTIDYP
IZBWT RS PAR). ZRED o =2,(Q+w?) IZ2WT Y PA(n). 255 |n|la=min{|ne Ip ) %
MR 572DZF a> 0% < QIZ collapse TENIE L.

Lemma 4.1 (Collapsing Lemma)
positive R T IZDOWT HT THB LT3, ZDL & T,

Proof. o 129 2 @MRMIEIZ LS. 5 T 5 Qrule OF5HTH 285 4121E, 2O T, PA(n) Lo 0D
T, PA(n). positive 72 T, PA(n) & z = 9(a]0]) 129V T Q-rule DIE & H ol r foctieEr zzc
2 < Q& alQ] TD QD occurrence (2RI BKE & D afz] < alQ]. 512 E(afz]) C E(a]Q))U{z} < 9(a]Q)]).
&2 T (afz]) = I (a[0])]) < (). 0

FITa = 2,0+ w?) IZDWT g PA(n) THo72 5, Lemma 4.1 £ 0 F) pAn). Zhky
[n|a < ¥ a) < Feayr).

PAE®D Q-rule IZ & BEEHE [Takeutis7] & OFELUIH 522725 5 cf. [Buchholz2001]. 4 UHRREIZS 5 72
12 section 3 TD SOA Bl £ %% T, LBI TOHIE (3) Db £ TO

LLFV) .,
F,HXF(X)( )

Z [GEBH] 95 Qrule 22 5. D72 d € Dp % 14D sequent Ay, —~F(X) @ cut-free derivations &3
5., ZITEBX FALITENW, 22 TD Q-rule %

: 7(d)

I,-F(X) - Adr,r .- (d € DF) @

&9 5. BUENIRINEE w-rule T TEA] LT Bl % infinitary calculus BI® TEE#2 5. HL BI* T (3?)
IV BEROBEADA F(V) 25 IXF(X) %8 < . - T & BI® TO infinitary derivation DL 7T, W E
LBI TO (32) TF A 1 EOHRHERTH 22 LT, F[,AXF(X), F(V) TH3 TS, KT, F(X),~F(X)
0T, 3XF(X),~F(X). 2&I2d e Dp 1D sequent Ay, ~F(X) D cut-free derivation TH 5 & LT,
d \ZiE (F2) PMELNTVRWZ LIZTERL T, £ X 1T abstract V Z2/RA LT Ay, —~F (V) @ derivation d(V)
R85, ZX FT3XF(X), F(V) &9 (cut) iI2E D F Ay, T,3XF(X). &>T Qrule T T, 3XF(X).

d(V)
T, 3XF(X),F(V) Ag—~F(V)
I3XF(X),~F(X) --- Ay T, 3XF(X) .- (d € Dp)
I.IXF(X)

()
BI®® T® Collapsing Lemma 4.1 2MFAIHRIZ 1 D sequent T (Z DWW TEL D 32D,
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4.2 Local predicativity

[Pohlers81, BFPS81] TEA I N7zH 5 O & DD ik local predicativity Z#i# 9 5. positive operator form
ADBNRERIE A =, [o £ UTRET, K stage & In = {n e N[ AUy, I, n]} THBNH, ZhUdT
NETD Ugoo Ip 56 TH-CAIZE D DL ENT WS, {5 T I D hierarchy {In}q 1& local (213 predicative
ThHhdLEZOLNS L, ZNIZEEDH S cut elimination & subsection 2.2 TD RA, LARKZTE 5. BRINIZIZ

il
T Ia(n). AlUsen Is,n] T, =Ia(n), ~AlUgq 15, 7]

L. Ia(n) T, -1, (n)

EFEZNE IO, ZOXSICHI-CAILE > TOL ONLES [4 % stages ILATA AT D, HD VI
(ramifications) IR TH X5 Z L IFMOHTHRTH Y 72535, [Pohlers81, BEPS81] BARTIZIZH £ h A oNnadro
727 7a—FTHb. Tl k- T subsection 4.3 TN B ELGTHR, L D ROAHRDIEFHZRN DTS AlFEL
AN
MERDIEE B A A IA(n) := Bal,(n) iZ2WTATA) C I 2F0 Vo (A{y | 3aln(y)},z) — Jal.(z))
IZB94 5 cut elimination TH 5. HIZE S & ZORBLAAND & Z A TIXID (2472 D BT infinitary derivations
~NHEDREND. FIZIXAF) CF - IACFIE, RE AF) CF Ob 2T o 2T 5 BMRIMHIEICED
I, C F ZpiE &0, 28 ATA) C T4 XU & 55300 THEGRETHI
T, A({y [ 3ala(y)},n)
T, 3a I, (n)

(D)

TEEMZATEL. HUI ZTOIEHFE «, 3, . .. % subsection 3.3 TD notation system C(gq1,0)NQ (ZET
% ordinal terms ZE>TWA & L TEWI &A1 52 5. Jal,(n) IF unbounded existential quantifier % & &
DT L-iHE RN EIERZ L2 U T, RO EHMEX 1%, IHFEK D unbounded quantifier % & % 72 1 1V IXEHE X
B0 LTHDE. THLIDFT S, 55 k<wltOWTHFIA T 255, ZhED a=wi(Q-k) < 20
IZDWT RS T %2135, infinitary derivation @ depth a 7 Q O KEL RS I 2 2BFRVOIEFIEFH < Q %
7 B ZFUZE T 5 unbounded universal quantifier BENB N5 TH 5.

WETH D -HERZTLOEB L EICE LB a< QIZDVWTHI T &5 TWes T = {B®) | BeT}
BELLRoTWTIELWY. 22T (HL(n)™ = (3 < alg(n)) THB. 5 THNE Y I¢(n) 15
[nja < a%B5I L2725, FD7HIZIE unbounded existential quantifier DEAHIRNZ S W T, infinitary

derivation @ depth A%
Fro I Iy (n)

FET, 3E Ie(n) 9)

< aTHDIDAROLT n<alBoTVRVEWITFRY., DD YT 205 BIRED subsection 2.2 TD
predicative 22 RA, (25T B HMARE D TIIR L, —BDEENRDWIZEDIZEZLBENRNH 5. X 512Kz
Fa>QTHEILHEADL, STDDEAG>TVWD EIITRADHEEL BN LRI NE RSN LIT2
5. TNEMEDNPI=HTIRRS &

Lemma 4.2 T I 3-SR T2 ob 235,
1. (Boundeness) o < QIZDWT F¢ L &S IF T AEL W,
2. (Collapsing) F§' T 2 S HY 7 of < Q BRHET Y T.

Collapsing 4.2.2 DIZ5 O TH#Y7% o/] DV LDDfRIE o = J(a) THS. Collapsing 4.2.2 /R 7 & EIZH
B 72 B HEGRHLALE (C) 7208, ZNUADBANZENWTH — T o < g 251 9(a) < 9(B) IEEZHRVD
T, RIREFEDELEL TRV, 22 THEALRZK/NEFRE D £ VEILR (collapsibly less than relation,
essentially less than rel.) ZE AT 5.

ak fiea<f&E(@) <dB).
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THLa< f=da) <IB) THENO, FT DEHRBIZEWT, IED ap EFEHRD o LDV ap < a &80
TWIEEEZE5THS. UL UEFRBERD unbounded universal quantifier D& A (f] X (X FE IR f ik ik
Va (V¢ < EC(C) — C (&) — VEC(E) D infinitary derivation) (ZH W T

O 1 B(n) (< Q)
o T,VE B(€) (10)

RO <QIZD2VTa(n) <K aZ2BRTZILIFITELRV. BELSBLEI RS J(aln) < I(a) &7425
REED, n="39a) LBNIEn € E(a(n) THLHMY B TH 5. £ I TIHFHZLLD unbounded universal
quantifier DA LIS T
oo
Fe T

) K aZHERUT, LD (9) TRa<aDARLT n<az2BRTE. a<Q=a<d(a) &b, ThT
Boundedness 4.2.1 3§72z TN 5. LT (10) Tl an) < a TH»D a(n) < afn BizINTWDE I L EE
#9 5. 22T # & natural sum. %59 K T = bR PSR . 22 5 2 2 TO cut elimination
R HMEIE, <« Y transitive 22 & & o € w®, a K BROIE a#ty < BH#HY, w* < w?, FTLT ap,a; < B
oI woHw KWl NS5 THSB. I T Collapsing 4.2.2 % o/ = (o) THER L. KEMNRGEIET A
-k OB L LT

H Ay [ 3¢ L)} n), T

5 T, V€ —I¢(n) F3 3¢ Ie(n),T
F T

()

ZITIKy, B#y<a. 5o <Q&,6<QR5 5 =06 TITRIFNUL 6 =09(0) £BL. ZDEE [ (n), %)
5. bLE<QBO R Ay | 3¢ I (v)},n), T iE S Ay | 3¢ Ie(y)},n), T ZE®RT 22 LTLW. 25T
RFE O Ay | 3 Ie(y)}, n), T W& & Boundedness 4.2.1 £ 0 A({y | 3¢ < 6o I (y)},n), [0,
& 5T Iy, (n), 00, 5 T VeI (n) 55 inversion LT F5#% T =I5 (n). 6y < 9(B#00) < () ICIEFEL T
[@@) 2T Lemma 4.2 7% o (2B 2 BIRIEMIEICE D RN/,

4.3 EE&HmN

[Jager82] IXNEFEMTOXNRE, ZNETD SOA DOELMALIMBL7Z. PR L TRBASHF LV L
B D oD, ZOMHIZ X D AEHOEEIE A H RoTzDAR ST, HEORNEEEZBLURLUZEEIIK
=AM

ZZTORNDORNFR L IR->7- DI, RN & D Kripke-Platek #65w KPw TH 5. DML extension-
ality, pair, union, infinity |2/l A T foundation scheme Vz(Vy € z A(y) — A(z)) — Vz A(z), Ao-Separation
Va3blb = {z € a|B(x)}], A¢-Collection Vz € ady B — IWx € aFy € bB. ZZ T A FMEEDOHMIEAT B I
Ao-#EE, DFE D ZDOHD quantifiers i3 X T bounded Vz € ¢, 3z € c.

Kripke-Platek & il& computability (recursion) theory DXHR % BRI N 22 & — i DREE, & IZEEA
—fRAL S BEITHIH X 7z, of. [Barwise75]. Godel D constructible universe L = | J, Lo (Z22WT Ly = KPw
Thd L ZIZIERH o i recursively regular & IFEN 5. H/ND recursively regular ordinal 1 w$'K. FEER/E
P EX o 1% recursively regular 2 DX, L, EOERD B-BE f IZDWT VS < a(sup,5 f(7) <) LB2HEE
ThH5B. ZHIEFAETIE Ag-Collection 124 5.

763 KPw 1 IDy LAEHAGRINIZAZETH Y, [KPw| = [ID1]|. #ll 21X subsection 2.3 T® ID; T® positive
operator form A2 & 2 H/NARE IA 13X KPw Tl {1} % S-recursion TEHELTn e [A < Ja(nel,) &
S-MEATERSNG. TS0 5 K510, BREOEENN LT IH-@HATERING I L &, Lo BT
YR TEBRTE LI LIZAMTHS. LW D 2 &1F KPw DHFHHRNIER 2% 2 5121F, T ZCIFTE %
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1-EE A D witness ZIAUE XV D E DIEFE |[KPw|y = min{a < wfE | VA € X (KPw - A = L, | A)}
DERTHS.

ER%ZRD B 720D cut-elimination (2 & 2 i#Em DML I 5 TH 5. constructible universe D E # Ik
subsection 2.2 @ analytic hierarchy {Ro}o £ %2 D TH5: Lo =0, Lay1 = Df(Ly) & U THEERIE P
MZDWTR Ly = Uyoy Lo & 2T Df(Ly) 13 (Lo, €) ETEBTHLELLHE XoT RA, KT
5 2.1 1% L, % constants & U CTETEmIERNIZ L 5 sequent calculus (ZEYNZMEIEL TR O D, H &k
Ap-Collection B L IZ V =L Db & TENL[FAZE 7R Tp-Reflection Vzdy B — Fb[tran(b) AV € bJy € b B]
(ZZTiran(b) = Vo € bWy € x(y € b) IFEG O PHBINE WS T &) 1I2O0WT, S-#BEAN S5 T IZoWn
T I,Vzdy B DIFIF cut AL infinitary derivation %, depth< Q “~ collapse TE 5 Z & ZREIE LWV, ZD
collapsing % /=3 J5#£1% subsection 4.2 T® local predicativity X 1ZIZE U TH 5.

BBIZREER BRI OEERANDIBBEIRDE D > 7200 % HAT 5. [I-CA B L IxZTh & {4
recursively regular ordinals DEFEIENT A — IR DTERK % 728, IIZE Z 2 HIET»E 2 5 &, SOA TIE I}
DIREMNS L &> TUEDH, £ —ZITIFEDR., L IADVEATRTHIUE, IERIFEE D B2 E R
DFEfE3%H 5. (weakly) inaccessible cardinals, (weakly) Mahlo cardinals, (weakly) compact cardinals, etc.
7205 Z N 5 D recursive analogues %% Z T, recursively inaccessible ordinals, recursively Mahlo ordinals,
[I3-reflecting ordinals, etc. % universes (ZFFDEGMEZINEX IZEATITK L WO BIY N TEH N 5DIIT
H5.

HIKIZIZZ 5 Th o7z, II-CA OBDOIER L LTI, [Jiger-Pohlers82, Jiger83, Buchholz-Schiittes3,
Buchholz92] 225155, TN o id SOA 261X AL-CA+BI, &7 5 KPi, constructive mathematics T
1 [Feferman79] TD Ty X3 BNEFEf#NTTH 5. To 1% [Bishop67] TOREKME Y 2 KR T 572DI12F 2
5N 725 DT, KPi &, recursively inaccessible ordinal o {Z2WT L, | KPi & 725 & 5 & A6, ordinal 23
recursively inaccessible £\ 5 DI, £ H G S recursively regular TU %% recursively regular ordinals D
BRIZH > TWDZ e THD. DT KPi FEHNL ZF L Wo 72 BTH 5.

Z DHTHHIZ [Buchholz92] 13, BIETHEHF BT O FiE L U THEENRE D TH it TS IREER
BRTH 5.

& Z AN 80 FARMEED T 5D recursively inaccessible ordinals (2% 9 2 JE R BU#AT D%, 80 £
13 1% recursively inaccessible ordinals D#HER T % recursively regular ordinals, 2 % 9 recursively hyper
inaccessible ordinals 7 ¥ DAFFLIZE £ > TW7z. £ L T 80 Db 0 EHIZ [Rathjen91, A2000, A2003] 12
BT recursively Mahlo ordinals OEFEEN G oN7z. ZZ TOFRMIIMO THIMTHS. 2T
collapsing functions o +— ¥(a) ¥ [Buchholz86] TD a — 1q(a) D372E VI(a), Yo(a) < Q LRI WVWD L,
QB (recursively) regular 72225 TdH 5. fi1}i T, regular ordinal M »* weakly Mahlo TH 5 D%, M O K
IZ regular ordinals 2% stationary IZH 5 & \WH T & TH5B. 7255 collasping function a — () < M I,
o=y (a) Pregular IZHNE 725 5. £oTH S5 —E collapse TET B 9),(B) <o &b, T DB
@ collapsing functions % Fi\W 4K recursively Mahlo ordinals D547 KPM DJEFESEITHTE 5.

ZD%IF 90 ERMBEDFHIZHREDOT, FTSHIFINED,
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