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§0. Introduction

Fx D= FHEOD concept #ERBC DL EFXEY. C OHEDEE *,
%% T =a—ib(x = a+1b, a,b 1FFEHi=+/-1) £T5&Z, new product
Zary=Txy llXoTEZELET. ZD new product T

g(zy) = (97)(gy), d(zy) = (dz)y + z(dy)
RHZECHEHM g YW d 2#EZLHE, A 2r TUURD L5122 0 £7.

: 2 -1 31 =1—+31
Aut C = {e?|0 = ?ﬂ-n, n : integer} = {1, +2\/— z, 2\/_ z} >~ G,
2 2wy 4me
Der C={d € End C|d = %m, n : integer} = {0, %, %}

DD LB EF. product (&) ITERL T ZE W,
j=0,1,2 12X LT (EA%K ) % mod 3 TEXET), End C DT,

9i(zy) = (gj+17)(gj+29), dj(zy) = (djr17)y + 2(dj129)
L% gy, dj EFEADE, RDE D7 Aut C,Der C D—f{L1ELNE T,
Trig C = {(g0, 1, 92)|0 + 1 + a2 = 0, €' % = g;, a; € Re C}

Trid C = {(do,dl,d2)|a0 + a1 +ay=0, 1 oy = dj, aj € Re C}
RIZn x n IRDITFIRELA TEETSL, j=0,1,21Z6LT

ojla)r = a; * 2 & aj+1, di(p)r=pj*x — T *pjti.

72720 aj € Ay :={be Albx' b= Id,}, p; € Alt(A) :={c € A| tc = —¢},



(z * y & standard product of matrix, ‘z |XEZETFITT. )

LEFTDH., TITaoy= Y(xr*xy) £ new product 525 &

oj(a)(zy) = (0j41(a)r)(0j12(a)y), d;j(p)(zy) = (djt1(p)r)y + 2(d;jt2(p)y),
p; = (1—a;) = (1+a;)~! (Cayley transformation) 23 O L5 3. fHLZREH
TIH, 06 OWERE B AR 2 WIEREANMRBTU FEX £ T

81. Gell-Mann’s pseudo octonian algebra

ZDHITIE ) —NVEEZE LT Gell-Mann @ Baryon & Meson Datikiz
N5 8 WILRE [G] 2L N, {SRIE & Wigner medal 2% 5- X T35 S.Okubo
DA [O] KD ETWZEET (REXTITVEZIRARER & LD
FIMXIPFAELET) .

Let A;j(j =1,---,8) be the 3 x 3 traceless Hermitian matrices introduced by
Gell-Mann. Here denote i = v/—1. Their explicit forms are

01 0 0 —i 0 1 0 0
M= 100 ]|, x%=3i 0 0],x3=[0 -10 ],
000 0 0 0 0 0 0
00 1 0 0 —i 00 0
M=[00 0|, 00 0 |,%=|001],
100 i 0 0 010
00 0 75 0 0
A= 00 =i |, =] 0 S 0 [, (1.1)

2
0 7 O ()07g

which satisfy conditions with the standard matrix product A; * A; below.
A= Aj, Tra; =0and Tr(\; * A\g) = 28 (1.2)

Moreover we have

8
2 .
)\j * /\k = §5JkE + E (djkl + ijkl))\l (13)
=1

where djkl e 4_11TT(>\j * A\ + Ag % )\J) * A, fjkl = _TiTT’()\j * A\ — A % )\J) * \J.
We remark that f;; defined by (1.3) are the structure constants of the su(3)
Lie algebra with respect to the product [x,y]* = x x y — y x x as follows;

L D =65 (i 1.4
[5 5 k] —-Zgggf}M(§ 1)- (1.4)

Now we expand any elements X, Y in terms of A; by

8 8
X =Y "V3z, V=1 V3y (1.5)

j=1 j=1



and define a new product by

8 8
Z =XY = Z \/§Zj>\j, where zj = Z (\/gdjkl + fjkl)xkyl. (16)

=1 k=1

This algebra with the product XY is said to be a pseudo octonion algebra.
Then by using a symmetric bilinear form < X|Y >= 1Tr(X % Y) where
X %Y denote the standard product of matrix, we can show that

8

8 8 8
< X|Y >= ijyj, and (Z x?)(z y7) = ZZJQ (1.7)

j=1 j=1 j=1
That is, in the new product XY, we obtain the composition law
< XY|XY >=< X|X ><Y|Y >, (1.8)

and the associativity
<XY|Z >=<X|YZ > . (1.9)

Note that these relations
<XYIXY >=< X|X ><Y|Y >and <XY|Z>=<X|YZ >

=i (XY)X = X(YX) =< X|X > Y, (#)

if < X|Y > is a non-derenerate and symmetric bilinear form.

This algebra satisfying Egs(1.8) and (1.9) with non-degenerate symmetric
bilinear form < X|Y > is said to be a symmetric composition algebra ([K-
0.2],[K-0.3]), and it contains a class of the pseudo octonion algebra.

To next section, we will consider the pseudo octonion algebra with respect
to the orthogornal basis vectors

ej = V3\; (1.10)

with the product given by

8

€jek = Z(\/gdjkl + firi)er (1.11)

=1

equipped with < e;le;, >= d,,. Note that the product (1.11) is same as (1.6).

Z D algebra 25D AHIZ A ¥3RY. —J5 By new product xy = pux * y +
vyxx — $Tr(z«y)E, where p+v =1, 3y =1, 2D ay DFEHT A 13 (W) %
W7=UEdT. ZUT, e, - -,eg ZEARXFEKE LT (1.11) DETHEAET. A=
span < e1,---,eg >. A is a nonassociative algebra without unit element.

A i simple TEAY, B =span <ej,eg > withdim B=2%%25%6&, ZO
B XA =span <ey,---,es > D subalgebra TY. X C = span < e3, eq4, €5, €8 >
with dim C = 4 % subalgebra of A, since ege5 = %e3 + @eg, eseg = ez, ete.



Remark. d % pseudo octonion alg. A defined by (1.6) DL D derivation
L95E, Vo, ye AITXHUTd(zy) = (de)y + x(dy) &9, dlz,y] = [dz,y] +
[z, dyland [z, y] = zy —yz = (u—v)(z*xy —y*z) = (p—v)[z,y]" 25 (4, [2,9])
£ 8 KTt D Ay type @ simple Lie algebra & 720, % @ derivation 1ZWNERH 5 T
T.OED dIF (L1 ITXKVERSINAET, SRonHEMY — R

span < ad ey, ad es, -+, ad es > (= Inner Der(A,[z,y])) = As type

DILELTRIN, ade; (j=1,---,8) D 1IXKEEGTT.
aisose, B (0 ) s reprpo (01 int )
1 0 sint cost
MEAL U, RAATH & [FHHE O IGAFEEL £3. T[RRI
Pseudo octonion algebra A T (e1,---,es) — (e}, --,e}) %% End A TRHZ
0

d:(? _01>t:}8?—§,d: T | mrsxs o s
0
EHEAET. ZORVr,y € A ZX LT, for the product zy is defined by (1.11),
d(zy) = (dz)y + z(dy)
MO BET., —
G = ( cos%w —sivzﬁw )

SZ?’L§7T COS§7T

Id;
rBE, g= 9 s B 1 RE g EZDE, gly) = (92)(gy)

1
WM UET. DD AIZET S derivation & automorphism O —FIT3. 17451
& FEHD automorphism and derivation DIFEDILIREEZZE XD Z LB TEET.

§2. Automorphisms and Derivations of pseudo octonion algebra

From now on, we assume that the algebra A is a symmeric composition
algebra ([K-0.2],[K-0.3]) over ch F # 2, 3 in this section.
Let
¥ = {a = (a1, az2,a3) € A?|

ajajy+1 = Gjy2, < aj|aj >=1,Vj= 1,2,3}. (2.1)
For a given a = (a1,az.a3) € ¥, we introduce a notation

A(a) = {p = (p1,p2,p3) € A%|

a;pj+1 + Pjaj+1 = pj+2, < pjla; >=0, Vj =1,2,3} (2.2)

Note that A(a) is a vector space over F.



Moreover, we define ¢; € A by

4j = Gjt1Pj+2 = Pj — Pj+105+2. (2.3)
From (Th.3.2 in [K-0.3]) and the notation being as avobe, we have the following.
Theorem 2.1 For any a € ¥ and p € A(a), if we introduce D;(a,p) €
End A by
Dj(a,p)z = (pj+17)aj+1 + a;(wq;). (2.4)
Then they satisfy

Dj(a, p)(wy) = (Dj+1(a,p)r)y + z(Dj12(a,p)y) (2.5)

i.e., (D1(a,p), Da(a,p), Ds3(a,p)) € Trid A (see §3 for this notation).

Corollary For Va € A,s.t a? = a and < ala >= 1, also Ip € A,s.t ap +
pa = p and < alp >= 0. Then D(a,p)x = (px)a + a(xq) is a derivation of
A, where ¢ = ap. This means the special case of a = a3 = as = a3z and
p=p1 = p2 = ps in Theorem 2.1.

Z® Cor. %#i#i72 9 idempotent elements a % pseudo octonion algebra (Z ¥
W T explicitness (23K 5. §1 Dep,---,eg BIHEEEHNS.

V3 1
(a=—es,p=-e4), (a=——-€1+ ses, p=ea),
2 2
3 1 3
(a= —§€2 + 568710 =e3) (a= —g% + 5687 p=e1)

(a =ieys+e5—es, p=es—ier), (a =iesc+e; —es, p=ey —ies)

(a=e4 —ies +eg —ier —eg, p=eq4 —ies)
( +lest test i )
a=—e;+—ey+ —e3+ —¢ =€ —e3).

21 22 23 28719 1 2

INS DR (a,p) B Cor DIREZTET2T. ZN6 D 8MEDX & b VE5 7z deriva-
tions D(a,p) % D(aj,pj) (j=1,---8) &&KT. DXV D(as,p1) = D(—es,e4) =

Der A = span < D(ay,p1),---,D(as, ps) >= Ay (simple Lie algebra of dim 8),

< D(aj,p;)zly >= — < x|D(a;,p;j)y > .
Next we put (by notation of D; = D(a;,p;), j=1,---,8)

2

& = exp D(aj,p;)(=Id+ Dj+ o5 +--) (2.6)

and



Furthermore, we set
G =<1Id,n2,---,n8 >span (as a group), thenV g € G, < gzlgy >=< z|y > .

On the other hand, for 3 x 3 matrix M (3,C) over the complex number field C,
we set

GL(3,C) :={A € M(3,C)|det A # 0} (general linear group),

Z(GL(3,C)) := {AId3|\ # 0} (center),
PGL(3,C) := GL(3,C)/Z(GL(3,C)) (projective general linear group).
Then we obtain
PGL(3,0) = G.
Indeed, if f : GL(3,C) — G ZIROBERELL T 57 61X, Mds — Id, and
f_l(T]j) — nj (Z = 2, cee ,8) ct 9] J:@lﬁl’ié%ﬁ%b% Z Zﬁ‘ﬁjﬁg‘tj—
§3. Triality relations of algebras ({REUZ H 1T 5 =X )

DURELRD 290, ZOHTHEESHRECRIZE T 2 — 7% triality rela-
tions (local and global ® cases) & EZH DR UL TIENIET WAL S X

Let A be a nonassociative algebra over ch F # 2 (BL MIZEWT, algebra &
ARG T L TBT LB N IEE 2R WEABIET S) .

Following ([K-O.2] or [K-O.3]), suppose that a triple g = (g1,92,93) €
(Epi A)? satisfies a global triality relation

9i(xy) = (gj+17)(gj+2y) (3.1)

where the index j is defined by modulo 3, so that g;13 = g, (this is said to be
a triality group). We denote
Trig A=

{9 = (91,92, 93) € (Epi A)*|g;(zy) = (9j417)(gj42¥),Vj = 1,2,3} (3.2)

This is a generalization of the automorphism group of A.
In constrast to the algebra triality relations (3.1), we may also consider the
local triality relation

ti(zy) = (tj412)y + 2(tj12y). (3.3)
Analogously to (3.2), we introduce
Trid A =

{t = (t1, 12, 13) € (BEnd A)°[tj(zy) = (tj2)y + x(tjrey), Vi = 1,2,3}. (3.4)
Then, it defines a Lie algebra with component wise commutation relation. Also
if (t1,t2,t3) € Trid A, it is easy to verify that we have for any a;; € F, aj13 = a;

3
t = (ty,ty,t3) € Trid A, where t; = Zaj,ktk (1 =1,2,3).
k=1



Furtheremore, if the exponential map t; — &; is given by
— 1
&=eapty =Y —(t;)" (3.5)

n!
n=0

is well-defined, then we can show that
&i(zy) = (§+12)(&+2Y), (3.6)

provided that ¢t = (t1,t2,t3) € Trid A and vice-versa.
Next we introduce multiplication operators of A, L(x), R(z) € End A by

L(z)y = zy and R(z)y = yx.

Def.3.1. Let d;(z,y) € End A, for z,y € A (j = 1,2,3) be to satisfy
(i)

di(z,y) = R(y)L(x) — R(x)L(y) (3.7a)
dy(z,y) = L(y) R(x) — L(z) R(y). (3.70)
(ii) The explicit form for ds(z,y) is unspecified except for

d3(z,y) = —ds(y, z), (3.7¢)

(iii)
(di(z,y),ds(x,y),ds(z,y)) € Trid A.

We call the algebra A satisfying these conditions to be a regular triality algebra.

Remark Any Lie (resp. Jordan) algebra with product [z,y] (resp. zy) is
an example of the regular (in particular, normal) triality algebra w.r.t. L([z,y]) =
d;(z,y) (resp.[L(x), L(y)]) for j =1,2,3.

Proposition 3.2 ([K-0.3]) Let A be a reqular triality algebra satisfying
either the condition (B) or (C); (B) AA= A, (C) if some b € A satisfies either
L(b) =0 or R(b) =0, then b = 0. Then we obtain the following.

(i) For any t = (t1,t2,t3) € Trid A, we have

[tj, di(z,y)] = di(tj—kz,y) + di(@,tj- 1Y) (3.8a)
FEspecially, if we choose t; = d;(z,y) it yields
[dj(u,v), di(2,y)] = di(dj 1 (u, ), y) + di (2, dj—(u, v)y)- (3.80)
(i) For any g = (¢1,92,93) € Trig A, we have
90k (,9)9; " = di(gj—x2,y) + di(z, g;-1rY)- (3.8¢)
Let A be a regular triality algebra with either (B) or (C), and set

Lo = span < d;(z,y), Yo,y € A> . (3.9)



Then Lo is a Lie algebra by (3.8b). Moreover, it is an ideal of the large Lie
algebra Trid A by (3.8a), denoted by Lo <Trid A. We call an 7inner triality
derivation” (naming of the author) this Ly.

Def.3.3 If a regular triality algebra satisfies Eqs.(3.7) as well as

d3(z,y)z + d3(y, 2)x + ds(z,2)y = 0, (3.10a)

[dj (U7U)7 dj, (‘T7 y)] = dk(dj*k(uﬂ 'U)‘T? y) + dk(x> dj*k(uﬂv)y)]? (3'10b)

then we call a pre normal triality algebra ([K-O.1]). Furthermore, if we have
Q(JI, Y, Z) = dl (27 my) + d2(y7 Z'T) + dg(.’IJ, yZ) = 07 (311)

then A is called a normal triality algebra ([K-O.2]). Next we introduce the
second bilinear product in the same vector space A with involution x — T by

TxYy=TYy="7T. (3.12)

Then the resulting algebra (A, x * y) is said to be a conjugation algebra of A,
for the new product x x y, by means of Qx = Q T and Q € End A, we have

g;(xxy) = (gj+12) * (gj42y), dj(x*y) = (djs1x) *y + z % (djy2y). (3.13)

Remark ([K-O.1]) The conjugation algebra of a structurable algebra which
contains an alternative algebra is a normal triality algebra.

Note that the vector space 2y ® Jo with 182 dimension ([S]) appeared Tits
second construction of Fg is a normal triality algebra.

Theorem 3.4 ([K-O.2])  The symmetric composition algebra, Lie and Jor-
dan algebras are a normal triality algebra.

Theorem 3.5 For a normal triality algebra A, if we define
& =expd; (j=1,2,3), (assuming the well — defined)

then we have

§i(zy) = (&+17)(§j+29),

[%(exp td;)dy.(exp td;) "o = [dj, dy] € Trid A.
That is, this means that ([d;, dg], [dj+1,dk+1], [dj+2, dgt+2]) € Trid A.

Corollary. For the pseudo octonion or para Hurwitz algebras, the same
result in Theorem 3.5 holds, as these algebras are a symmetric composition
algebra and so a normal triality algebra.

Remark. In the normal triality algebra A, if we define an endomor-
phism by D(x,y) := di(z,y) + da2(x,y) + d3(x,y), then we have the relations
D(z,y) = —D(z,y), D(zy, z)+ D(yz,z)+ D(zz,y) = 0 and D(z,y) is a deriva-
tion satisfying [D(z,y), D(u,v)] = D(D(x,y)u,v) + D(u, D(x,y)v), thus this
algebra A is a generalized structurable algebra ([K.1]).



Remark.([K-O.1]) The conjugation algebra (A,x x y) of normal triality
algebra (A, zy) with a para unit e (i.e., ex = ze = T) is a structurable algebra
with the unit exx = xxe =z, since x *y = Ty and T = z.

Remark. Let (A,z *y) be an associative algebra. Then (A4,z -y) is a
Jordan algebra with new product and involution difined by z-y =z *xy+y*x
and T = z, since they satisfy the identities z-y = y-z and (z-y)-2? = 2 (y-22).

Remark. Let A be a normal triality alg. For (£1,&2,&3) = (exp dy, exp da,
exp d3) € exp Lo, provided that the exponential map is well-defined,

Vg = (91,92,93) € Trig A =

gjfkgj_l = gj(exp dk)gj_1 = ea:p(gjdkgj_l) € exp Lg. (by (3.8) and (3.9))
Therefore Go =< &1,£2,83 >span is an invariant subgroup of T'rig A. We call
an ”inner triality group” (naming of the author) this Gy.

For the details of this section, we would like to refer ([K-O.1],[K-O.2]and
[K-0.3]), that is, for the concept of normal triality algebras and related topics.

84. Symmetric compostion algebras

Algebra MR D% 723 & &, symmetric composition algebra &\
(BT UDBBAITLERZRVWIEESHNRERTEATVET)

z(yz) = (zy)x =< x|z >y, bilinear form < z|y >=< y|z > is nondeg. (M)
ZNiF < zlyz >=< zlyz > % H D composition law & [FE T (cf.§1).

Proposition 4.1([0]) Any symmetric composition algebra with eight di-
mension over a field of ch F # 2, 3 is limited to be either

(i) a para-Hurwitz algebra, or

(ii) an eight dimensional pseudo octonion algebra,
where the para-Hurwitz algebra is the conjugation algebra of Hurwitz algebra
(i.e., R, C, H (quaternion), O (octonion) if ch F =0).

By (Example 2.2 in [K-O.2]), we have results as follows.

Symmetric composition algebras satisfy the triality relation for the choice of

do(z,y)z = 2{[L(x), L(y)] — B[z, y])}z = H{< 2z > y— <ylz >z} (4.1)

Remark. The pseudo octonion algebra has neither unit nor para-unit.
But the para-Hurwitz algebra has a para-unit, since ex =e*xz = 7.

Next, ([T] or [S]), and HAGEZ L Tl ([To]) 1281 % a principle of triality
(local triality relation) & UTHI 5N T3 Cayley algebra O @ = xfHH % F %
D notation T LIRDEKIZAR D £9°. zxy I standard product of O, xy 1% the
product of para octonion algebra (or para Hurwitz algebra with 8 dim) T79:

dj(x,y)(u* v) = (djp1 (2, y)u) x v+ w* (dj42(z,y)v) (#)
772U dj(x,y) = d3_;(7,7), £ LT the involution T (i.e., 7%y = 7 * T and

T =) of O, & the product xxy =7y D & T (z *y \¥ conjugation algebra’s
product zy TY)

()y=xxy, r(x)y=yx*x (4.2)



DEFIZHWT (by means of Eqgs (3.7), (4.1) and Eq (4.2)) £ 3§ 5 &

do(w,y) =G * o —Txy) +r@r(x) —r@r(y)(=ds) = do(T,7)

do(z,y) =1(z*7 —y=*T) + 1(y)l(x) — 1(T)l(y), and furthermore B

i (,9) = (@) (DY) = do, da(zy) = r(G)r(z) — r(@)r(y) = & TF.
Using the notation [(Og) = {l(a)la = —a}, r(Op) = {r(a)la = —a}, Z DI
do—dy € T(Oo) do —dy € l(O di —ds € T(Oo) + Z(OQ) and (ﬁ) =

),
(do —di)(u*v) = ((di — d2)u) * v +ux ((d2 — do)v) ()
LD ESIZKRINET. §and § PHHID local "principle of triality” TY .
Maw, < dj(z,y)ulv >= — < uldj(z,y)v >, and D = dy + do + d3 1

derivation ’CT ZUT Der O & Gy(Lie algebra of 14 dim) T9, 7=7ZL
<aly>=i(zxY+y*T)=1Tr(z+y) THHMEEZLXT.

(f) &2y = T*y O (v *y is the product of the conjugate algebra of the
para octonion algebra with a product xy) TiE

dj(zy) = (djt12)y + 2(dj+2y) (81)

&Y, £ UT Ly = span < d; >= Dy(Lie algebra of 28 dim) <Trid O TY.
() & (8f) 2T 5 &, (ﬂﬁ) DRADHFVHRD LD RFH A £,

(1) is a local principle of triality in the para octonion algebra.

Remark.([K-0.3]) A % symmetric compostion algebra, a = (a1, as,a3) €
% &Té D& % gj((l) = R(aj+1)R(aj+2) (] = 1,2,3) t%%jé el

9i(zy) = (gj+17)(gj+2y) and gj12(a)gj+1(a)g;(a) = Id

MDD, DE D global triality relation DHITT . i.e., (g1, 92,93) € Trig A.
—7, [K-O.1] {IZBW\T, structurable algebra (22T D =XFHHH FHZE L TV
9. ZITIEYa LR AR, ZARBUZOVWTHFRE E L7z, DF D symmetric
compotion algebra U DIEREGHRER TH W~ OBER triality relations (=X
B, =MD 2SEAETHE I 2R U TWET. €5 T Freudenthal (2 &
3 56 ¥XILD meta symplectic geometry (2R N SRR THEHAEETT. For
the triality relation of Lie algebras, we discuss in another paper (see [K-O.4]).

§5. Miscellaneous results

ZOHITIIEL LFMRIONT, [ROMEREL GO L 7.
© Symmetric composition algebra A D& &, a € A % idempotent (a® = a) »*
D<ala>=1,0LTg(a) = Ra)R(a) LEET S = g(a) FEHIANGH,
< g(a)x|g(a)y >=< z|y > and g(a)® = Id. Furthemore, following Theorem 2.5
in [K-0.3], by using (2.1), Va,b € ¥, then G =< 0,(a)d,(b) and 0;(a)c;(b) >span
is an invariant subgroup of T'rig(A), where 6;(a) = L(a;t2)L(ajy1),0,(b) =
R(bj+1)R(bj+2). Also if F = R, we obtain G = so(8), Trid Ly = Dy, since
< gjxlg;y >=<zly >, Vg; € G, < d;zly > + < z|djy >= 0, Vd; € Trid Ly.

10



© Theorem 2.1 in §2 DZEH|E LT, For the pseudo octonion alg. A,
Dj(a,p)r = (pj+12)aj+1 + aj(zq;), for j=1,2,3

and a = (a1,a2,a3) € ¥, p= (p1,p2,p3) € Ala), ¢; = aj11pj12
DHEEZHANDLE, ADEE e1,---,e3 ICE>T X, Ala) DEMHI%E

a = (a1,az,a3) = (—es, —eg, —eg) € X, p= (e2 —e3,e3 —e1,e1 — e3) € Ala)

& explicitly IZ52 5% &, Z®D (a,p) T (D1(a,p), Da2(a,p), Ds(a,p)) € Trid A.
MOFIE UTa = (a),dy, ) = (—es, —es, —es),p = (0,€2, —€3) IZL>TH

(D1(d,p"), Da(d’,p"), Ds(a’,p")) € Trid A.

(A ZB1F 5 local triality relation DZEH). g;(a) = R(a;i1)R(a;42) is an element
of the triality group. i.e., (g1, g2, 93) € Trig A. (global triality relation ®%EH!).
Also, a = (e, ea,e3), p=(—ea — eg, €1, —e3) is an example.
INSIZDWTOF LU WEHE e EHNIBI OB ITBR WL E X T, (M para
octonion algebra @ triality relations DEFNZ DV THFRI LW EEWE T )

© Let A;, and A be two independent symmetric composition algebras. Then
their tensor product A; ® A is a normal triality algebra with

Dj(x1 @ x2,y1 @ y2) = d§1)($1, Y1)® < w2ly2 >2 id+ < 21ly1 > id ® d§2) (z2,92)
(5.1)

for z1,y1 € A1, x9,y2 € As. We note that this leads to the Freudenthal magic

square for the Lie algebras of Ga, Fy, Eg, E7 and Fg types (see [S], [K-0.2]).

O X [K.2] and [K.3] @ 2 IRIEL Z,[\/q] 1ZBWTIEHAE p & ¢ ITEIFEL T
Trig(Z,[\/q]) = Sa(Symmetric group) or K¢ (5.2)

"G—d_' f:f:\b K49 = {(glvg27g3) S (EpZ(ZP[\/a]))gKId? Ida Id)a (Id7 _Id7 _Id)7
(_Idv Ida _Id)a (_Id7 _Id7 Id)v (97 97 9)5 (97 _97 _9)7 (_97 97 _9)7 (_37 _97 9)}
and 6 is the involution. knot theory (231} % quandle DEHHELRL TWVET.
4 D pseudo octonian algebra A IZEWTIE {—es,e5}, {—es, es, —€1, €1} 1FFE
THUTWET, {—es} ¥ quandle TTH, {—es,es, —e1,e1} & quandle TlEZRW
TF. KB ei(eses) # (eres)(eres) TT. LA U {—es, Lo+ des, —L2es + es)
% quandle TF. a2 =a %5 idempotent 2 A DI} 5 Z L WEEZLEXFT.
ONRZ MVZEM A % {X|X =3 %3 matriz, TrX =0} £95. X*Y %4175
DEBEORE, LT u= 3—_(‘3@,1/: 3—‘2@ EBLLE,

1
XY = pX xY +0Y x X = JTr(X «Y)E (5.3)

& new product 2EHT 5 (E 1FHALATH]).

=< XX >Y =X(YX)=(XY)X, (symmetric compostion alg.).
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272U < X|Y >=:Tr(X *Y) and Tr(XY) = 0, for new product XY
WP =1%2HNTS XY = wX Y —w?Y X — =L Tr(X+Y)E LEHT .

=< X|X>Y =X(YX)=(XY)X.

Z OB (5.3) DERHR L BERIX S.Okubo D 1 9 8 0 FEMRDFEF ([0]) 1T Gell-
Mann OREEHIRL7ZH DL LTENTVET. FxldEhz —Mfb U 72 RE
T triality relations  (triality group and triality derivation) Z&%L T\ 7.

BRI Z D/NGRTIXEFEA 2 U T survey B72 584 % & & new idea & BRG] %
FIZBRIETWAEEZEZLAEZDOT, HIKkDH 5T %13 [K-0.1],[K-02],[K-0.3]
2D — a2 U T NI W, EEDOHEDODL I D% & R HENEHRY OB HIZ
X0, ZONHRMPETELHAEORIEL Xl Rl &2 BHFLIZI V.
Z L TwiRIZ,

This note is a homage to Prof. Okubo (1930-2015).
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