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Abstract

In this note, terminating and bicomplete proof search procedures with respect to the Kripke seman-
tics are given in multi-succedent sequent calculi for intuitionistic propositional logic and fragments of
intuitionistic predicate logic. G. Mints [11,12] in his later years investigated a proof search procedure in
single-succedent sequent calculus for intuitionistic predicate logic.

1 Schutte’s schema

Schiitte’s schema in [14] is described as follows.

Given a logic calculus, e.g., a sequent calculus and a semantics for the logic, search recursively a cut-free
derivation of a given sequent in a bottom-up manner. This results in a (computable but possibly infinite)
deduction tree of the given sequent. If the tree is a (finite) derivation, then it tells us that the sequent is
cut-free derivable in the sequent calculus. Otherwise it yields a counter model of the sequent with respect
to the semantics. Let us call the division Schiitte’s dichotomy. Thus the schema shows simultaneously the
completeness of the cut-free fragment of the sequent calculus with respect to the semantics and the Hauptsatz
for the calculus. The schema has been successfully applied to (first-order and higher-order) classical logic
calculi by K. Schiitte [15].

G. Mints [11,12] investigates a proof search procedure in single-succedent sequent calculus for intuitionistic
predicate logic with respect to Kripke semantics. On the other side a multi-succedent sequent calculus for
intuitionistic logic was introduced by S. Maehara [8], and it is known that it relates to semantic tableaux and
Kripke semantics, cf. [17]. However a naive proof search procedure in a multi-succedent sequent calculus
for intuitionistic propositional logic may not terminate in a finite number of steps since the left rule for
implication might be iterated unlimitedly. For example the following proof search for the sequent sequent
(p D q) D L = ¢q does not terminate. It is desirable that a proof search procedure for a decidable logic is
terminating.

(PD>g)DLp=g
Pog>Lp=pdq Lp=yq
P29 > Lp=yq
(P2g)>L=p>Dg L=gq
P29 >L=q

In this note let us give terminating and bicomplete proof search procedures under the schema for multi-
succedent sequent calculi LJpm® and LJm® for intuitionistic propositional logic Ip and fragments of predicate
logic lq with respect to the Kripke semantics [6]. By a bicomplete proof search procedure we mean a
procedure such that we can extract a counter model from failed proof search, cf. [3]. LJpm® denotes a
modified multi-succedent sequent calculus for intuitionistic propositional logic. In the calculus conclusions
of minor formulas are added in succedents when a right rule is applied. It turns out that a proof search

*This article is dedicated to the memory of a distinguished proof-theorist, Grisha Mints. I have been encouraged and
stimulated for many years by his interests and helpful suggestions to my researches.



procedure for LJpm® is terminating. A terminating proof search for the above sequent (p D ¢) D L = ¢ in
LJpm® runs as follows.

@DQDLméprszéq@D)
rPoq)DLp=q
(rPD>q¢) D L=pDqyq L=y
(PDg)DL=g¢q

(L D)

When the left rules (L D) are applied with the main formula (p D ¢) D L, the left minor formula p D ¢ is
accompanied with its conclusion g. The leaf sequent (p D ¢) O L,p = p D ¢, ¢ is not a classical tautology.

In Section 2 we consider a proof search in the sequent calculus LJpm® for intuitionistic propositional logic
Ip. A related work is done in [13].

Given a sequent Sy, our search procedure yields a finite (A, V)-tree TR(Sy) of finite deductions. Each
leaf in the (A, V)-tree receives a value in {0,1}. Any formula in the sequent at a topmost node is essentially
either an atom (propositional variable) or an absurdity L, and the sequent is obviously falsified when the
value is 0. Otherwise the sequent is an axiom. Furthermore if the value of the whole (A, V)-tree is 1, then by
pruning, we can extract a derivation of Sy from the tree of deductions TR(Sp). Otherwise a Kripke model
is readily constructed, in which Sy is falsified.

As a corollary and by the depth-first left-to-right implementation of proof search, we see in Section 3
that the intuitionistic propositional logic is in PSPACE. The fact was first proved by R. Ladner [7].

In Section 4 we consider proof search procedures in sequent calculi LJm® for a fragment of the intuitionistic
predicate logic Iq. Proof search procedure for the fragment is terminating and bicomplete. As a corollary
we see that the fragment is decidable. One fragment denoted by V(++=)3(+:7) is a class of formulas in a
relational language in which each positively occurring universal quantifier occurs strictly positive. Mints [9]
showed that the positive fragment V(*)3(=) is decidable.

In Section 5 we consider a proof search procedure for the full intuitionistic predicate logic Iq over a finite
language possibly with function symbols, and shows that Schiitte’s dichotomy holds for the proof search.

2 Propositional case

In this section we consider a proof search procedure in a sequent calculus LJpm® for the intuitionistic
propositional logic Ip. Atm = {p; : i € w} denotes a countable set of atoms (propositional variables). Atoms
are denoted by p,q,r,.... Formulas are constructed recursively from atoms and the absurdity L by means
of V, A, D. Cedents are finite set of formulas. In the calculus LJpm® the derived objects are sequents, which
are ordered pairs of cedents denoted I' = A, where T" is the antecedent and A the succedent of the sequent.
Though the calculus is for intuitionistic propositional logic Ip, several formulas may occur in succedents, i.e.,
multi-succedent sequents. p in LJpm® stands for propositional, m for multi-succedent sequents. Moreover the
super script ¢ in LJpm® indicates conclusion. The conclusion 8 of an implicational minor (active) formula
«a D [ in succedents is augmented in each inference rule. For example a right rule for disjunction in LJpm®

is of the form
I'=AaD>3,p

F'=A(aDdB)Vy
Let us explain the reason why we augment conclusions in succedents. Let LJpm be a sequent calculus for

the intuitionistic propositional logic Ip in which conclusions may be absent in succedents. Namely LJpm is
the propositional fragment of the calculus m-G3i in [17]. A right rule for disjunction in LJpm is of the form

I'=sAaDp
P'=A(adB)Vy

In searching a derivation of a given sequent, we need to analyze implicational formulas o O 5 in antecedents

several times.
adD B, I'=>Aa B,T=A

adf,I'= A (L2)

Although we can control the number of applications of the left rule (L D) in terms of the given sequents as
in [1], let us take another route. By augmenting conclusions in succedents, we see that each formula « D 3 is
used as the major formula of a right rule (R D) at most once on each branch in the searching tree. Moreover



each formula o D § is used as the major formula of a left rule (L D) at most once in a part of a branch
such that the part contains no right rule (R D). In this way we can conclude that the search procedure
terminates, cf. (1) and Lemma 2.9.

A formula of the form o D g is an implicational formula.
Let 3; be formulas. 81 D B2 D -+ D By D Bay1 denotes the formula 81 O (B2 D (- D (Bn D Bug1) )
in the association to the right.

Definition 2.1 Let a = (81 D 82 D -+ D fn D Bn+1) (n > 0) with a non-implicational formula 8,1, and
ar = Bk D Pr+1 D -+ D Bn D Bpt1) for k = 1,2,...,n. Then let a® = {B,41} and o® = {B; : k =
yeee, N}

Note that a VvV af is intuitionistically equivalent to o.

2.1 Sequent calculus LJpm® for the intuitionistic propositional logic Ip

Axioms.
(T) T=AUTNANAtm #0 (L) '=Aiflel

Inference rules.
Oéo,F:>A Oél,réA ao,al,FéA

= A (ZV) I'=sA
where (og V1) € I'in (LV), and (g A aq) € T’ in (LA).

(LA)

I'= A ag, af, a1, 0f I'=Aag,af I'=A 1,0

I'=s A (BV) '=A (EA)
where (ap Vag) € Ain (RV), and (ag A a1) € A in (RA).
{T'=A,8,6:8€a”} as,'= A o T'= af
I'=A (L2) = A (R 2)

where an implicational o € T' in (L D), and an implicational o € A in (R D).

Each sequent above the line is an upper sequent, and the sequent below the line is the lower sequent of
an inference rule. For example in a (LV), «a;,I’ = A is an upper sequent for ¢ = 0,1, and I' = A is the
lower sequent. Observe that the antecedent of the lower sequent is a subset of the antecedent of each upper
sequent in any inference rules, and the succedent of the lower sequent is a subset of the succcedent of each
upper sequent in an inference rule other than (R D).

Derivations in LJpm® are defined as usual. These are labelled finite trees whose leaves are labelled axioms
and which are locally correct with respect to inference rules. While deductions are labelled finite trees which
are locally correct with respect to inference rules. In deductions labels of leaves may be any sequents.

A Kripke frame is a quasi order (W, <). This means that W # () and < is a reflexive and transitive
relation on W. A Kripke model is a triple (W, <, V), where (W, <) is a Kripke frame, and V : W — P(Atm)
such that V(w) C V(v) if w < v.

For formulas « and a € W, a |= « is defined recursively as follows.

lL.wEpiffpeV(w). w L.
2.wEkavVpifukEaocrwEL wEaAfifwEaand wE 8.
3. wk (aDp) iff for any v = w, if v | «, then v = 8.

A sequent I' = A is intuitionistically valid if w = AT, then w = \/ A for any Kripke model (W, X, V)
and any w € W.



2.2 Proof search in LJpm®

It is easy to define a terminating and bicomplete proof search procedure in a sequent calculus LKp for the
classical propositional logic, cf. [10]. On the other side each w € W in a Kripke model (W, <, V) determines
a classical truth assignment which assigns a truth value to each atom and to each implicational formula. The
truth value of an implicational formula is determined from ones of its components at v = w. Let us apply the
search procedure for LKp to a given sequent S in which we analyze antecedent implicational formulas, but
leave the succedent implicational formulas. We obtain a deduction T'rg, i.e., a tree of sequents which is locally
correct with respect to inference rules. If every leaf sequent in the tree Trg is derivable, then so is the given
sequent. Here each leaf sequent is of the form I' = A, A5 with the set A~ of succedent implicational formulas
and it is saturated in the sense of Definition 2.3 below. By saturation we see that there exists a formula
(a D B) € A5 such that o, I' = 3 is intuitionistically derivable provided that I' = A, A+ is intuitionistically
derivable, I' = A is not an axiom and A5 # (). We keep on examining sequents So-5 = (o, I' = () for
each (a D ) € A5. This yields deductions Trg,,, and so forth. We are constructing a tree TR(Sy) of
deductions for a given sequent Sp. Each node ¢ in the tree T'R(Sp) corresponds to a deduction Trg(,). From
the whole tree TR(Sy) one can extract either a derivation of Sy or a Kripke model in which Sy is false,
cf. Theorem 2.11.

Given a sequent S = (I' = A), T'rg denotes the deduction of S constructed in a bottom-up manner. A
formula is marked with a circle to indicate that the formula has not yet been analyzed. No implicational
formula in succedents is marked. «° indicates that the formula « has not been analyzed. I'* denotes the
set of formulas obtained from formulas in I' by erasing the circle.

Definition 2.2 Let S = (I' = A) be a sequent. S+ denotes the set of implicational succedent formulas in
A, while SI denotes the set of implicational formulas o in S5 such that a? ¢ T' or a® € A.

The condition a? C I' & a® € A means that the implicational succedent formula « has been already analyzed
in the whole tree TR(Sy) of deductions defined in Definition 2.7 below.

Definition 2.3 A sequent I' = A is saturated if the following conditions are met:
1. If (av B) €T, then {a, B} NT* £ 0. If (a« A B) € A, then {a, 3} N A* £ (.
2. If (aVv ) € A, then {a, 5} C A*. If (a¢ AB) €T, then {a, 8} C T*.
3. If an implicational formula « is in I, then a? C A* or af € I'*.

A saturated sequent I' = A is fully analyzed if it is not an axiom, i.e., T NA* N Atm = () and L ¢ I'*,
and every marked formula o® in I' U A is either an atom p° or 1°.

Note that these conditions for sequents to be saturated are only for unmarked formulas.

Definition 2.4 Put a saturated sequent S at the root of the tree Trg. Let us define inversion steps.

1. If an antecedent I" contains a conjunction (apAaq)® with a circle, then erase the circle and add marked
conjuncts when these have not yet been analyzed: for (ag A ap)® € T'y,

{af :a; ¢T1,i=0,1} UM U{ap A1} = A
(aoAal)o,Fl = A

For simplicity let us denote it by
af,af,T'1,a0 N = A

(Oéo A al)O,I‘l = A

where af = of if o; € I'1, and « is absent else.

2. If the succedent A contains a conjunction (ag A aq)°, then erase the circle, add unmarked conjuncts
and starred conclusions: for (ag A a1)° € Aq,

F:>O[0/\Oé1,A1,Q0,0é8* r:>040/\0[1,A1,061,ai*
I' = Al,(ao /\051)O

Cx —
D=

where «a (af)° if af & Aq, and a5* is absent else.
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3. If an antecedent I' contains a disjunction (aqg V aq)® with a circle, then erase the circle and add starred
disjuncts: for (agp V aq)® ¢ I'y,

Oéé,Fl,Oéo\/Oél = A O(I,Fl,OZQ\/Oél = A
(Oéo\/Oq)o,Pl = A

4. If the succedent A contains a disjunction (ag V 7)° with a circle, then erase the circle, add unmarked
disjuncts and starred conclusions: for (o V a1)® & Aq,

I'= agVa, Ay ap, a1, a8, af*
I'=> Al, (Oéo V 0[1)0

5. Suppose the antecedent I' contains an implication «® with a circle. Then erase the circle, add unmarked
premisses and starred conclusions of premisses to the succedent, and add starred conclusion to the
antecedent: for a® ¢ I'y,

{a,T1 = A, 3,6 : f€aP} o al;=A
a®, Ty = A

Observe that if the lower sequent enjoys the the following condition (1), then so do the upper sequents in
each inversion step.

a® € A* for any implicational formula « in the succedent A. (1)
As far as one of the inversions can be performed, continue it to construct the tree Trg.

Definition 2.5 Define numbers b(«) for marked or unmarked formulas « recursively.

1. b(a)
2. b((aV B)°) = b((a A B)°) = b(a®) + B(B°) + 1.
3. b(a®) = max({b(8°°) : B € aP} U {b(ac°)}) + 1 for implicational «.

b(p°) = b(L°) = 0 for any unmarked formulas a.

For sequents S = (I' = A), let b(S) = > {b(a) : « e T U A}

Proposition 2.6 The number decreases when we go up in the tree Trs. Namely in the above inversion
steps b(S1) < b(Sp) holds for the lower sequent Sy and an upper sequent Sy.

Hence the process terminates, and Trg is a finite tree. Each leaf in Trg for a saturated sequent S is a
saturated sequent, which is an axiom, or a fully analyzed sequent.

A fully analyzed sequent S = (I, T'5 = A, A") with A”) = 57 # () is extended by an ‘inference rule’
branching (br), where I'5 is the set of antecedent unmarked implicational formulas. I'% is obtained from I's
by marking each formula to analyze these again, 'Y = {a° :a € I'5}. Let o?* = {°: f € aP, B ¢ T'}.

{a?P*UTUTY = a® :ae AL}
II's = A AL

(br)

where each formula o € AZ is said to be a major formula of the rule (br).

This inference rule is a disjunctive one since if one of upper sequents is derivable, then so is the lower
sequent using the inference rule (R D). Note that each upper sequent S, = (aP* UT'UT'? = a°°) enjoys the
condition (1) vacuously since (Sq)5 = (Sa)5 = 0.

2.3 Construction of the tree of deductions

Let us define a tree TR(Sy) of deductions for saturated sequents Sy. Each node in the tree TR(Sy) corre-
sponds to a deduction Trg.
<%y denotes the set of finite sequences of natural numbers o, 7,.... The empty sequence is denoted 0,

and (k07" '7kn71) * (]) = (k07" '7kn717j)'



Definition 2.7 Given a saturated sequent Sy = (I'o = Ag), let us define a tree TR(Sy) C <~“w, and a
labeling function (S(o), g(0),d(o)) for o € TR(Sy), where S(co) is a saturated sequent, g(o) € {V,A,0,1} is
a (logic) gate and d(o) is a deduction possibly with the branching rule such that

1. for each leaf o in TR(Sy), d(0) consists solely of the saturated sequent S(o), and either

(a) S(o) is an axiom and g(o) = 1 indicating that S(o) is derivable, or
(b) S(o) is fully analyzed and g(o) = 0 indicating that S(o) is underivable.

2. for each internal node o in TR(Sy), g(o) € {V,A} and

(a) if g(o) = A, then S(o) is neither an axiom nor fully analyzed one, and d(c) = Trg(s).
(b) if g(o) =V, then S(o) is a fully analyzed sequent such that (S(c))% # 0, and d(o) is a deduction
with a single inference rule (br) with its lower sequent S(o).

TR(Sp) is a (A, V)-tree, and it is constructed inductively according to A—, V—stage.

initial. First the empty sequence §) € TR(Sp) and S(0) = So. If Sp is an axiom, then g(0) = 1. If Sy is fully
analyzed with (Sp)5 = 0, then g(@) = 0. If g(@) € {0,1}, then d(0) is the deduction consisting solely of Sp.
If Sy is fully analyzed with (Sp)% # 0, then g(#) = V and the tree is extended according to the V-stage.
Otherwise g(f) = A and the tree is extended according to the A-stage.

A-stage. Suppose o € TR(Sp) and g(o) = A. Let S(o) = S. Let {S;}i<r (I > 0) be an enumeration of all
leaves in d(0) = Trs. For each i < I, let o * (i) € TR(Sy) with S(o * (¢)) = S;. If S; is an axiom, then
g(o (7)) = 1. Otherwise S; is fully analyzed. If (S;)% = (), then g(o * (i)) = 0. Otherwise let g(o * (i)) = V
and the tree is extended according to the V-stage.

V-stage. Suppose ¢ € TR(Sy) and g(o) = V. Let S(o) = S be a fully analyzed sequent I',T'5 =
A, {aj}j<s (J > 0) where I'5 is the set of antecedent unmarked implicational formulas, and {a;};<; = S%.
Then o * (j) € TR(So) for each j < J. Also let S(o % (j)) = (5" UTUTS = a$°), where each unmarked and
implicational formula o € I'5 is marked in I'Y) to be analyzed again. d(o) denotes the following deduction:

{CY?* ulr'u F% = a?o}j<J
0TS = A {aytj<

Let g(o*(j)) = 1if S(o (7)) is an axiom, and g(o * (j)) = 0 if it is fully analyzed with (S(o *(5)))5 = 0.
Otherwise let g(o * (j)) = A and the tree is extended according to the A-stage.

(br)

Definition 2.8 For a formula «, let Sbfml% () [Sbfml5 ()] denote a set of positive [negative] implicational
subformulas in « defined by simultaneous recursion as follows.

1. SbfmiZ(p) = SbfmiE(L) = 0.
2. SbfmiE(ap V ay) = SbfmiE(ag A ar) = SbfmiE (ap) U Sbfmis (an).
3. Let a be an implicational formula.
Sbfmis(a) = U{Sbfmi5(B) : B € aP} U SbfmiE () U {a}.
Sbfmis () = U{Sbfmi%(B) : B € aP} U Sbfmis (a®).
For sequents S = (I' = A), let Sbfmi=(S) = U{SbfmiT(a) : a € T} UU{SbfmiE(B) : § € A}. n(S)
[n5(S)] denotes the cardinality of the finite set SbfmlZ(S) [Sbfmli5(S)], resp. and n(S) the total number

of occurrences of connectives V, A, D in S.

Lemma 2.9 The whole process generating the tree TR(Sy) terminates, and the number of V-gates along
any branch in the tree TR(Sy) is at most n%(Sp).

Proof. Consider a branching rule in the tree TR(Sp).

.
o UTUTS = af°

TS = A {oj}jc




Each major formula a; of the branching rule is in the set Sbfmi%(Sp). In the branch 7 up to an upper
sequent Sj = (o5" UT UT% = af°), each formula in the set of is in the antecedents of sequents S in .
Moreover S enjoys the condition (1) since S; enjoys it and it is preserved upward.

We claim that there occurs no branching rule I on 7 above the upper sequent S; one of whose major
formulas is the formula «;. Suppose that there is such a branching rule I, and let S be the lower sequent of
I. Then the formula o is in the succedent of S, and hence a5 is in the succedent by (1). Furthermore each
formula in the set a? is in the antecedent of sequent S. Hence a; ¢ S%, and «; is not a major formula of
the branching rule with the lower sequent S.

Therefore there are at most n%(Sy) applications of the branching rules along a branch in TR(Sp). This
means that the number of V-gates along any branch in the tree TR(Sp) is at most n%(Sp). Since each
deduction Trg is finite, the whole process generating the tree TR(Sy) terminates. m|

Let us compute the value of the (A, V)-tree TR(Sp) with gates g(0). Let v(o) denote the value of 0 € TR(Sy).
If the value v(() is 1, then Sy is derivable where a derivation of Sy is obtained by putting the deduction
Trg(yy of S(o) from {S;}i<r

to the A-node o, and choosing one of upper sequents S(o * (4, j;)) such that v(o * (4, 4;)) = 1 for each lower
sequent S(o * (i)) of (br), i.e., g(o * (i)) = V.

In what follows consider the case when the value v(f)) of TR(Sp) is 0. In a bottom-up manner let us
shrink the tree TR(Sp) to a tree T C TR(Sy) as follows. Simultaneously a set V(o) of atoms is assigned.
For each node 0 € T g(c) # V. First 0 € T.

Suppose v(o) = 0 for a node o € T with g(c) = A. Pick a son o * (i) such that v(c * (7)) = 0, and
identify the node o * (i) with o. This means that we have chosen an underivable sequent S(o * (7)), which is
a non-axiom leaf in the deduction Trg(,). Let Vp(o) =T'(0)* N Atm where I'(0) = A(0) denotes the leaf
sequent S(o * (7)) chosen from Trg(y). If g(o * (i)) = 0, then o will be a leaf in T'. Otherwise g(o * (7)) = V,
and keep its sons in a shrunken tree, i.e., o x (i,5) € T.

Thus we have defined a Kripke model (T, C., V1) where o C, 7 iff ¢ is an initial segment of 7. In this
case we say that 7 is an extension of o. By definition, o C. 0.

For each o € T, T'(0) = A(0) denotes the leaf sequent S(o * (i)) chosen from Trg(y).

From the construction we see readily the followings for any o, 7 € T

1.0 Ce 7= T(0)* C T(1)*. T(o) = A(o) is saturated. I'(c)* N A(c)* has no common atom, and
1L ¢T(0)*.

2. if an implicational formula oo € A(0), then there exists an extension 7 € T' of ¢ such that a? C I'(7)*
and a® € A(1)*.

Proposition 2.10 Ifa € I'(0)* [a € A(0)*], then 0 = « [0 [~ @], resp. in the Kripke model (T, C.,Vr).
Hence 0 = \T'(0) and o =\ A(0).

Proof. By simultaneous induction on « using the above facts. O

Theorem 2.11 (Schiitte’s dichotomy)
For any saturated sequent So, v(0) = 1 4ff LIpm® = Sy.

Specifically if v(0)) = 0, then each Kripke model (T, C.,Vr) falsifies the given saturated sequent Sy, no
matter which non-aziom leaves are chosen from Trg,.

On the contrary, if v(0) = 1, then we can extract a (cut-free) derivation of Sy by choosing a derivable
sequent from each (br).

Hence LIpm© is intuitionistically complete in the sense that any intuitionistically valid sequent is derivable
in LJpm®. Moreover LIpm® admits the Hauptsatz, i.e., the cut rule is admiissible: if both of the sequents
Lo = Ag,a and a,T'1 = A are derivable in LIpm®, then so is the sequent I'g,I'1 = Ag, A1.

Proof. Let S = (I' = A, A5) be a sequent without circles, where A5 = S5 is the set of implicational
formulas in the succedent. Then Sy = (I'° = A°, A-) is saturated. If a derivable sequent is chosen from
upper sequents of a (br), then the rule (br) turns to a (R D). O



Definition 2.12 For a sequent Sy = (I'o = Ag), let S§ = (I'§ = A, A5) be the saturated sequent, where
Ag = AJUAS with A5 = (Sp)5. Then De(Sy) denotes the deduction with the branching rule (br), obtained
from T'R(Sg) by carrying out the intermediate deductions T'rg(,y for o € TR(Sg) with g(o) = A.

Proposition 2.13 Let Sy be a sequent and m be a branch in the deduction De(Sy).

1. For each implicational formula o in Sbfml%(S3), there is at most one application of a rule (br) with
the major formula o along the branch w. Hence the number of applications of the rule (br) along the
branch w is at most n%(Sg).

2. The number of applications of the left rule (L D) along the branch m is at most n5(Sg) (14 n%(55)).
3. The depth of the deduction De(Sy) is bounded by n(So) (1 +n%(Sg)).

If the sequent Sy is intuitionistically valid, then we can extract a derivation D of Sy in LIpm® from De(Sy)
enjoying the above conditions. In D the number of applications of the rule (R D) along each branch is at
most n%(S3).

Proof. These are seen from the proofs of Proposition 2.6 and Lemma 2.9 using the fact b(S) <n(S). O

3 The intuitionistic propositional logic is in PSPACE

In this section we describe a PSPACE-algorithm deciding the deducibility of the given sequent Sy in LJpm©.
This is a result due to R. Ladner [7], who shows that a modal logic S4 is in PSPACE, and it is well known
that S4 interprets the intuitionistic propositional logic Ip linearly. J. Hudelmaier [4] sharpens the result by
giving an O(nlogn)-space decision procedure for Ip.

Corollary 3.1 (Ladner [7])
The intuitionistic propositional logic lp is in PSPACE.

Recall that De(Sy) denotes the deduction obtained from TR(S§) by carrying out the intermediate de-
ductions Trg(e) for o € TR(SS) with g(o) = A. Let #S be the size of the sequents S, which is the total
number of occurrences of symbols in S.

Proposition 3.2 Let S = S0,51s -3 Sn—1 be a branch in De(Sy), where S;11 is an upper sequent of an
inference rule with its lower sequent S;. Then #S := >
size #So of the given sequent Sp.

sen S is bounded by a (quartic) polynomial in the

Proof. From Proposition 2.13 and n(Sy) < #Sy we see that the length n of branches S is at most (1 +
kT (So)) - #S0, which is bounded by a quadratic polynomial in #Sg. On the other side the maximal size
#5; of sequents S; is bounded by a quadratic polynomial, too, since each S; is essentially a sequence of
subformulas of formulas in Sy. O

Let us traverse sequents in the tree De(Sy) starting from the root Sy as follows. Let S be the current sequent.
Case 1 If S is a lower sequent of an inference rule in De(Sy), then visit the leftmost upper sequent next.
Case 2 Otherwise S is a leaf in De(Sp), and in TR(Sp). Let 0 € TR(Sp) be the node such that S(o) = S.
S(o) is a leaf in a deduction T'rg(,) for a 7 € TR(Sy) with g(1) = A.
Case 2.1 First consider the case when g(o) = 1.
Case 2.1.1 Let T be the uppermost sequent below S in T'rg(,) such that there is an upper sequent S” of the
inference rule with its lower sequent 7', which we have not yet visited. Next let us visit the leftmost such
sequent S’ if such a sequent exists.

S

.

T
Trs(r) =

Case 2.1.2 Suppose that there is no such sequent. This means that S(7) is derivable. If 7 = (), then we are
done. Otherwise S(7) is an upper sequent of a (br), and we see that the lower sequent S(p) of the (br) is



derivable. Let us change the gate g(p) = V to g(p) = 1, and continue the search for the next visiting sequent
in the deduction T'rg (), where S(p) is a leaf in the deduction T'rg).

Case 2.2 Second consider the case when g(o) = 0. This means that S(7) is underivable. If 7 = (), then we
are done. Otherwise S(7) is an upper sequent of a (br).

Case 2.2.1 If S(7) is not the rightmost upper sequent, then visit the next right one.

Case 2.2.2 Otherwise the lower sequent S(p) of the (br) is underivable. Let us change the gate g(p) = V to
g(p) = 0, and continue the search for the next visiting sequent in the deduction T'rg,), where S(p) is a leaf
in the deduction T'rg ).

In the PSPACE-algorithm, we record sequences S = S0, 51, -..,59,_1 of sequents on a tape, where S is
an initial segment of a branch in De(Sp). The next sequence S is recursively computed as follows. If the
tail S,—1 is a lower sequent of an inference rule in De(Sy), then § =5« (Sn), i.e., extend the sequence S
by adding the leftmost upper sequent S,, as a tail, cf. Case 1 in the traversal. Suppose S,_1 = S(0) is a
leaf in a deduction Trg(,).

First consider the case when g(o) = 1. If there is an S; (i < n — 1) such that S;;; is not the rightmost
upper sequent, then break the sequence S at S; and put the next right upper sequent S’, S = So,..., 8,8
for the maximal such i, cf. Case 2.1.1.

Sit1 S
Si

Suppose there is no such S;. If 7 = @), then halt and print ‘DERIVABLE’. Otherwise S(7) is an upper
sequent of a (br) with the lower sequent S(p). Continue the computation of the next sequence S’ in the

deduction Trg(,), where S(p) is a leaf in the deduction Trg(,), cf. Case 2.1.2.
Second consider the case when g(o) = 0. If 7 = (), then halt and print ‘UNDERIVABLE’. Otherwise

S(7) is an upper sequent of a (br). If S(7) is not the rightmost upper sequent, then break the sequence S
at S; and put the next right upper sequent S’, S" = Sy, ..., S;,S’, where S;;1 = S(7) and S; is the lower
sequent of the (br), cf. Case 2.2.1.

Sip(=8(r) S8 -
S;

(br)

Otherwise continue the computation of the next sequence S” in the deduction T'r 5(x), where the lower sequent
S; of the (br) is a leaf in the deduction T'rg,).

In each moment, we see from Proposition 3.2 that the size #§ of the recorded sequence S is bounded by
a (quartic) polynomial in the size #5S of the given sequent Sy. Therefore the algorithm runs in a polynomial
space in the size #5; of the input Sg.

When we restrict the number of positive implicational subformulas to a constant, the decision problem
is in the polytime hierarchy. Let D} denote the class of sequents S such that n%(S) < ¢ (c € w).

Corollary 3.3 The decision problem of the intuitionistic validity for formulas in the class DY is solvable in
Y. . of the polytime hierarchy.

Proof. This is seen from Proposition 2.13. ]

R. Statman [16] showed that Ip is PSPACE-complete. Is the decision problem for the class DF of formulas
I, .-complete for each c € w?

4 A decidable fragment of Iq

A relational language £ of the predicate logic (without equality) consists of propositional connectives
L,V A, D, quantifiers 3,V, (finite) list of predicate symbols R, ..., individual contants ¢, ... Free variables
a; (i € w) are denoted a, ..., and bound variables x;, (i € w) are denoted x,y,z. FV = {a; : i € w} denotes
the set of free variables. Each predicate symbol receives a fixed positive integer, its arity. In this section
Atm denotes the set of atomic formulas R(ty,...,t,) ,where ¢; is a term , i.e., either an individual constant
or a free variable. A formula is said to be relational if it is a formula in a relational language. Iq denotes the
intuitionistic predicate logic over a relational language.



4.1 Sequent calculus LIJm® for Iq

LJm® is obtained from LJpm® by adding the following inference rules for quantifiers with their eigenvariables
a and non-empty lists {t;}; of terms:

ala),I'= A I'= afa), ala)®

I'=A (£3) '=A

I'=A (LY) I'=A

where 3z ax) € T'in (L3), Vz a(z) € A in (RY), Vza(z) € T in (LV), and Fz a(z) € A in (R3).

A Kripke model for a relational language £ is a quadruple (W, <, D, I), where (W, <) is a Kripke frame.
This has to enjoy the following for a < b. D : W — P(X) for a set X such that () # D(a) C D(b), and for
each a € W, I(a) is an L-structure with the universe D(a) and relations R* C D(a)" for n-ary predicate
symbols R € £ and elements c¢® € D(a) for individual contants ¢ € £ such that R* C R, and ¢® = ¢’.

For closed formulas o € £(X) and a € W, a |= «a is defined recursively.

1. a = R(cy,...,cn) iff (e1,...,¢n) € R a = L.
2.aEaVvpiffaEaorakEf aEanfifalEaandalfS.
3. al=(a>p)iff for any b = a, if b |= «, then b = 3.

4. a | 3z o) iff there exists a ¢ € D(a) such that a | a(c).

5. a EVrza(z) iff for any b > a and any ¢ € D(b), b |= a(c).

(RY) (R3)

4.2 Proof search for a fragment

A formula is said to be positive (with respect to quantifiers) iff any universal quantifier [existential quantifier]
occurs only positively [negatively] in it, resp. Here positive/negative occurrence of quantifiers is meant in
the usual classical sense.

G. Mints [9] showed that it is decidable whether or not a given positive formula is intuitionisitically
derivable, cf. [2] for an alternative proof. Let us introduce a class V(*+=)3(+:=) of formulas.

Definition 4.1 A relational formula is defined to be in the class V(*+=)3(+:=) iff each positively occurring
universal quantifier occurs strictly positive. Universal quantifiers may occur negatively, and existential
quantifiers may occur positively and/or negatively.

In this subsection we show that there is an algorithm, which decides the intuitionistic derivability of
formulas in the class Y(++—)3(-),

A sequent is said to be in the class V(*t)3(+=) iff any succedent formula in it is in V(TH )3
universal quantifiers occur only positively in its antecedent formulas.

A formula of the form Vz a(z) is a universal formula. In a proof-search of sequents in V{*++=)3(+:=) only
sequents in V(1 7)3(+:7) are produced.

For a sequent S, let VC(S) denote the set of free variables and individual contents occurring in a formula
in S. If there is no such free variable nor individual constant in S, let VC'(S) = {c} for an individual constant
c. S= (L= A) is saturated iff it enjoys the following conditions besides ones in Definition 2.3:

1. If ByB(y)) €T, then (B(b)) € I'* for a free variable b € FV.
2. If 3y B(y)) € A, then (8(a)) € A* for every a € VC(S).
3. If (Vxa(z)) €T, then (a(a)) € '™ for every a € VC(S).

Y)
Y)

A saturated sequent I' = A is fully analyzed if it is not an axiom, any marked formula o° in I' U A is one
of atomic formulas R(ty,...,t,)°, L° (L° ¢T).
Inversion steps for A, V, D are as in Definition 2.4. For quantifiers define as follows.

1. If an antecedent I' of a sequent S = (I' = A) contains a universal formula (Vy 5(y))° with a circle, then
erase the circle and add starred instances for VC(S): for I' = {(Vy 8(y))°} UT'1 with (Vy B(y))° €'y,

{B(a)* :ac VO(S)}UT U{VyB(y)} = A
(VyB(y))° 1 = A
where {8(a)* : a € VC(S5)} = {B(a)° : a € VC(S),B(a) €T'1}.
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2. If a succedent A of a sequent S = (I' = A) contains a universal formula (Vy 5(y))° with a circle, then
erase the circle: for A = Ay U{(Vy B(y))°} with (Vy B(y))° & Aq,

= Ay, VyB(y)
= Ay, (Yy B(y)°

o

3. If a succedent A of a sequent S = (I' = A) contains an existential formula (y 5(y))° with a circle,
then erase the circle and add instances for VC(S) together with starred conclusions: for A = A; U

{BFy B(y))°} with (Jy B(y))° & A,

L= {JyBy)}UA U{B(a),B(a)** :aecVC(S)}
I'= Ay, (3yB(y))°

where {8(a), B(a)* :a € VC(S)} ={B(a) : a € VC(S)} U{B(a)® : a € VC(S5), B(a)® & A1}

4. Suppose that an antecedent I' contains an existential formula (Jy B(y))° with a circle, and T' contains
an instance 8(a) of 3y B(y) for a free variable a. Then erase the circle: Let T' = {(Jy B(y))°, B(a)} UT,
with (3y B(y))° ¢ I

Iy, 3y B(y), Bla) = A
(3y B(y))°, B(a),'1 = A

5. Suppose that an antecedent I' contains an existential formula (Jy B(y))° with a circle, and I' contains
no instance G(a) of Jy 5(y) for free variables a. Then erase the circle, add a starred instance with an
eigenvariable and instances for the eigenvariable together with starred conclusions: Let I'y denote the
set of universal unmarked formulas in I, and A3 the set of existential unmarked formulas in A. Then
I'={3yB(y)° Ul ULy with (3y B(y))° ¢ I'1 and A = A3 U Ag

B(6)°, 1,3y By),Iv(b)* = Ay, A3(b), As(b)**
(Ey ﬂ(y))ov Flv FV = Alv A3
where the variable b does not occur in the lower sequent, I'v(b)* = {«(b)° : Vx a(z) € Iy, a(b) € T'},
Asz(b) = {v(b) : Jzv(z) € A3} and A3(b)* = {v(b)° : Jzv(z) € Ag,~v(b)¢ & A}.

This inversion step for existential antecedent formulas is a condensed one. The lower sequent is derivable
from the upper one using some (LV) and some (R3) followed by an (L3).

o

Observe that if the lower sequent enjoys the the condition (1), then so do the upper sequents in each inversion
step.

As far as one of the inversions can be performed, continue it to construct a tree Trg. As in Proposition
2.6 we see that the process terminates, and Trg is a finite tree. Its depth is bounded by the size #S of the
sequent S. Each leaf in Trg for a saturated sequent S is seen to be a saturated sequent, which is either an
axiom or a fully analyzed sequent.

Let S = (T, T'5, Iy = A, A", Ay) be a sequent in V(T =)3(+7) where I'5, denotes the set of unmarked
implicational formulas in the antecedent, I'y the set of unmarked universal formulas in the antecedent,
AL = ST defined in Definition 2.2, and Ay the set of (unmarked) universal formulas in the succedent, resp.
' U A is the remainders.

Assume that AL U Ay # 0. The sequent follows from several sequents. The branching rule (br) here is
of the form:

{eP* Ul UT, Iy = o :aec AL} {12, IV = v(a),v(a)* : (Vyv(y)) € Av}
F,FD,FV = A,AS,AV

(br)

where a is an eigenvariable of the (br) and does not to occur in the sequent I', I'5, I'y = Yy v(y). Implicational
formulas and universal formulas in the antecedent are marked to be analyzed again. Each formula oo € AL
and each (Vyvy(y)) € Ay is a major formula of the rule (br), and each y(a) is a minor formula.

Let Sy be a given saturated sequent in the class V(1 =)3(+=)  As in the propositional case, Definition
2.7, a (A, V)-tree of deductions T'R(Sp) is constructed from deductions d(c0) = Trg() for o € TR(Sp) with
g(0) = A, where S(o) denotes the sequent at the node o in TR(Sp).
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Definition 4.2 Let « be a formula. n}"(a) [n$(a)] denotes the number of nesting of strictly positive
universal quantifiers in « [the number of positive /negative existential quantifiers in «], resp. ¢(«) denote the
maximal number of bound variables occurring in a positive existential subformula, and of bound variables

occurring in a negative universal subformula in «. These are defined recursively as follows. \‘; ) =

nE(a) = ( ) = 0 if v is an atomic formula. n} " (agoay) = max{n§+(ai) 1i=0,1}, nZ(ag o oq) =
n3 (o) —|—n3 (1), and q *(apoar) = max{qgt(ay) : i = 0, 1} for o € {V,A}. nd (@D B)=ntT(B). n (a >
5) = nZ(e) + 15 (3). *a > A) = max{g (@) (). nd* (ra) = nd (@), 0 (Yea) = 1+ 0] )
nd(Fza) = 1+ nd(a). n;@Fra) = n3(a). nﬁ(Vma) = ng(a). T(Vza) = ¢ (a). ¢ (Fra) = ¢ (a).
q_h(Vx a)=1+4q (a) and ¢*(3xa) =1+ ¢* () if z occurs in a. q_(Vx a) =q (o) and ¢t (Fz o) = ¢* (@)
otherwise.

For sequents Sy = (I' = A), let nd*(Sy) = max{n}(a) : @ € A}, n5(So) = n3 (AT D VA), and
0" (S0) = 4" (AT > V A).

Lemma 4.3 The whole process generating the tree TR(Sy) for V2307 _sequents terminates, and the
number of V-gates along any branch in the tree TR(Sy) is at most ny™(Sy) + ni(So) - d9, where d =
++(So) +n3 (So) + #VC(Sy) and g = q+(SO).

Proof. We say that a formula « is an instance of a formula g if « is obtained from g by replacing some
variables by variables and individual constants.

Each major formula of a branching rule in the tree TR(Sy) is an instance of a positive subformula of S,
which is either implicational or universal.

Consider a branching rule in the tree TR(Sp) one of whose major formulas is a universal formula Yy v (y).
I,T% = y(a),v(a)® (br)
[T = AAL Ay

where (Vyv(y)) € Ay and a is the cigenvariable not occurring in I', I's = Yy v(y).

Suppose that there occurs a branching rule I above an upper sequent S, = (I',TY = ~(a),7v(a)*)
one of whose major formulas is a universal formula Vz §(z). Then the formula Vz §(z) is an instance of a
subformula of v(a)¢ since (L D) is the only rule where formulas are added to the succedent of the upper
sequent, which may not be a subformula of the succedent of the lower sequent, and no universal quantifier
occurs in premisses of of antecedent implicational formulas o in ¥+ =)3(+~)_sequents.

Therefore each universal positive subformula in Sy is analyzed at most once along any branch in TR(Sy),
and there are at most n\j' *(Sp) applications of the branching rules along any branch whose minor formula is
an instance of a universal major formula. This means that there occurs at most one instance of the matrix
v(y) of a universal subformula Yy ~v(y) in Sy along any branch in TR(Sp).

Next consider a negative existential formula Jy S(y). Such a formula is analyzed in an inversion step

B(b)ov Iy, 3y ﬁ(y) = Al? As (b)7 As (b)c*
3y B(y)°, T = A1, As

Once it is analyzed, it will be never analyzed again, since the formula 8(b) is in the antecedents in sequents
occurring above the upper sequent.

Since a new variable is introduced only when either a universal formula in succedents or an existential
formula in antecedents is analyzed, each bound variable is replaced by at most one free variable along any
branch. For each formula « occurring in Sy, only one instance of « occurs in the whole tree TR(Sp) of
deductions. Therefore the number of terms (free variables and individual constants) occurring in De(Sp) is
bounded by d. Furthermore along any branch, there is at most one instance o’ of a positive implicational
subformula « which is one of major formulas of a branching rule. As in Lemma 2.9 we see that there is at
most one branching rule along any branch one of whose major formula is the instance o’.

Therefore the number of V-gates along any branch in the tree TR(Sp) is at most nd ™+ (So) +n¥(Sy) - d?
Therefore the whole process generating the tree TR(Sp) terminates. m|

As for the propositional case, let us compute the value v(¢) of the node o in the (A, V)-tree TR(Sy). If the
value v(0) is 1, then Sy is derivable. Otherwise shrink the tree TR(Sy) to a tree T C TR(Sp) in a bottom-up
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manner. Simultaneously a structure Ir(o) with a universe Dp (o) is assigned. Suppose v(o) = 0 for a node
o € T with g(o) = A. Pick a son o * (i) such that v(o * (¢)) = 0, identify the node o * (i) with o, and choose
the underivable sequent S(o * (7)), which is a non-axiom leaf in the deduction Trg(,). Let I'(o) = A(c) be
the leaf sequent S(o * (7)) chosen from Trg(). Then let Dy (o) = VC(S(o * (i)) and for ay,...,a, € Dr(o)
and n-ary predicate symbol R, R(ay,...,ay) is true in the structure Ir(o) iff R(ay,...,a,) € T'(o)*. If
g(o % (7)) = 0, then o will be a leaf in T. Otherwise g(o * (i)) = V, and keep its sons in a shrunken tree, i.e.,
« (i,7) € T.

Thus we have defined a Kripke model (T, C., Dr, IT).

For each o € T, T'(0) = A(0) denotes the leaf sequent S(o * (i)) chosen from Trg(y).

From the construction we see readily the followings for any o,7 € T.

1. 0 Cem=T(0)* CT(1)*.
2. T'(0) = A(o) is saturated.

3. if an implicational formula oo € A(0), then there exists an extension 7 € T of ¢ such that o C I'(7)*
and a € A(1)*.

4. if a universal formula Vz a(x) € A(0), then there exists an extension 7 € T of o such that a(a) € A(1)*
for a variable a.

5. T'(0)* N A(o)* has no common atom, and L ¢ I'(o)*.

Proposition 4.4 Ifa € T'(0)* [a € A(0)*], then o = a [0 F~ o], resp. in the Kripke model (T, C., Dr, IT).
Hence o = \T'(0) and o =\ A(0).

Proof. By simultaneous induction on « using the above facts. O

Theorem 4.5 (Schiitte’s dichotomy)
For any saturated sequent S in ¥Vt =)3(H=) () = 1 4ff LIm® F S,.

Corollary 4.6 There exists a constant ¢ > 0 for which the following hold.

Each intuitionistically valid sequent Sy in the class V)3 =) has a derivation D in LIm® such that
D is a binary tree and the depth of the tree is bounded by cn™ for the size n = #(Sy) of the sequent Sy. Also
the size of the sequents occurring in D is bounded by cn'™.

Corollary 4.7 The decision problem of the intuitionistic validity for formulas in the class ¥(+HH=)3(H7) s
solvable.

5 Proof search in LJm

In this section we consider a proof search procedure for the full intuitionistic predicate logic lq over a finite
language possibly with function symbols. Here a search tree may be infinite.

LJm denotes a standard sequent calculus m-G3i for the intuitionistic predicate logic lq in [17]. For example
the right rule for existential formula is of the form.

A =T, at) (R3)
A=T
where 3z a(x) € I' and the minor formula «(t) need not to be accompanied with its conclusion «(t)C.

For sequents S, the search tree T'rg is in general infinite due to the presence of universal formulas Vz o(x)
in antecedents and existential formulas Jy S(y) in succedents. A formula is non-invertible if it is either an
implicational formula or a universal formula. It is desirable for us that each stage in constructing the tree of
deductions is executed in a finite number of steps. In order to do so, each stage tests only a finite number of
free variables for universal formulas in antecedents and for existential formulas in succedents. Let {¢;}; be
an enumeration of all terms. T'm(A) denotes the set of all terms over a set A C FV of free variables, and
let Tm(A) n = {t; € Tm(A) :i <n}.

Let n < w and A a set of free variables. A sequent I' = A is (n, A)-saturated iff it is saturated with
respect to propositional connectives V, A as in Definition 2.3 , and it enjoys the following conditions:
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1. faD> el then a € ' and g € A*.
2. If (JyB(y)) €T, then (B(a)) € I'* for a free variable a € FV.
3. If (ypB(y)) € A, then (B(t)) € A*, and if (Vza(z)) € T, then (a(t)) € I'* for every t € Tm(A) [n.

An (n, A)-saturated sequent I' = A is (n, A)-analyzed if it is not an axiom, any marked formula a® in TUA
is one of atomic formulas R(ty,...,t,)°, L° (L° ¢ I'), or non-invertible formulas in A. An (n, A)-analyzed
sequent is fully analyzed if there is no existential succedent formula [no universal antecedent formula], resp.
Note that each fully analyzed sequent is (0, A)-analyzed for every A.

A deduction Trgn’A) is constructed in a finite number of steps as for propositional case by leaving any

non-invertible succedent formulas and applying (L3), (R3), (LV) up to the n-th terms in T'm(A). Put the

given sequent S at the root of the tree Tré"’A). The inversion steps for quantifiers are as follows.

a(a)®, T, Iz a(z) = A
Jra(z)®,I'= A

(L3)

where the eigenvariable a does not occur in the lower sequent nor in the finite set A of free variables.
Moreover a is chosen so that the condition (1) in the next subsubsection 5.1 is met.

A= 3170(($), Pa {a(t>o}t€Tm(A)[n
A=T,3ra(x)°

{a(t)o}tETm(A)[na Fv vV O‘(I) = A
Vra(x)®, I = A

(R3) (LV)

All of terms in the finite set Tm(A) [ n are tested for existential formulas in succedent and for universal
formulas in antecedent.

Each leaf in Trgn’A) is (n, A)-saturated, which is either an axiom or an (n, A)-analyzed sequent if S is
(n, A)-saturated.

5.1 Extensions for non-invertible succedent formulas and postponed instantia-
tions

In a V-stage of our proof search for the predicate logic we examine all possibilities with succedent non-
invertible formulas by introducing a branching rule (br) as for the propositional case. Consider an (n, A)-
saturated sequent

F7F37FV = AEhAqujuAg

where I'5 denotes the set of unmarked implicational formulas, and I'y the set of unmarked universal for-
mulas in the antecedent, resp. A3 denotes the set of unmarked existential formulas, A% the set of marked
implicational formulas, and and Ay, the set of marked universal formulas in the succedent, resp. I'UA is the
remainders. Each marked formula in T'U A is an atomic formula R(t1,...,¢,)° or L° with L° ¢ T'. Each
unmarked formula in I" is one of a disjunctive formula, a conjunctive formula and an existential formula.
Each unmarked formula in A is either disjunctive or conjunctive.

Assume that 'y U A3 U A2 UAY # 0. The sequent may follow from several sequents. Let us depict the
several possibilities as an ‘inference rule’ as follows.

IS, 1Y = A3, AA%, A {01 15,17 =6°: (v D6)° € A%} {115, 1% = v(a)® : (Vyy(y)) € AV}
F7F37FVZ>A37A7AOD7A@

(br)

where the sequent I', T'5, Ty = A, A, A2, A? is absent when I'vUA5 = (), and a is an eigenvariable distinct
each other for universal formulas (Vyv(y)) € Ay and chosen such that the condition (1) below is met.

If one of upper sequents of (br) is derivable, then so is the lower sequent possibly using one of non-
invertible inference rules (R D) and (RV). Each upper sequent 7°,I', T2, T'Y = 6° with (y D 6)° € A% and
each I, T2, I'Y, = ~(a)° with (Vyv(y)) € AY is said to be a non-invertible upper sequent of the inference rule
(br). While the leftmost upper sequent I',T'5, I’y = A, A, A%, AY is the continued sequent. Here is the
condition on eigenvariables. First each eigenvariable is distinct each other, and

(f) each eigenvariable occurs only either above the inference rule or
in the right part of the inference where the variable is introduced.
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This means that if ¢ is the node of the upper sequent of the inference rule where an eigenvariable a is
introduced, and a occurs in the sequent at a node 7, then either o C. 7(, i.e., 7 is above o) or p* (i) C. o
and p* (j) C. 7 for some p and i < j (, i.e., 7 is right to o).

As in the propositional case of Definition 2.7, let us construct a tree TR(Sy) C <“w for a given sequent Sy.
The tree TR(Sp) is constructed in w-steps. TR(Sy), denotes the piece of TR(Sy) in the nth step such that
for each o € TR(So)n, the length lh(c) < n. The labeling function (S(¢),d(o),g(0)) for o € U, ., TR(So)n
is defined simultaneously in the construction of TR(Sp).

Let S(7) be the sequent at the node 7 in TR(Sy), and FV(7) the set of free variables occurring in the
sequent S(7). A finite set FV (o) of free variables is assigned to sequences o € TR(Sy) as follows. The set
is finite since the tree TR(Sp)n C <"T'w is finitely branching.

FVe, (o) = U{FV(T) :3p(p Ce 0 & p QT € TR(S0)in(o))}

necw

where
pCl7ie pCoT&VE[p Co k Co T& g(k) =V = 7(Ih(K)) = 0]

with the i-th component 7(i) of sequences 7 for i < lh(7). o CY 7 means that 7 continues to substitute
terms for Vy in antecedents and 3z in succedent for any V-stage after o.
Let us denote
Tr, = Ty HFVeu),

De(Sp) denotes the whole tree of deductions obtained from T'R(Sy) by fulfilling intermediate deductions,
and is constructed recursively. Each A-stage analyzes the current leaves parallel as in the propositional case.
After the A-stage, we extend the tree by non-invertible (br) inference rules in V-stage. In each moment
De(Sp) is constructed so that the condition (}) on eigenvariables is met.

Definition 5.1 Given a sequent Sy = (I'g = Ag), let us define trees TR(Sp), C <"*lw, and a labeling
function (S(o),d(0), g(o)) for o € TR(Sy)n, where S(o) is a sequent, g(o) € {V,A,0,1} is a gate and d(o)
is a deduction possibly with the branching rule.

First the empty sequence §) € TR(Sp)o = {0} and S(@) = Sy where each formula in Sy is marked. Let
FV(0) be the set of free variables occurring in Sy if the set is non-empty. Otherwise FV () = {ag}. If Sy is
an axiom, then g() = 1. If Sy is fully analyzed, then g(@) = 0. If g(0) € {0, 1}, then d(0) is the deduction
consisting solely of Sy. Otherwise g(f)) = A and the tree is extended according to the A-stage.

Suppose that TR(Sp),, has been constructed, and there exists a leaf o € TR(Sy),, such that g(o) € {A,V}.

(Otherwise we are done, and T R(Sp)n+1 is not defined.) If n is even [odd], the tree is extended according
to the A-stage [according to the V-stage], resp.
NA-stage. Consider each leaf o € TR(Sy),, with g(o) = A. Extend the tree De(Sy) by putting the deduction
d(o) = Tr, for each such 0. Let {S;}i<r be an enumeration of all leaves in d(c). For each i < I, let
o * (i) € TR(So)n+1 with S(o x (4)) = S;. If S; is an axiom, then g(o * (7)) = 1. If S; is fully analyzed,
then g(o % (i)) = 0. Otherwise S; is not fully analyzed, but (lh(c), FVc,_(0))-analyzed. This means that
either its antecedent contains a universal formula, or its succedent contains either an existential formula or
a non-invertible formula. Let g(o * (i)) = V, and the tree is extended according to the V-stage.

TR(So)n+1 is defined to be the union of TR(Sy),, and nodes o * (i) for each leaf o € TR(Sy),, such that
glo)=Aandi<]I.

V-stage. Consider each leaf o € TR(Sy),, with g(o) = V. Extend the tree De(Sp) by the inference rule (br)
parallel for each such o.

Let S(o) = S. S is anon-invertible sequent I', I'5, I'y = Az, A, A2, AY where cedents I', I'5, I'y, Ag, A, A2
and Ay are defined as in the beginning of this subsection, and I'v U A5 U A2 U Ay # 0. Let S(o * (0))
be the sequent I',I'5, Ty = A3,A A% Ay, Let AS = {fF}ocj<r, and Ay = {85} <j<s. Then
o x (j) € TR(So)n41 for each j with 0 < j < Jy. For j > 0 the sequent S(c * (j)) is defined by ana-
lyzing the j-th non-invertible formula ;. Namely if 8; = (v D §), then S(o * (j)) = (v°,I,T%, T = 0°).
If B; = (Yyv(y)), then S(o * (j)) = (I, I'Y, 'Y = 7v(a)®) where the eigenvariables a are fresh, i.e., do not
occur in any S(7) for 7 € TR(Sp)n, and distinct each other for (Vyy(y))° € Ay. d(o) denotes the deduction
consisting of a (br) with its lower sequent S = S(o).

Let g(o % (j)) = 1 if S(o * (§)) is an axiom, and g(o * (§)) = 0 if it is fully analyzed. Otherwise let
g(o* (j)) = A and the tree is extended according to the A-stage.

TR(S0)n+1 is defined to be the union of TR(Sp),, and nodes o * (j) for each leaf o € TR(Sp), such that
g(o) =V and j < Jy.

Finally let TR(So) = U, ., TR(So0)n-
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Let ) #T C TR(Sp) be a subtree of TR(Sy) such that g(o) # 1 for any o € T. Let us construct a Kripke
model (T, C., Dr, IT) as follows.

Definition 5.2 1. For S(0) = (T'(0) = A(0)), let I'°(r;T) = H{T(p)* : 7 2 p € T}, TZ (0;T) =
U{T>®(7;T) : 7 Ce 0}, and A®(1;T) = J{A(p)* : 7 p e T}.
Note that I'(o)* C T*(0;T) CT'E (0;7T) and A(o)* C A>®(0;T) for o € T

2. Let Dp(0) = Tm(FVE(0;T)), where FV(r;T) = | {FV(p) : 7 C2 p € T} and FVZ(0;T) =
U{FV>(r;T): 7 Cc 0}

3. For o € T and an n-ary predicate symbol R and function symbol f, let R = {(t1,...,tp) : t1,...,tn €
Dr(o) & R(ty,...,t,) € TE (0;T)} and fo(ty,...,tn) = f(t1,...,tn) for ty,...,t, € Dp(o).

4. Ir(o) is a structure with its universe Dr (o) and relations R° and functions f°.

Proposition 5.3 Let ) # T C TR(Sy) be a subtree of TR(Sy) such that g(c) # 1 for any o € T. Then
(T, Ce, Dr, IT) is a Kripke model.

Proof. Let o C. 7 for 0,7 € T. Then FVZ(0;T) C FVX(r;T), and hence Dr(0) C Dr(7). Moreover we
have I'® (0;T) C TZ (7;T), and R C R™. O

A pair I' = A of (possibly infinite) sets I, A of formulas is A-saturated for a set A of free variables iff it is
(n, A)-saturated for any n. This means besides the saturation with respect to propositional connectives and
existential formulas in I" that if (3y B(y)) € A, then (3(¢)) € A, and if (Vza(x)) € T, then (a(t)) € T'* for
any t € Tm(A). A-saturated pair ' = A is A-analyzed if L ¢ T, T and A has no common atomic formula.

Proposition 5.4 Let ) # T C TR(Sy) be a subtree of TR(Sy) such that g(o) #1 for any o € T. Suppose
that T enjoys the following conditions for any o € T'.

1. I'E (0;T) = A>®(0;T) is FVE(0; T)-analyzed.

2. (a) If (a D B) € A®(0;T), then there exists an extension 7 € T of o such that o € I'® (1;T) and
B e A®(r;T).
(b) If (Vra(x)) € A%(0;T), then there exist an extension 7 € T of o and an a € FV2(7;T) such
that (a(a)) € A>®(r;T).

(c) TE (o;T) N A>(0;T) has no common atomic formula.

Let 0 € T and « be a formula all of whose free variables are in the set Dr(c). In the Kripke model
(T,Ce, Dr,Ir), if a € IE (0;T), then o = a, and if « € A®(0;T), then o [~ o. Hence o |= \T'(0) and
o=V A(o).

Proof. This is shown by simultaneous induction on a. Consider the case when « is an atomic formula
R(t1,...,t,). By the assumption we have o ¢ I'® (0;T) N A>%(0;T). Hence if a € A*(0;T), then
a g T'¥ (0;T), ie., o jF a. On the other side if a € TE (0;T) and t,...,t, € Dr(0o) by the assumption,
then o = a.

Next consider the case when o = (Vx 3(x)). Suppose o € I'® (0;T'). For any extension 7 of ¢ in T, i.e.,
o CeT €T, acl® (0;T) CTE(r;T). B(t) € I'E (7;T) for any t € Dr(7) by the supposition. By IH
7 = B(¢t). Hence o = . Next suppose a € A (o;T). Then by the supposition, for an extension 7 € T of
o and a free variable a € FV2(7;T) , we have (a) € A>(7;T). Hence a € Dr(7) as long as a occurs in
B(a), and 7 = S(a) by ITH. Thus o = «. Other cases are seen easily. ad

The first condition (1) and the second (2a) and the third one (2b) in Proposition 5.4 are easily enjoyed
when T has sufficiently many nodes, i.e., when nodes are prolonged in 7" unlimitedly. It is hard to meet the
fourth one (2c). Obviously the tree TR(Sp) of the deductions enjoys the conditions besides the fourth one.
But I'® (0; TR(Sp)) NA>(0; TR(Sp)) may have a common atomic formula for a o € TR(Sp) with g(o) = V.

Proposition 5.5 Let ) # T C TR(Sy) be a subtree of TR(Sy) such that g(o) #1 for any o € T. Suppose
that each N-gate has a unique \V-gate son in T. Then T'°(c; T)NA>®(0;T) has no common atomic formula
foranyo eT.
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Proof. Suppose that I'°°(o;T) N A (0;T) has a common atomic formula «. Let o C? p,,ps € T be such
that g(ps) # 1,9(ps) # 1 and a € I'*(p,) N A*(ps). We see that p, and ps are comparable in the order
Y, since each A-gate has a unique V-gate son in T, and each V-gate has a unique son, i.e., the leftmost
continued one in CY. Then a € ['*(p) N A*(p) for a common extension p € {p,, ps}, and S(p) is an axiom.
This is a contradiction 1 = g(p) # 1. |

5.2 Completeness

In order to have the Schiitte’s dichotomy, we need to transform the tree TR(Sy) of deductions, cf. subsection
5.3. However when we need only to show the completeness of LJm with the cut rule (cut) denoted LIm+(cut),
one can extract a consistent tree T from TR(Sp) by which Sy is refuted provided that Sy is not derivable
in LJm + (cut). In this subsection we consider the tree TR(Sp). For formulas a, o denotes ambiguously
formulas obtained from « by binding some (possibly none) free variables by universal quantifiers.

For formulas e and g, (a B) denotes the formula Vf( (@) D (8(2)VvP)) if «v is a formula VZ(y(Z) D 6(Z))
for a (possibly empty) list & of bound variables, where & does not occur in . Otherwise ®(«, 8) := (a V ).
For sequences & = ag,a1,...,a,—1 of formulas «;, let ®(d, ) = &(ap, B, -, ®(an—1,8) ), and
@®"(a, B) denotes formulas & (ag, B (a1, -+, (an_1,8) ).

For the sequent S(o) = (I'(0) = A(0)) let x(0) :& (AT(0) DV A(0)).

Let T C TR(Sp) be a finite subtree such that for each o € T, if g(o) = A, then o has a single
son o x (i) in T. And if g(o) = V, then either ¢ is a leaf in T, or o has all of sons ¢ * (j) in T, i.e,
Vilo* (j) € T <> 0% (j) € TR(Sp)]. Moreover g(o) € {0,V} for any leaves ¢ in T. Such a tree T is called
a selected tree. Following [6] let us introduce characteristic formulas x(o;T) for nodes o of such a tree T
recursively as follows. Recall that F'V (o) denotes the set of free variables occurring in the sequent S(o) for
o c TR(S())

For leaves o in T', x(0;T) = x(0). Let o € T be an internal node with g(c) = A, and o (%) the unique son
of o in T. Also let x(o * (i); T) = (@) where @ is the set of eigenvariables of inference rules (L3) occurring
between the leaf S(o* (7)) and the root o of the deduction Tr,. Then let x(c;T) := x" (0% (i); T) := V¥ ().

Let 0 € T be an internal node with g(o) = V, and o * (j) (j < Jy) all of sons of ¢ in T, where
AY = {B;}s,<j<s, for the set AY of marked universal formulas in the succedent of S(o). For each j with
J5 < j < Jylet x(c%(5);T) = a(a) for the eigenvariable a introduced at the j-th upper sequent S(o * (§)).
Then for x¥ (o * (j);T) = Vo a(z), let

X(@:T) =@ [ x(@x(0)7), \/ x(exGiT)v \/ X (ox();T)
0<j<J> J5<j<Jy
Finally let x(T) := x(o;T) for the root o in T.
Proposition 5.6 1. LIJm + (cut) F oV 8 D ®(a,p). LIm + (cut) - &, L) < a < O(L,a) and
Lim + (cut) - @7(07 (e, 8),7) > @7 (o, BV 7).

2. Let T C TR(Sy) be a selected tree, and o be a leaf in T. Then there exist formulas & such that
LIm + (cut) - x(T) « @"(a, x(o)).

3. Let g(o) = A and LIm + (cut) I/ @%(&, ®(x"(c), B)) for some formulas &, (. Then there exists a leaf
o * (i) in the deduction Try such that LIm + (cut) I/ OV (&, ©(x" (o * (1)), B)).

4. Let g(o) =V and LIm + (cut) i/ ©¥(a,®(x(c), B)) for formulas &, 3. Then for each j there exists a
leaf o x (j,4;7) in the deduction Trq.(j) such that LIm + (cut) i/ &(a, &(S(x (0 = (0,40)), Vo j< s X (0 *
(J,45)) v VJD<j§JV X" (o * (4, i), B))-

5. Let T C TR(So) be a selected tree. Assume LIm + (cut) t/ x(T'). Then for each leaf o € T and each

j there exists a leaf o x (j,i;) in the deduction Try.(;) such that LIm + (cut) t/ x(T") for the tree T’
obtained from T by extending each leaf o to o * (j), 0 * (j,1;).

Proof. 5.6.2 is seen by induction on the size of the tree T" using Proposition 5.6.1.
5.6.3 is seen by inspection to inference rules in LIJm except non-invertible ones (R D) and (RY).

5.6.4. Assume g(o) =V and LIm + (cut) tf B(&, ®(x(0), 3)). Then
Lim + (cut) i @(d@, &(@(x(o % (0)), \/ X" (0 * (7)), 5))

7>0
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by the definition of the rule (br). In other words,

LIm + (cut) t/ @(d, \/X o () V B)).

7>0

By Proposition 5.6.3 pick an iy such that

LIm + (cut) i &(a, O(x7 (0 (0,40)), \/ x" (0 % (4)) V B)).
7>0

Hence
LIm + (cut) i/ &(@, D(S(x" (o * (0,ip)) \/ X (0% (4)) VB, x(o*(1)))).

i>1
Then again by Proposition 5.6.3 pick an ¢; such that

LIm + (cut) I/ ®(d, D(@(x" (o * (0,40)) \/x o x (VB x7(0*(1,i1)))).

In this way we can pick numbers %; so that

Lim + (cut) ¥ &(d, &(@(x" (o * (0,i0)), \/ X7(0 * (. i))). B)).
7>0

5.6.5. Let o be a leaf in T. By Proposition 5.6.2 we have LIm + (cut) = x(T) < @%(a, x(0)) <
©¥(a, ®(x(0), L)) for some formulas @. On the other side the formula x(7") is obtained from x(7) by
veplacing x() by ©0¢" (7 % (0,10 T), Vo ey X0 % (oig i T)V Vs oy, X7(0 % (13); T)) for the leaf o
in T. Thus the proposition is seen from Proposition 5.6.4. O

Supposing the given sequent Sp is underivable in LIJm + (cut), let us pick a tree T C TR(Sp) for which
the following holds. Let T, = {c € T': lh(c) < 2n + 1}.

1. for any o0 € T, g(o) € {0, A, V},
2. 0 € T, and there exists a unique son (z) of () in T such that LIm+ (cut) I/ S((¢)). Namely Tp = {0, (¢)}.
Let x(T) = x((1)) = (AT((3)) > VA(()). Then Lm + (cut) ¥ x(Ty).

3. for any o € T;, with g(c) = V, every son o * (j) € TR(Sp) is in Tj,+1, and there exists a unique son
o (j,1;) for each j. Namely T,,41 = T;, U{o * (), 0 * (j, i) : 0 € T}, lh(o) = 2n + 1}.
Let [h(0) = 2n+1 and assume LIm + (cut) t/ x (7). The sons (j,4;) are chosen so that LIm + (cut) t/
X(Ty+1). Such an extension is possible by Proposition 5.6.5.

It is clear that T is a subtree of TR(Sy) such that g(o) # 1 for any o € T, and each A-gate has a unique
V-gate son in T'.

Lemma 5.7 Foro € T, T (0;T) = A>(0;T) is FV(0;T)-analyzed, and T'F (0;T) N A*(0;T) has no
common atomic formula

Proof. It is easy to see that for any 7 € T', L ¢ I'*(7), and hence L ¢ I'® (o;T).

Since each term over the set F'V2°(0;T) is eventually tested for universal antecedent formula and exis-
tential succedent formula in the extensions 7 of o with o C¥ 7, T'® (0;T) = A>(0;T) is FV2°(0)-saturated.

Suppose that a is a common atomic formula in I'® (0;T) and A*(0;T). Let 01 € T be such that
g(o1) #1, 0 c% 0y and o € A(oq)*. Also let p,og € T be such that g(og) # 1, p C. o, p C2 0g and
a €T'(0p)*. We see p C. o from Proposition 5.5, a ¢ T'™°(c;T) N A (0;T).

We see that p ¥ o, otherwise oy and oy are comparable in the order C?, and one of sequents S(oq)
and S(o1) would be an axiom with 1 € {g(0¢),g(o1)}. Therefore there exist a 1 and an i # 0 such that
p Ce i, pi* (i) Co o and g(u) = V. Let pu be the lowest, i.e., the shortest such sequence. Then p C% y and
w* (0) C% 0g. We can assume that p = u. In other words p is the infimum of ¢ and ;.

S(Uo)ZOé,H0:>AQ S(O‘l)ZH1:>A1,0é
¥ o
F0:>A0 F1:>A1 . (bI‘)
Sp):T'=A
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Let 2n + 1 := max{lh(og),lh(c1)}. Let a be an eigenvariable of an inference rule occurring between oy
and p. If the variable a occurs in the formula «, then so does in the sequent S(og) : a, Iy = Ag, and this
contradicts (f). Hence the variable a does not occur in the formula a.

There are formulas 3 and ¢(a) such that LIm -+ (cut) - x(p; T,,) <+ ((a A B) D p(a))¥, where a occurs in
() possibly in the scopes of Vv,V and in the succedents of D, but no universal quantifier binds free variables
in a. Namely ¢(a) is in the class ®(a) such that a € ®(a), p(a) € ®(a) = {BV (), (8 D ¢(a))"} C ()
for any 3. No universal quantifier in (3 D @(a))” binds free variables in « since a universal quantifier in
(B D ¢(a))¥ binds an eigenvariable of an inference rule occurring between oy and p.

We see inductively that LIm + (cut) F a D ¢(a) for any ¢(a) € ®(a). Hence LIm + (cut) b x(p; Tn), and
LJm + (eut) - x(Ty) by Proposition 5.6.1. On the other side LIJm + (cut) I/ x(T5). This is a contradiction.

O

Theorem 5.8 Suppose that LIm+ (cut) t/ Sy. Fach Kripke model (T, C., Dr, IT) falsifies the given sequent
So, no matter which tree T is chosen. Hence LIm + (cut) is intuitionistically complete.

Proof. T enjoys the conditions in Proposition 5.4. The fourth condition (2c) follows from Lemma 5.7.
Hence for Sp = S(0) = (T'(0) = A(0)), 0 = AT(0) and 0 = \/ A(D) in the Kripke model (T, C., Dr, I)
defined from the tree T ]

5.3 Transfer

It may be the case that for a 0 € TR(Sy), I'® (0; TR(So)) N A>(0; TR(Sp)) has a common atomic formula,
and we need to transform T'R(Sp).

We consider a transformation of deductions inspired by the transfer rule in [6]. The tree TR(Sy) of
deductions is transformed to another tree TT'R(Sp) in which there is no o such that I'® (o;T) N A>(0;T)
has a common atomic formula, where T is a subtree of TTR(Sy) such that each A-gate has a unique V-gate
son in T'.

Let us modify the inference rule (br) by combining a weakening as follows.

ILD, DS, TG = A A5 A A5 A {77, 1,15,19 =07 : (y D 0)° € A5} {15, 1% = 1(a)” : (Vyy(y)) € AV}
H7F7FD7FV:>A7A37A7A%7A§

(wbr)
where II and A are arbitrary cedents.
Moreover let us introduce the following inference rule.

Iy, Iy = A3, A5, A
F,Fv@Ag,A (O)

where 'y is the set of unmarked universal formulas in the antecedent of lower sequent, Az the set of unmarked
existential formulas in the succedent.

Let T be a (finite or infinite) labelled tree of deductions in which the inference rules (wbr), (o) may occur
besides inference rules in LJm, and S(o) is a sequent for o € T. Suppose that the tree T of deductions enjoys
the condition (1) on the eigenvariables. For og,01 € T, we say that a pair (0g,01) is a transferable pair if
the following conditions are met, cf. the proof of Lemma 5.7:

1. The antecedent of S(og) and the succedent of S(o;) have a common marked atomic formula «°. This
means that S(og) is a sequent o°, Iy = Ag, and S(o7) is II; = Ay, a° for some cedents II;, A;.

2. Each inference rule at oo and at the infimum p of 0,01 is a (wbr).

3. No non-invertible upper sequent occurs from S(og) to S(p* (0)) in the deduction, i.e., p C2 o9 = p* Ko
for some kg = (0) x k), and p C. 01 = p x k1 with p 2 o for some k1 = (i) * &} and i # 0.

All of transferrable pairs have to be removed from the constructed deduction in proof search to avoid an
inconsistency in the definition of Kripke models, cf. Proposition 5.4 and Lemma 5.9.

For this, let us transform the tree TR(Sy) of deductions to another tree TTR(Sy). The gate g(o) is
changed simultaneously in the transformations.

Let TTR(Sp,0) = TR(Sy) with the same labeling functions S(o,0) = S(0), d(0,0) = d(o) and g(c,0) =
g(o). Suppose that TTR(Sp,n) has been defined. Pick a minimal transferable pair (o¢,01) in TT R(So,n),
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where the minimality means that the length (h(p) of the infimum p of oy and o7 is minimal. Let 0; = p* K;
for i =0,1.

prio s Ilp = Ay p kI = Ay, a°
do di
LT, T5, 1 = A3, A A% A A - TS5 = 4
(wbr)

p: HaPaFDvrv = AHaAaA%aAgaA
where dg denotes a deduction of the leftmost continued sequent up to p * kg, and d; a deduction of a
non-invertible upper sequent I',I'%, I'y, = ;1 up to p * k1.

Then let us combine these two deductions, and transfer the current tree TT R(Sy,n) by the pair (cq,01)
to get TTR(So,n + 1).

P * Ko * Kg - aO,H(;,o/O,H{J = A}, Ao pxkoxky Il = Ay, a°
gof’HO*dg*Ao gao*dl
a® TIo, 11, T, 5, T% = A, A, A2 A2 A Ag -+ a°,T1,T%, T = o,
p*rg:a®, g, ILT,T5, Ty = A3, A, A2 AL A Ay
Ty xdg x Ay
ILD, 5,9, 1,5, Dy = Ag, A5, A A2 AS A
p LT, TS5, Iy = Ag, A, AS AY A ()

(whbr)

where p *x kg x k1 @ a®,Il; = Aj,a° is an axiom, a° * d; is a deduction obtained from d; by appending
a® to antecedents. T's * dy * Ag is a deduction obtained from dg by appending I's = ITUT UT'5 UTy to
antecedents and Ay = ASUAUA2 UAYUA to succedents. a°Ilp*dj* A is a deduction obtained from dgy by
appending «°® UIlj to the antecedents, Ag to the succedents, and renaming eigenvariables from ones in dy for
the condition (t) on eigenvariables. o/° (IIf)) [Aj] is obtained from a° (IIy) [Ao] by renaming free variables
which are introduced as eigenvariables of (L3) in dg, resp. The above deduction is said to be transferred by
the pair (0g, 1) (and the common atomic formula «®).

Let g(o,n+1) € {0,1,V, A} be the gate labeling function for the transferred deduction. In the transferred
deduction, each sequent up to pxrg : a°,I',I'5, 'y = Az, A, A2 AY receives the same label 1 and the same
gate g(u,m 4+ 1) = g(u,n) as in the original deduction, e.g., g(p,n+1) =V = g(p,n) and g(p* (0),n+1) =
A = g(p * (0),n). On the other side in the above part of p x ko : a°,I',I'5,I'y = Az, A, A% AY, insert
ko to each label where o9 = p * ko. g(p * Ko * ko,n + 1) = g(p* ko,n+ 1) =V = g(p * ko,n). In the
transferred deduction TT R(Sp,n + 1) the gate of the node p * kg * k1 becomes 1, g(p * kg * kK1,n+ 1) =1,
since S(p * ko * k1,1 + 1) is an axiom. Below the axiom p x kg * £1, modify the values of gates as follows.
Let 7/ = px* ko x pu for 7 = p* pu with (0 # p C, k1. Consider the case when g(7,n) = V. If there exists an ¢
such that g(7 % (i),n) = 1, then g(7/,n+ 1) = 1. If g(7 % (),n) = 0 for any 4, then g(7’,n + 1) = 0. Second
consider the case when g(7,n) = A. If there exists an ¢ such that g(7 % (i),n) = 0, then g(7’,n+1) = 0. If
g(7%(i),n) = 1 for any i, then g(7/,n+1) = 1. In all other cases the gate is unchanged, g(7',n+1) = g(, n).
Some gates might receive the value 1 by this modifications.

Let us check the conditions on multi-succedents and eigenvariables. Since there is no non-invertible upper
sequent from p to p * kg, we can append formulas in Ag and formulas in Ay = A5 U AU A2 UAY to the
succedents. Next consider a free variable a occurring in «. Assume that a is introduced as an eigenvariable
of an (L3) or a (wbr)(, which subsumes (RV)) between p and p* 1 in d;. But the variable a occurs in p* kg,
and this is not the case by (f) since p x kg is not above the inference rule nor to the right of it. Furthermore
free variables occurring in I's U A, is distinet from eigenvariables of (L3) occurring in dy since p is below dp.

Iterate the transformations to yield a tree of deductions TT R(Sy), in which there is no transferable pair.
This ends the construction of TTR(Sy) C <“w, where

TTR(So) = liminf TTR(So, n) = U O TTR(So, m).

S(o,n),d(o,n), g(o,n) are labeling functions of sequents, deductions and gates for the nodes o € TT R(Sp, n).
Let for 0 € TTR(Sy)

S(o) = lim S(o,n)

n—r oo

20



(o) = nh—>Irolo d(o,n)
glo) = nlgr;o glo,n)

These limits exist since for any k there exists an ny such that for any m and any transferable pair
(00,01) in TTR(So,ni +m), lh(p) > k holds for the infimum p of gg,01. Then S(o,n, +m) = S(o, nk)
and d(o,n, +m) = d(o,ng) for any m and any o with [h(o) < k. Furthermore for such a o, the series
{g9(o,ny, +m)}., changes the values monotonically, g(o, ng +m) < g(o,ni +m —+1) in the order V,A <0 < 1

on {0,1,V,A}. Hence the limit (o) exists, too.
Lemma 5.9 Let ) # T C TTR(Sy) be a subtree such that Vo € T[g(o) # 1] and each A-gate has a unique
V-gate son in T, i.e., Vo € TAi[g(c) = A = glox (1)) = V&o (i) € T|. Then for o € T, there is no

common atomic formula in I'E (o;T) NA>(0;T).

Proof. Suppose that a is a common atomic formula in I'® (o;T') and A*(0;T). Let 01 € T be such that
a € A(o1)* and o Y 0.

First consider the case when « € T'(79)* for some 79 C. 0. Then a € I'(01)*. This means that S(o) is
an axiom, and g(o1) = 1. Let p,09 € T be such that g(og,lh(0g)) =V, p Ce 0, p CY 0¢ and a € I'(0g)*.
We see o € T°(0;T) N A®(0;T) from Proposition 5.5, and p C. 0. Furthermore p ¢% o otherwise oy
and oy are comparable in the order C?, and one of sequents S(og) and S(o1) would be an axiom with
1 € {g(o0,lh(00)),G(01,lh(c1))}. Therefore there exist a 7 and an 4 # 0 such that p C. 7, 7% (i) C. o and
G(7,lh(7)) = V. Let 7 be the lowest, i.e., the shortest such sequence. Then p C? 7 and 7 % (0) C? 0¢. This
means that (og,01) is a transferable pair. Such a pair has been removed from TTR(Sp,n) for an n, and
from TTR(Sy). Hence this is not the case. ad

Theorem 5.10 (Schiitte’s dichotomy)
In TTR(Sy), g(@) =1 iff LIm - Sp.

Proof. If g()) = 1, then it is plain to see that LIJm - Sp.

In what follows assume g(0) # 1. Then g(0)) € {0, A}. Extract a subtree T C TTR(Sy) as follows. First
() € T. The nodes o € T with g(o) = 0 are leaves in T. Suppose o € T has been chosen so that g(o) = A.
Then in the deduction d(o), pick a leaf o * (j) such that g(o * (5)) # 1. If g(o = (j)) = 0, then we would have
(o) = 0. Hence g(o * (j)) =V, and g(o x (j,4)) # 1 for any son o * (j,7). Moreover there exists an i such
that g(o * (j,i)) # 0. Otherwise we would have g(o % (j)) = 0. Let o * (i),0 * (4,4) € T for any ¢ such that
g0+ (j:9)) = A.

Then T enjoys the conditions in Proposition 5.4. The fourth condition (2¢) follows from Lemma 5.9.
Hence for Sy = S(0) = (I'(0) = A(D)), ® = AT(®) and 0 = \/ A(D) in the Kripke model (T, C., Dr, IT)
defined from the tree T'. Therefore LIJm I/ Sp. ]
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