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ABSTRACT. RFLEHEIE, 2022 FF 1 H 24 HICEEWHHLZNEZD L ICHEL LD TH 5.
ARFCHECIIEA Hilbert £ 2 7 —ERUCHFET 2 MR E L BBOBEOERNMIEIC D 5 F R
(low-lying zero) D731 %, M 2 X L BAROFHEDEADEMUC L TERT 3. 72, BEA
OIS THEERBMESZT 200588 T3,

1. JFE

FZ2HRIEENBIEE L, Ap 2207 7—NVIRET 5. 11X GLy(Ap) DaREBRI L
BB I 2 XNVREIRBOHTTH LT 2. ALFTHENT 2FHHI22H%. £912H
FUTOEEHTH %,

Theorem 1.1. ([37], Rough version) MR Z L BAEKDHE {L(s, Sym” (7))} DIRWLEIZ
H 25ERT=H (low-lyng zeros) DGR R EERAEIC X o TEdh TE T, T 61

L(s, Sym?*(m))
L(1, Sym?*())

DHEAZ DT 7HEDRERIN SRR EEREEIC X o> Tl hRIRETH 5. S HIT, r # 2
Fcld s # 1/2 DR T > & 2475w © HRICAE T 2B EBEBUC T 27203, r = 2
D s = 1/2 DKRET Z ¥ X 2ATHRERD & HIRIZIZA U WE BRI, SN
(symmetry breaking) 23 % 5.

MFMEDIEN & WS BEIIEEEBDIERD S DN 2T VW BEKRTHWTED, ¥
MR CI3ER L Ty, EOEBIZRIZY EHICEERT 5.

ARFELETHENT 2D 5 1 DODFEIEZ, L LD low-lying zero DEAD X ZE T4 (Weighted
Density Conjecture) ZglE$ 2 Z 2 TH 5. ZOFTHEIID &b EHHN TV Katz, Sarnak
12 & 2% T (Density Conjecture) ZEHAD XIRICHEEI B THTH 5.

AGLHIZI6DDHED DD, 2T T T VX LMTHFERDEE & Katz & Sarnak OFETAIC
DNWTHRNR, 3 ETIIEETFEDO EAEFIZONWTE D, 27 e 3FHEIIELICOVWTE LD
HDRDTRIZILTH RV, ERD Theorem 1.1 1& Theorems 4.2, 4.3 £ L T4 FHIZF DT,
5 T EEH DI OIS 218X 6 7T Fazzari DEAD X 1 LVEE (weighted one-level
density) IZBHF 24558, I X X Ade Irma Suriajaya &2 @ Dirichlet L BAEIDHE DFERIC
DWW B fiidn7z.

(1/2<s< 1)

2. HETE

Riemann ¥ — 2B O IEHIHE SO EM Re(s) = 1/2 RITLD7RWTH A 5 £ 5 Riemann
TR, RBODHETRVEDLDICH 2 ZDHMSTHoT, TRNETALZEZOIM T LT

HAS K22 T2 80528 sugiyama.shingo@nihon-u.ac.jp.



/2 BHAECBOTHIL=7 2REMED 12 LTERRL, AL LTRIBIRTH D, 5% D
ANAZRET LI 527245 . 2O Riemann THEZEL 20D 12D 7 4 77 £ LT, Riemann
Y — 2 EBEC(s) 13D 5 Hilbert 22 EDIERAZR A2 X 2175IFER “C(1/2+it) = det(id—tA)”
RO A9 b PR XNz (Hilbert-Pélya FAH). Riemann ¥ — X OZELIZRRZ b L
NRFRIRDS D 57255 80D ZOFTES b H A ARMBIRTH 503, Montgomery 7 TRiemann
¥ — 2O E S FE Lo ME (FHEERERR, pair correlation) I W(GUE)(x ) = (M)2 %
BEEME LTROE2EAHLTWVWEEAS ] L, Riemann %*EOMﬁﬁO)—F’C{%nE
W Z 57z, Odlyzko DEUERERIC X 2 5REH S 51, fﬁf@i Montgomery-Odlyzko D%
HIZy LTHIS R TWS. W(GUE)(z) 1% Gaussian Unitary Ensemble (GUE) IZJ8 3% 5 ¥ X
2\ Hermite 175 D B A HOFHBIREFR (pair correlation) ZRlih S 2 HEEATH 5.

Z 2T Katz & Sarnak DEF¥ %2/ L & 5. Riemann TRz O—Mkid L% Z 1 o1k
DTZDEADNBEZEET LD TH D, Montgomery DAER D, B OHBEEGRZ B D
REZZ o RIETHRICE o TIRZ D WVHBDTHS. ZAUIKR LT, BRIFFERERIC
HNDDRT2EZZ LT 5, FHABRBOZERIIETZEHTHRMEL 2272023, L
BB BICED T B I TERRBHICEL2 L TE L. ZOBERLbLDRTMHIY
IO TWVEINEERT D EARY MUMRERDBAIEETH A 5 &5 D) Katz & Sarnak
DEETH 5. Katz & Sarnak IZ K 2 &, L BAROEREZ 1 DEET 5L ZZDX U N—T
H5 LEBOBRNLIEICD 5EMA (low—lylng zero) DA, A L&D ¥ & MTHIDEH
EORADTHE—HL, 7YX LTHPLEL 20MHIE5 O@Eiﬂiﬂ VX7 b LieBHITk %
& —U,Sp,SO(even),SO(0dd),0 TREZXEA5, DI TH5.

ImmtsmmkﬁmmtiyﬁAﬁW@ﬁ%Emm?.mN)%5O®Eﬁ:yﬂ7er
B U(N), USp(2N), SO(2N), SO(2N + 1), O(N) DVFAb L F5. A€ UN)IZMLT, N
ADEEMEIZ Y 1<j<N)eEIFS 22T

0<0<by<--- <Oy <27
ERBEIMRATOTITEL. 5%, Mg, c0,N) t#3. it,AeUSp@N)O)H—ir,AO)

)2

2N EDEHMHEZ P (1<j< ) Y ZNGDEHZ LG 0 TRIZLDTES. 22T
<O <0 <... <Oy <

t%i?dﬁfﬁ<.:@%,&&e[ Nl 75, D 300BEXHOGEAICHRARICL
TE%E@%@@E%&ﬁﬂ%T@%.%@ADQNM%@i§@m<%A¢~\9N<w
ZIERxN @A L L, SO2N + 1) O 1 X FTEHFMETH Y, ZhLANDOEEHEDIR
£ 0; OIESLE S0, = 29, (0< 6 < - < Oy < ) £T 5. O(N) OifiE £
0< 6, <--- <Oy <m) ZERLEINZRA L LTHES.

3%%%KiéﬁﬁmmiofJVﬁwZ?%XE@@@ﬁﬁﬁRw®¢Kt<éﬂﬁﬁ
TV IEWANDE. BEEINDBEIFHLTVE00%2HARZ e cEs. Lok
SRRADEHRRTE L2 vELZ2RTE (AN g3 GIV) BRIz, Mﬁybﬂ% D' %).

Katz, Sarnak @ [17, Theorem AD.2.2]iC & D, T ¥ & 24T8| D EHEORA Z FEL L T
THOH A XD N ZBERAICHRE L 7MBBRIZICR U, EEEORADAIELITO X 5125
mEhs.

Theorem 2.1 ([17]). ¢ : R - CIZEEDORWVWT X ML 72 (HIZIF C.(Rx) DITE
3R> £ D Schwartz BIETHIUIRWY). Z D,

e fAeG dA /Aea(N Z <N e ) = /ooo AW (G)(w)dz

10dlyzko @ — 45— P12 Hilbert-Pélya PRI T 2 BEABNTH Y, Z1UcBT 3 By BRI LT»
THIBRZRV. F¥MHiE http://www.dtc.umn.edu/ odlyzko/polya/index.html 75: ZEHN.

2EHNE B o TWBIFIIHIER SR TWARWDT, [EMIZIZTIETH 5. the Montgomery-Odlyzko law DER
TH5.




ZZTdARBG(N) DD % Haar HIETH D, BEBEBW(G)(z) ZUTO LS ZihEn 3.

1 G="1,

1- % G = Sp,
W(G)(z) := ¢ 1+ sp212 G = SO(even),

1— 88212 4 6, G =SO(odd),

1+ 300 G =0.

7585, 0 1% 0 % — M i2H5 Dirac FAXBETH D, 58 G 13 G(N) 1B L THRIZE
D%, FlZIZG(N)=UN)DFHZG=U L LTW3.

1999 F£ D Katz-Sarnak [18] D#ZERAN (heuristics) 12 &k 2 &, L BB {L(s, A)faer Z &
W EARD S FHEOEHM Lie DI bDOWITNHLD XA 7 G =G(F) BFELT, LEROED
FRADMIEERARW(G) TXo TR TEEZEAS, LD LTH 5.

Katz, Sarnak 3B ICERL L TR TV BERTIER VDT LEABOBEE WS BV HE
RTH5. HoDFTHREZHN2Fo TR0, SEERDONR L 35 L B % ad hoc
TIRDHEIDVHELTHL.

Definition 2.2. L B I3HRZAF A ZHRDOB L(s, A) THo T, UTOMWEZIZTHD
L9 5.

e Euler BN

d
=TI —apir™) "}

p j=1
ZHH, Re(s) > 1 THIXIR T 2bDEF 5. 22 TAdEHRMp ITHFSBRWIEDREE
TH5.
¢ 0> 0DFELT, EROEMp EED j € {1,...,d} THLT, |ap,| < p? DD
M.

o L(s,A)1Z C Lo & U CThrmi S, A8 (order) 131 THB. Z T
BT DBEREL L TOMNED Z T,

log log max|—, |L(s, A)|

;= limsu
P r—>oop 10g r

TEREND. (HEED € > 0 LEROTIREL IS LT max -, |L(s, A)| <

T BBRND p L LTHEHRTET, LOERLFMTH 3.
o d TADEERDM (1)}, € C* LAEXED 1 D ey € C (e, |ea] = 1) LIEDHE

BUNA > 0 BTFEL T, L(s, A) == {T]_, Tr(s + pj) }o(s, A) £ B & & BIHER
L(s,A) = ea N> L(1 -5, A) DIRULF 3.

FDREIF GL, (Ag) DBEF isobaric (REIFRBID X & > 4 — FMREI L B2 &5 K 51 ad
hoc KCRESI N DTH 5. fHil 21X Saito-Kurokawa V 7 + D L BAEUE Riemann ¥ — & B@
BO>7 s Z2RFIFFODT, 20 LEHOERIZHAS2ICER Re(s) = 1/2 0 EDSNZE
WCHFIET 5. %9V0t$h%m%?5k iﬁw\ﬁ%ﬁt?L%ﬁ®77x1mﬁ?%5
b Lz, HED & Z 5 Selberg 7 7)(’;?%95 Selberg 7 7 2D LAY D X512, L
REE % PR AT RGRAV IS S > T Y72 BB IR STV B, low-lying zero D73 f 2 5L S 5 BR

DY LEABOBEEZRET 5 Z L 3# L VW e Bbis. low-lying zero DE M T 7z L 4
BOWBZHRET HiA Z LT, s AR & #1172 Sarnak, Shin, Templier O [34] DD 5.

Iwaniec, Sarnak (2 X o Tﬁr]\é NTfEHTHYETE (analytic conductor) 2 Z 2 THEALT
L. D{—F@ﬁ%@i Iwaniec, Kowalski DA [15] D 5 BZZHEIZL TV 5.

Definition 2.3. L B%t L(s, A) @ﬁﬁﬁﬂ’ﬂﬁfﬁ (analytic conductor) %

{H?"HNJ X N
7j=1



TERKT 5.

N4 D Z &% conductor EFERZ ¥ D35 203, RiTHVET & X3 5 72912 N4 2 REE
F (algebraic conductor) EFERZ & D3H 5. XHRIC K o TIERANDEH 31T 1R 2% 57D
THILHHAHL, BEHETOHLTVWE DD,

FMTHEF ORI LT, HlZIE A = x 28 mod g DELER Dirichlet 51272 51, Q4 =
(B+10)g < ¢ THB. 2T € {0,1}iF x(-1) = (-1)x TEHRXN 2. FiHlz
XA = fDPEZXE LUVN ORBHAARATTERTH > TIEFILE L7 Hecke EHTER T
B3R5, Qs =B+5B+ELON < 2N ThH3. LEBOEER {L(s)}rer TIE%L
{L(s, A)} acr EFHL LSIT LTV 2 DI L BI%DS Dirichlet FAEER RUEK - RESKRITIR
ATFOTONEZEZEMLTVERHTH L. ZORKITHBWTIZ, Dirichlet f5EPRATE
ReiE TLEBOBAFOILTHL] LEoTWhd LR,

X T, low-lying zero ® 1 L N)LEE (one-level density) ZBAL LS5, S(R) Z R LD
Schwartz ZEf ¥ L, ¢ € S(R) ® Fourier Z#i% ¢(¢) 1= Jp d(x)e 2™ %y TEFRLTHL.

—~

Definition 2.4. LBAEUL(s, A) D 1 L~IVERE D(A, ¢) B TD XS ITEFRZ NS, supp(¢)
MPaAYRT I THBEIBEED ¢ € S(R) ITHLT,

DAY =3¢ <1°g2ff““v) |

ZITp=i+ivi3L(s,A) DBHALKEZEHREAATH DD LT 3.
Remark 2.5. (1) L(s, A) ® GRHIFREL TVWRWVDT, v IFEH L IZRHR0WICHE

HBT, ¢ DTy BASTWVS. supp(d) BaAr 7 b TH2E57% ¢ € SR) &
Fourier RER/ANFUC & > T C LOEEHICHARICILRTE 2D T, ¢ ITEHZIRAL
THERZFED. LD > T LNVEEOERICEWT GRHEIREE LWV, 5
72 AT supp(p) WAV R VTH B L 57 ¢ € S(R) 2 C LOEEEFFUCHERL 72 D
I% Paley-Wiener B3 T % 2 T, 7 & + B Paley-Wiener B TH 2 5o TH
Bu.

(2) ¢ PRARDPEE DT, 1 LRIVEEICHFES T 2FHAEEMAWVELSZ I THS. 2
DD B, ARWIBIZH 2 F A (low-lying zero) DEEZEALTWRdEZ LN
. ZO5WoEEITED, DA, ¢)1E L(s, A) D low-lying zero D 1 L _IVEE & W
BEN7zh35.

(3) 7YX AFHHEMTER L LEHEO N HOWLRICENT, ¢ o £ 2 X7y
DIRADEFRCHAF VDol 2 I THWHEZ S, ZOEREETFICE T, D
&9 EEEDIRADFEEMM (average spacing) 25 1 IZIEF LI TW5. FEiX, L
BOEHDEEZ, 824 v S TERILETIC & o T, BAO TR 1 IS EAL X
NTWB B 2%, 24U L(s, A) ' Iwaniec, Kowalski @ [15, §5] DEMKRTOD L B
THHUZ [15, Theorem 5.8] D

N(T, A) :=#{p € C|L(p,A) =0, 0<Imp < T}

T T\
=— {log <—> + log QA} + O(logT)
27 21e

WS BROEBOEHE N SRR AIEETH 5 (GL,(Ag) D isobaric (REIRIHD
AR & —F LEBOEHEZ (35, §4.4]).

LEROBE 13 LEROBAFOZEEEFOI L, UMT2RET 5: ZEEE F i
F = U, F EWSRRERS, EH0 jIHLTF < 00 TH, limj a0 F; = 00 TH%
BIZIEF;={AcF|Qa=xj} DLS72bD). Katz, Sarnak D FHIILLTDED TH 3.

3Neukirch DIEEFRDA [28] D IV 2 §3, p. 283 D [EDBDIRAFERAELIERI LT 51 L WS 3%
Hihe 83,



Conjecture 2.6 (%E T (Density Conjecture for F)). L BEDE F 2L T, 5 BED

HO XA 7 G(F) € {U,Sp,SO(even), SO(odd), O} DIFEL T, supp(¢) B3 2287 P TH 5
EIOREED ¢ € S(R) ITH LT, 1 LANLVBEEDFHEDMIRIFINEH L,

i ! = T x)dx
Jim 2= 3 D) = [ o WEF) @)

].AE}—J'
ERBTHAD.

EBETRICESRT 2 G(F) 2 F ONMHAZ 4 7 (symmetry type) & FES.

Katz, Sarnak [17) 3B Lo — 2B% - LB ER L, BEREE L EHEORAD
EEOELMEEZ RO T3 (cf. [18, §4]). AlZiE, F, LOBEEMEHR C O& ¥ — 2B
Zo(T) DIEDBER T HZBEHETH L, & C O g(C) ZWT & D oo ITRUTT &, Sp A
5. Fie, BBATF,(X) LoHER E 2 1 D[EE LT, E=v 2 T square-free 72X n
DEHKXADOEFE S 2 I xa ZEND LD L BB {L(T, E ©xa)}a DEEI, q
& n BT 0o ITRF L 72FEIZ, SO(even) 2% SO(odd) Bic72 5.

Katz, Sarnak I3 GRE DX — XD BEIIN LT, BRODTHN T > X 2ATHIHEED
HATL2bDE—HTHLEVIHIMREZEZTED, H0 DKRIEAK LD L BB OGE 1T A RHEAA
HHILGNTOWARD o7, FE0 DKRIEUR LD L BAEID low-lying zero DB L THEH S
NTVBERD—EZ, ROETATWVL.

3. HBETHEMKE]
FH 2 4 LY 553, Katz, Sarnak O TR D 3D EARFNIBIEFET1 2 Bod -

TWARW. ISR TV BRERIZT/INE WV a > 01K LT Tsupp(d) C (—a, o)) DEMZTE
72T oL TEALNEZHDIENDTHS. PKR— DA XICBHT 35%41E GRH 21k
ELTHREBIIINERVDDBERTH S, bHEAALEDEIICa> 02T/ Ho 7
CLTH 1L AVEEOINFEMEIZIEEHHATH D, 3R — F OEEIFEINTWB 2 LTHEE
ELTETRTHEDT, LD LI a>0%5 £ I THROLNZHIEEZ WL DA
3 %. low-lying zero D AICEAT 2RI ZAD D, IRTEINET 2DIIKRERD
T, FIDTHINEZ oNzmml & — R R E TERI NI > THENTS. a>0D
KEXIZOWTHEMT 5.
Dirichlet L BEDHEIZLLT D 2 0203F 50TV 5.

Example 3.1. (1) Hughes, Rudnick [14] 1Z32%8 ¢ 18§ % mod ¢ DIEHBH Dirichlet $5
U3 % Dirichlet L BI¥(D 1 {L(s, x) | X # 14, mod ¢}, & L. ZZT1,
¥ mod q D BARFEIETH 5. low-lying zero DEE X W (U) Tk X115 DT, MFR
XA FZUTHS.

(2) Rubinstein [33] (& 2 2K Dirichlet L BIZDIE {L(s, xa) | X/2 < |d| < X}x>1 ZBEL
7o, TZT xq & mod d DJFIERY 2 RIEETH D, d ZEAHRIRZH b DL T 5.
C DR, SRR A & Sp TH %

RIKEMEY 27 —RAIHET 2 A% > &2 — MR LB OGS 2N T 5. Sip(To(IV))ew
ZEZ k, LV N OEAFH AR TR DR 2B L L, IEFRLE A7z Hecke EIEHE R 672
% Petersson WIRIZBE T 2 EAHEK%Z B (N) &3 5.

Example 3.2. (1) GRH DRZED T T Iwaniec, Luo, Sarnak [16] & {L(s, f) | f € B (N)}in
HERLI. ZZT NiXsquare-free I ZTEIC L L, kI EOEKEHIC &5
5. k,NOFGZEFEL TS KWLESZED LTSRN, O, MiFX 4 7130
TH5%.
(2) Lo L BB BEEER DS (root number) IZX > TUTD 2 2I2HEIT 5.

{L(s, /) | f € BE(N), e(1/2,f) = €}

(7272l ee {1,-1}). TDHfe = +11T0F 2R L BRI DI X 4 753 SO (even)
122D, e = -1 2RM L BRI DRI IR X A4 7°H3 SO(odd) 1274 5.



Z DFERIZEH 0 OREA LD LB LTI THEZoNREBITH D, FBHEN L
Diiichlet L BB D5E OFERIE Iwaniec, Luo, Sarnak DFER X D R > THIRE AL TW
5%,

CZETCTHEEDHB I XY b Lie HOIT X THHHAI - 7. 57 AIC Iwaniec, Luo,
Sarnak [16] i& GRH OfRED F T, X455 2 KX L BB D% {L(s, Sym?(f)) | f € Bi(N)}n b
BRLTED, COLBENHEA T2Sp THS.

RE L BAEORICEE L Tidfhic s a4 AR 6 T0 323, BHEY 2 7 -0
BOMRZ e d — MR E IR L2 H D & L TELL T @ Shin, Templier [35] 235 5.

Example 3.3. Shin, Templier [35] [3EUA F _F @b f# & EE G i LT, G(Ap) DR
BIREO LB EESE L. 22T GF @gR) DPEERCRIIFRHR 22 L W S REDHETR
DTIREL THL. IR GLz, GSpyy, SPan, W DDD p, g 13T ZRFREREE SO, 1F
DIRE & Wi 72T H, GL, (n > 3) 1& 2 DIRE Ziifi7z X720,

£ G(FeC) OBRRBINERRATHREY =4 MDIERITHE2dDL L, nZ F DI
ATFTNET S RERBOBEE LTE Fen 25, 2HUI G(Ap) DB A 2 ¥ X VAREIE
BT =Moo @ Tpin TH 2T, TAFATAED Too DEWTNBEST 2 LTy M IZEEN, f
RIS mn 1 ) £ 0 Rl T HORMKL T 2. 22T K(n) L)L n OEARBHHT
H5.

r: LG — GL,(C) ZBE L ¥ERPLC, r 1X G @ Langlands YO0 LG D BRI O KGR S
G ETIEBAE TS (0% D r(G) £ 1). riTHs % Langlands BIFMFEEZRE L, r SRS
T2V 774 7 FALEEr TEL ZLIRTS. r(r) DEFICEHT2E&MAC AT IR
FEBRET .

Z DR, (R L B DR {L(s, m,7) }reFe,, D low-lyng zero DML & F7ziFn 2 “HEIRKIC
RIET” &, W& A4 TG, 1875, ZD G, 1& Frobenius-Schur indicator s(r) € {0,1, —1}
DIED 0,1, -1 DRpICEh TN L= ) =8l > > F Lo T 4y 781 G805,

Remark 3.4. (1) s(r) =0 G, =T, s(r) =1 DIFICG, =Sp &85 Z LIS
DIERP ST BH, s(r) = —1 DRI G, 73 SO(even), SO(odd), O D 3 DDEXRE]
DIBDOLIUCKEZDETEDH SR, ZOREIZT 2 B Fourier 4 ¢ ®
FR=FD[-1,1] KD/NhEWZ L ITERT .

(2) FERAZ L2 &, 3BT 2 RURI 7 13 A XL TR TH discrete THIUXR
V. ¥ EDREY =4 PRIERITH 208300V, DRV = 4 FOIERITH S &
WIORER, ERT X —Z —D— ke % Arthur DPFATD &35 L BRISHET
Hb. Z2Z, RURBHOBZ ETHEDIEA ML W Stone-Weierstrass O E L %
o THARD 7 X +BIf 2 ZIHAER (EFANC X D spherical Hecke B & [A]—#T
X 2IR) 20 5@ R DO BBIRICHLR T E RV 5 TH 5. low-lying zero WZIHH T %
FRIZBF AKX D T 2 N BERNZIEXDOHETH > T bRV T, RERBOMZ L
GHIE O EAR T OIEAMEIFSER .

Siegel (REUFERDIGEITIILLT D 2 ODFERVPF ST WS,

Example 3.5. (1) Kim, &H, ILA 21 (ZE S DY (ky, ko) TLNADEERERDEE T(N)
TH 5 GSpy(Ag) LD Siegel # A THARUTH T2 A% & — ¥ LEFE{L(s, f,Std)};
LAY —v LEEODIE{L(s, f,Spin)}f ZEZE L. {L(s, f,Std)}f DRFRZ A T3
SpTHY, {L(s, f,Spin)}f DMK A T1ZOTH 5.

(2) Kim, &, 1L [23] 1%, EEDIERIZ (K1, ..., ky) CLNUDESFEEDEET(N) TH
% Spy, (Ag) LD Siegel # XA FHHITH 22 & > & —F LEBDIE{L(s, f,Std)}; %
EBRL. n=20RLFEKIZ, ZOBDOMIHZ A F1EXSpTHS. Arthur D endoscopic
classification % {# > T\ % 728, BUK T conditional Z2fER & HEX %5,

4L75)Ltﬁ7b§l’o7 BEED TV TV ¥ NN S N7z IERE AR R & 35 350 & 7.
SArthur DWW ORDRFEETL TV > A1 2022 4 7 ARSTY ZIZS A I TWR WD, 2T con-
ditional & &2 5. U ko &3 2 HEENRH o 72Dhd LIVR WD, BUKTIZ folklore 72 & b 3.



Remark 3.6. Shin, Templier DFER T G = GSpy, Spy, & LTH Kim, HH, ILANDFERIZ
Bohigwn. FEE, Shin, Templier [ZREURROMIRM 0 %, BERCRIIRR 2 EL L7 v b
OHFTEID LTV, — /5T Kim, E#, ILNOHE X, RERFOERK DD D 5 [EE X
T IERIBERCRAIRINICI: 5 X O IR L TREIRBF 2 EH LT\ 5.

Db ofERIZ Dirichlet fEEREMEY 2 7 —FX, BXUEHEY 2 7 —-ERXoEXtlk
WKH72REEAD LEBICBIT 25D TH 2. RITKUTIZ D DI Maass B (FEIERIZZH3
ERTTS 77> 7 Y OEBRER) OBETH 20, ThdBEisiHonL TN,

Example 3.7. (1) Poincaré - FHEH LDBEE L L TD Maass 7 X 7TER DG E X Al-
poge, Miller [2] 23, 7L L ~_XLD Maass TERUZH LT GRH DRED FTTAX ¥ X —
R LBARRDEZ ZART N IV TARY b (77577 VOREIFEZERRKICRIT) T
ERLTWS. MIRZ A 7130 TH%. Alpoge, Amersi, Iyer, Lazarev, Miller, Zhang
[1] & Maass BRDRA X V& — F LBEBOBEZESRZLTED, TTTE LU N D1
EIFR 5 720 square-free DEE bW - TB D, MRIBIEICOVWTH AR P I LT X
RZ PEVLARLTARY b (LLVERERARICRIES) Ol ABEZI ATV S.

(2) Goldfeld, Kontrovich [11] % Ramanujan conjecture & GRH ORED T, GL3(R) L
D Maass 77 A 7THRD L RO {L(s, f,r)}; ZARIZ P IV TART FTEEL
J2. 22 Tr=5td,Sym?, Ad TH 3. WX 4 FiZxnEh U, U,SpThHb. bk
12, 7 A NREAELD Fourier ZHAD ¥R — + /X { F74UX Ramanujan conjecture DR
EWINTZenTES.

(3) Matz, Templier [27] 1Z GL,,(Ag) LD spherical 7 2 & X NVARBUIRIAD L BRI DI
{L(s,m,7)}s ZEE L. TZTridStd, Sym?, A2, Ad TH 3. r = Std DK, n =2
PR RATHEDP OETE S X ITHIRE AL X070, n > 3DRHIUTHS. n =2
DE#HE SO(even), SO(odd) ¥ 725 A2 ¥ X — K LBOE G2 6N T0WS. n >3
DEAEE r = Std, Sym?, A2, Ad IR L THIRZ 4 T Z2h2n U, U, U,Sp &4 5. &
ST, AN ZEZDRn >3 2L TS, b Ln=27KHME 2K LBEFIIRIIRI
WCEDHT () ITRY, BERZREZRVLHTHS.

FERHIC 725 T, r = Sym?, A2 DEFIX [L(s, 7, Sym?) & L(s, m, \?) DZERO X 5 7%
BRI A A B ZXNARURTL 1 13RO TIIHHTE 2 LW T ZRIDED D 503, T
N RTBIC, Arthur @ endoscopic classification - T, DEFFRERZER T ~
TV T 4w 7 BED spherical RIRURBIOBZ LI ICE S € 5. 207713 Example
3.5 (2) TH M7z X 512 conditional & HHEZ 3.

(4) Ramacher, #itsl [31] 1& GL,, OWERER G = GL1 (D) DRIUERBIDO R & > X — ¥ L B4
HMOBEEZLTWS. 22TDIEQ EOHFLIIAHATH - T, BREMTHHEL, 5
BDin (KTH n?) TH 2 (ZOF GQ)\G(Ag) lFa > 7 FTH3). MExA T
n =27 ERE (0, SO(even), SO(odd) DEND) THH, n >3 DRI UTH 3.

R L BB DRI T 5 low-lying zero D% D unconditional 2L FIE, BIEH SN
TWAIR D Tid Kuznetsov lFAR & Arthur IFARK (FEARK) I2X2dDTH 3.

L BIECE INHEICE A L 72212 Riemann ¥ — X D> 7 ML Ta X > v 2 L7228,
fREL [ BE%ELDY Riemann ¥ — XD > 7 b 2 E056E, CAP RIFIWSMELTWS Z e 23H
D, BFARDZARY P A FIZBIN S CAP RILZEEDHTHIRVE WS HEB DL L
% GSpy, Spy, DHEETHEIN TV S ([21], [23]). CAP RELS(IBET 2 L BAEHN NEINZ
LEABOHHAIIEEZN TV TS, CAP RIHD L D low-lying zero XX 64T 2
X958 LEABOBEOHTIE—RICITEHRTZ 2000 LA,

4, NFRRE L BB 2 EEHE

COBETEEHZANSLD, ZOANIHMRE LEKZEALTEL. ¢ 2R T 5.
B} (q) 23 Sk(Lo(q))"™ O IERUL X Nz Hecke EIBEERDL LR 2EXEETH -7 2 2 A0
HUTHL. Bi(q) DEEZRK f O Fourier FRE {ar(n)}, & f(2) = Y00, ap(n)e?™ ™ TED
5. fITHIBES 2 A &2 > X —F LB Fourier f2E(D Dirichlet fiEi TEFE XN, ZD L B



1% Euler 2.

s f) =2, mi{k—(—nl))ﬂ =10 - p 7 0@ + 140) p~>) "

n=1 p

([T e (1= Bp~") h x (1 —q 7 ag(a)g™*) "
P#q
Z 2T 1, d mod g ®HAZ Dirichlet 182 TH D, {ay, Bp} 1 f D p ITHBIF 2EH AT X —
2—TbHs. ZOK, MIFRE L BIZ

L(s,Sym"(f)) := {] [ det(1r41 —p*Sym" ([ 5,1) "} x (1 = {g 2 as(¢)}"¢*) "
P#q
TEREEINS. TIZT & r+ 1 XHEAATHIT, Sym” @ GLo(C) — GL,41(C) E T >~
VYNVRBTH 5. iET A P TERANOBRZERE LT, L(s,Sym’(f)) 1& C LOHHAIEFEL
L UTHEREINT, sk 1—s kﬁg'ﬂ_%%;&%_ﬁ%?—ro EDBRC Do TVWS. k=2
D KDY Harris, Shepherd-Barron, Taylor [13], k = 3 QKA Gee [9], —fD k > 2 OEfH
Barnet—Lamb, Geraghty, Harris, Taylor [4], Hilbert €Y 2 7 —ERO&GHEZ & Barnet-Lamb,
Gee, Geraghty [3] DI H 5. 7L A4 7 ZA)L—& LTI, &iltiZ7 - T Newton, Thorne
29], [30] A% Sym"(f) OREMEZFEFAL 726, 24U XD, m A3 GLa(Ag) D non-CM 7 BEHY 7
A EMRBIRIAT, 1 Hecke EHER f € Sp(Do(N),w) BT 2dDT5. ZORK,
Sym? (1) W GLy 11 (Ag) D A LKL RBFI- 12 5. Bz, L(s, Sym" (/) (KB T 3

FANERLTVEIBHEY 25 -BREN=q (FEH) THD, w=1,20DT, REGFHE
(automorphic induction) & U TIEAETHFELV. KXo T, MANSHREE T 25513 F ICHEHE
V27— iE non-CM TH D, BFRE L BIEUIEEEITH 5.

Cogdell, Michel [5]12® % & 512, MR Z L BIELD Archimedes R FR 7 IEERICBIT 2
Rt L R¥-, BIEE RS BIRINCEER T2 Z e TE L. fITHIET 2 A 5?}1/1%*”?%5)%0)
Archimedes i 77 1% PGLy(R) D#uN O(2) 24 7 k OBEERYIESL D, TH D, RERBLO 7
IRERIZER DA TH . FHRHD ¢ T@ﬁﬁ@iﬁ?ﬂiﬁfﬁ Sto@x TH5B. TIZTSt, &
GL,(Qq) D Steinberg KBIT, y 1% QX DRDIHEET x* =1 2{i7zTdDL T2, x 1F 2K
e BHHIEIETH 5. x(q) € {£1} ODﬁE“C“ YDEEBDT, Y 1Z 20D LIV, £z,
¢ a5 (q) = x(q)q~/? DI H ALO.

GL,(R) ®J&FT Langlands Xfit % WV % & GL,. 1 (R) ®FRHL Sym” (Dy) 1&

EE'g'T:_ol)/QD@j—&—l)(k—l)—i-l (r: ﬁﬁ)

Sym"(Dy,) =
ym ( k‘) {Sgnr(k—l)/Z a] (Egi2lD2j(k_1)+1) (7" : {%?ﬁ)

ElkB. Lo T,
15072 Do (s + 2755 Tr(s + 1 + 25551, r - 35K,
FR(erur)H’”/ rR(s+(zj+1)k 1)PR(3+1+(23+1)k Ly, r o (8K

kb, 2T My 1= 5r/2,odd S {0, 1} = r/2 ﬁlm‘&&@ﬂ#&; 1, ,r,/2 75){% @Hﬂi 0TH%.
GL,(Q,) X3 % Ja AT Langlands /5% v 3 &,

Sym” (St2 ® x) = Sty4+1 ® X"
£72%. 22T Sty 1 GLTH(Qq) ?D Steinberg RIATH 5. €, € {£1} &

—1)/2
H -(2j+1)(k—1) +1}5rodd( 1) X(Q)Tz

Loo(s,Sym"(f)) := {

5Thorne 1 Z DWFZEIC & - T 2022 £Ei2 New Horizons in Mathematics Prize 228 L7z, ZOEIIE¥ 7L
A 7 ZAN—B R TV A 7 200 —EMH» 65323 DTH 3.



LERT B, T T 0 aa (Er HEEORIC L, r DMKDFHC 0 TH 2. x(q)” = {¢" ¥ ?a; ()}
DT ey, & classical BRHERD T -2 DATEHIT 2 L ICERLTHEL. ULEOEHD
26 }-)-Vc‘a L(37 SymT(f)) = LOO(Sv Symr(f))L(s, SymT(f)) 8j8< ta

L(s,Sym"(f)) = €7, (¢")/**L(L — 5, Sym’ (/)

VS BEERZF D, W ISR E L B ORBIVETFIZ ¢ TH 5. IVETH IR
N T, Qsyr () = K2/ Aq" LT 5.

HADXEEICHT 2 FEHZIANRDFNC, FTEFEH L KT 2 72DICEHADDOWVWTR
W1 LAULVEEIZES % 2011 ££O Ricotta, Royer DFER [32] #ATAS. k> 2 @KL L,

Dk —1)
(4m)R=L f]12
B TEHI f D Petersson / LV AD 2R TH 5. wy (FFHFEA (harmonic weight) & FEE
na5.

Theorem 4.1 ([32]). BIRINCEZ 503 8> 0 BE(E LT, supp(d) C (=8, 8) &= 3
BED 6 e SR)ICHLT,

1
hm—————— ijﬂnmn /¢

wr =

MDD, Z I T,

TH 3.

ZOLANLT ZRY MBI 3 REROFNC, Giiloglu [12] % 2005 12 GRH ORED T
V«»l%ék—mw@ YETES 7 ARY FEPEL TR L bRIFTHEL. BEOE
FEEZERTIZ2 R w0, 3METH 22, GRH ZRET 5 & w, DEARFIFED RS Z
Zﬁlf% % ([12]). o T, LOMBRIZEAD OV TOVWARWEEDHERE AKES.
é/\@fgr‘)oﬂfcﬂﬁ\"‘% L B8%% L(s, Sym” (f)) D low-lying zero DEAD ZZEEIILIT
DEIIFHARTES.

Theorem 4.2 (Weighted one-level density for r # 2 [37]). k3B TE>6 55, r#£2

PIREL,1/2<s<12T 5. ZOK, BHRNICET % a > 0 FEL T, supp(cb) (—a, )
2l THERD ¢ € S(R) WX LT, LUFA D iZD.

h—>m L(s,Sym2(f)) Z %(S,:ymz(f_))D(Symr(f)>¢)
q—>00 5,0ym
Y reni@ Trsmecn) remin LS

=30 - 5560) = [ oW (G,

Theorem 4.3 (Weighted one-level density for r = 2 [37]). k C}ﬁﬁ‘f‘ k>6t35. %,
r=2%3%. ZOK, FHRIIZET 2 a > 0 BFEEL T, supp(o) C (—a,a) Zifz3TEED
¢ € S(RYITXF LT, LATHIFL D LD,

. 1 L s, Sym?
s TR f%@%?%%D$W&U%@
ZfeB*(q ) T(1,5ym2(f)) J€Bi@ td
)

:{¢E<0>—l (0) = fR 6(x) W (Sp) (x)da (
$(0) — 26(0) + 2 [ ¢(z)|z|dz = [ p(x)W'(z)dz

—_

A

<),

).

» N

NI



(
(9
A

W(z) =1+ sin(2rx)  2sin?(7w)

orx  (7x)?

r=252s=1/2DKRICRD 7> X LTHIHERTEL 7 5 BEOHEERBRHDO EUcd 4T
BESBRVBODBNS Z LR .

AN X 512, LA ERIZ Hilbert €Y 2 5 —EROKETHMD LD, FIFHR
TRFEABAET2 c QDB F OFTRHENMT2DDET S, k = (ku)yjoo &5 ky DMEELT
ky > 683 5. qid FOBEIRD 0 TRWEATT7LET 3. 1j(q) 2, PGLy(Ap) DEEKY
HAEZNARBEBITH > T, 7 DERDH M, |o0 Di,, FT* (conductor) 23 TH LD &
T 5. ZZTOEFII Casselman D local new form DHEHIC X > TRIAGFIVICER I NS D
DEFT L. I0(q) IFEZ k, LUV To(q) DIEEEY Hilbert 7 X2 7TERICHIET 2HEETH D,
BHAEY 2 7 —ERDEED B (q) D Hilbert €Y 2 7 —FxRTH 5. ZDR, LUIT2HD
LD,

~

Theorem 4.4 ([37]). FARINIZEZ BN a > 0 BFEEL T, supp(9) C [—«, o] Zi7z3FE
BED 6 e SR)ICHLT,

i — §<83y—mz<ﬂ>> DSy (), 6)
00 s,Sym= (7
()~ S etz (@ =—L(1’S§m2(ﬁ)) eIl (q) L(1,Sym*())

WS 2RO ARSI D LD, 72721, L(s,Sym” (7)) D r > 5 DT E R ET 5.

FQ EIER S —ROREBAEDILE D L(s, Sym” (7)) OFTHIMEEE Sym” (1) DR
MR HHES . R, r = 2 DFHZ Gelbart, Jacquet [10], 7 = 3 DFfiE Kim, Shahidi [20],
r =4 OFHE Kim [19] 1 X o THEIHEI N TW 3. r > 5 ORHE—& D F i U TE 7230
Bz o Twnin.

Remark 4.5. TEHD o ZUTDO XS ICEFANICE T 2. dp=[F:Q Bk, a LT

B 1 3 (if min, k, > dp + 4)
T(T%WE +1 %UF_?’_S (if 6 < min, k, < dp + 3)

Nend. ZORKI<a<1Th53.

Theorem 4.4 CTs=1¢2F 5P L> TEHARKTIE1 4D, Hilbert €Y 2 7 —FR
DHGEDBED | LNNVEEZRILT 2N TES.
Remark 4.6. Hilbert £ 2 7 —BROZECH SN TV EHERIIUTOL B TH 3.
(1) Liu, Miller [26] X GRH DIRED FTAX Y X —F L ROBEEZEZELTWS. 5
W F OBEFREHD 1 EWSRED LTED, BEXDFITT, LI square-free £ 7
T NS ERE Tam LTV 5.
(2) Shin, Templier [35] D —f&HILKERZHEMH 3 5 & Hilbert € 2 5 =B D5GE DI
ROELeNTES. F2HRFEREUE, G =PGLy &L, LR T(q), LR %
Sym” : SLy(C) = GL,41(C) £ 55 & 1 LUVEEDIRIE 4(0) — 2 g0) &7z
%. Frobenius-Schur indicator & s(Sym") = (—1)" DT, SEHODFER L —H L T
%. 7272 L Shin, Templier D L X)UiE To(q) TIEARW.

SEIOFETH 52HEADE 1 LILVEE ORI, FFIC X 20N E L LN IE
ThHsNTWS,

Remark 4.7. (1) FHEY 2 7 —EXOHEIT 2019 F1Z Knightly, Reno [24] 2355 L
FEHEADE L L NVEEEATALD. 2 mod D DHFFEEEE I 2 KiEE e LT
q—o0t 2L, ARV KX —F LBEDIE{L(s, )} fep: () P low-lying zero D 1 LN
NVEBIZL(1/2, fox) DEAZEDITS L, x D2 RDFHTHIRX A4 TH5EFE L RL L O
7ED3, x DYEBHDIHIRFRZ 4 T Sp 2L d 5. £RMHIEL(/2, f)L(1/2, f®X)
DHEAZEDF DD K-> TOTIORDORIX A 7 HilH e 3F LD Sp 2725,

10



(2) Siegel €Y 27— ﬂ/_t@ a2, 2012 O Kowalski, Saha, Tsimerman [25] 1T K&
PEHITARY FOBEOMENHONT WS, Fiz, 2015 F£D Dickson [6] 12X 2
GRHDRED FTTHOEI T ARY FELNILTARY FDGEDOMENH HNTWVWS.
Kowalski, Saha, Tsimerman DFERDARND &, f ZEZ k, 7L LD GSpy(Ag)
L@ Siegel # A TR E F 2, {L(s, f,Spin)}; D low-lying zero @ f D Bessel JH
K BEHADEIHHOMIIXA S Sp &85, Mol HAZDIT S L TEE
W (Sp) 12725 TWaAH, EHAZ DI RIFIUIEEIT W(0) TH2IET7 & 25,

pp. 337-338] TIERTW\ 3.

Z 2T, f D Bessel EIHAIFARERNC LB DOHIMEL(1/2, f,Spin)L(1/2, f&X_4, Spin)
2257255 W5 Bocherer PRZBWHT &, EERIE L BEROFMEDEADZ 7
MeARESL. LA BEADX 1 L-NIVEEDOMIRZ A T23SpiciioTLES Z L
73 Bocherer TREDK D LD T H % & [25, pp. 337-338] TERSNTWVWD. KB
Bocherer PRIIHRITIC/2 o THE, A [8] IC& o TAEAL G 2 611 7-.

—77, BEADDWVTRWVWEED 1 LNVEEDOMNNZ A4 1E0 TH 5. Z4ud Kim,
L, ILAORER [21], 22] Ik 2BDTHS. Siegel TV 27 —DEFAWIHLAE
B EDIE D PIITHIFE X 7z, Knightly, Reno 13®H X TEAZ DI TEZE L 7273,
Kowalski, Saha, Tsimerman (3EAZ DI}z WS XD DEABINERD) 572D T
H5.

Theorems 4.2, 4.3 £ Knightly, Reno O#&58 & Kowalski, Saha, Tsimerman OfER % & C,
EEHI (ERTFLIRV) PEZEELL. LMTo@hiELTtsl.

Conjecture 4.8 (EAD ZHE T (Weighted Density Conjecture), [37]). F % L BI O
AFOBEE TS, W(F)(z) %, {L(s,II) | I € F} @ low-lying zeros @ one-level density (23}
NLEERERL T %:
. 1
Jim = 3 0.6) = [ o)

1eFy,

W(F) & W (U), W(Sp), W(SO(even)), W(SO(odd)), W(O) DWFTNIZKE Z DB LIFL
3THB. ST, Brw: F— Cll — wy & weight EFERZ 2123 5. weight w X LT,

> wnD(I1.6) = [ o)W (F w)(w)ds

ZHE]—'k HE}'

7 2 BRI W (F,w)(z) DFIET 2K, W(F,w)(z) 2EE D low-lying zeros DEEE TH
U % W(F)(x) £ B2 5D, wy D8I L1/2,1) 2 &L ZRAES 5.

Fwp 23 L(1/2,11) 28 te) WO REUCIIBER I 23D 203, LA weight BHEZBHIET
COTRIZFBHEINDITDA D L, A BREKRROVERIBRERINSG A5, T, THOE
FEHIBRTIEA L LR s TR WnA, L B ORREOH T H HMEDR 72 1 A EH
ENEZ 207 T, 7272 T& X Riemann TS Birch-Swinnerton-Dyer FAER R
ROFEAOB A TEER I N TV SHIMEIR, b o EMMIRAIL 2R > TVBITENZWL
A5, WA IDEIBRTERZIFLTHBELLAIFRVWESS. FIZIZSEIOHETIE
I = Sym?(f) DEFEEW - 7225, wn £ LT L(s,11) (1/2 < s < 1) BB ZHE, s # 1/2 O
B W(F) = W(F,w) 2D, s =1/2 DRI W(F) £ W(F,w) £72 b, F I 2055 & A
TN GF) THoTH, W(F,w) FBLRZHME A T2 250, b L < 1F Katz, Sarnak 538
BL & DRI V& AMTFIERICITH TRV LWEERKICR 5725 5.

7V X MTHERTCOEMZER T2 T, HAODXEETENZDZHELLONY
I, IELWE LB ESRENTE 2L L\of’fﬁ%ﬁfﬁb%ﬁi >TWL eEbhs.

5. FERHD

iD=, F = Q DLEIGEHOBIE 2R 5. r € N, f € Bi(g) W& LTI := Sym"(f)
vy, Qu= il Th s BBERONMIMEICKD, ¢ BEEKTH B LIEL T

11



W (¢(—z) = ¢(x)). £F L(s,II) 105 5 Weil DBRAR “Y
5. EHEITEL L,

) log 1 1
D(Sym’ (f),4) = 5(0) = Y Z{Z O (Iﬁ;Qﬁ > pm/201iZQH +o <_log Qn)

p#qm=1 j=0

TH3. ZITERRTX—Z—DXRFANT f D Fourier (R ZAWTUTD XS5 I1CET 3.
Lemma 5.1. da;(m) := m=8)/2q;(m) £ BL & ai(p) = ap + By THEBH, TOH,

_ 2 ==
- Zp: prime ;Eﬁﬁ'%l‘j—

p: zero

T

Mg =), D) +Z
j=0

5=0
Lo Th el
L(s,Sym*(f)) , .
————2a(p"7)
f€B(q) L(l,Sme(f)) !
T RRITRTREIRIE TRIR T %#’Lbiﬂbw)ﬁ_#, T AUIHERER ¥ EE OBHRRY Jacquet-Zagier
RUIGRATDFFSE [39], [40] 255

Theorem 5.2 (FA/RHY Jacquet-Zagier ZUEFZN T [39], [40]). & > 6 13MBE L L, ged(n,q) = 1,
2—k/2<Re(s) <k/2-1. £ 5 3. ZO,

; 0<j<r

_ L(s,Sym®(f)) oo vy 0 ) )
Ak,q('s»n) = fE;k(q) Z(l,Sme(f)) f( ) = Jia( )'i'uﬂump( )+Jhyp( )+ Jen(s)

D DILD. T 2 THIUDMEE B 3T 5T 2RINICE T 2 TH 5.

DRAUT n HIE ORI [39] THERAE N TE D, nH¥ 2 TEID Y 2 K13 [40] D Appendix
TEHAD G 2 51T\ 5. Jacquet- Zagier BN AITB VT s =1 &3 5 & Hecke TEFE T(n)
DPL—RZHETZtrT(n) = LWVWIRADELN S D, T4UT Eichler-Selberg B &

—3 3 5. Jacquet-Zagier F'J@]‘/\_QODWEEM%% [36] ICREL { FEWVWADTHHEINZL
ZOBARITE D, AT 215 5.

Proposition 5.3. BFIRINICEZHNE A>0L 6> 0DPFELT, EED 1/2<s< 1R
s LEBRDRRSL2DO0DF K p,q LEEDn e NIZHNL T, LX—FOD@TJE INEWINDY D_LO

Agq(s,p") - 1 log p"
—————" = Oneven ns/2 1—= =4
Agg(s,1) soven P 258’1/2 0gq +0 ( )

Z Z T Opeven (& n DMERDFIZ 1, n FEDFIZ0OTH D, Js,1/2 1 Kronecker O 7L X T
H5.

s =1/2 DF20T %’ OEPENLD, ZOHIZD 1 LNV EEOREEBICEEY S
ATWEDTHS. HEEFHRBCHET 22 LT IUTR WD, ZAUIZERDHIE (part1al
summation) Z FHWT ¢ DD TEHEIFIZRWV. BROHFIE Stieltjes I X 2T L5
D T &, BHEHE (MRERBE F 05813 Landau OFRA 7 7VER) ZfEH T 5.

Lemma 5.4 (¥5%F1i% (partial summation)). supp($) C [—a,a] ZIREF 2. Qn — oo D
IRE, LUT DEL N D A2,

~( logp ) log p / < 1 )
Ydz + O
;d)(log@n plogQun 2 )¢ log Qn
~/ 1o 1o B ra(rA+1/2)—4
Z¢< a > 1/2 S =0 ’
> log Qr1 ) pl/?log Qn log Qmr

12




~( logp ) (log p)* / ( )
dr+ O .
;¢(loan pllog Qu? 2 Jy O\ i an
Z D Lemma 5.4 D2 OHOHHERIC XD, BEETHD ¢ — 00 TIHA 5 7DICF a < Wilm

THLIREDPDHL. ZHZED a DV A XPEEICHD 5. £72, Lemma 54 D 1DHE 3
DHOELER G r =200 s =1/2 DFICHVWS .
6. B2

EEDABBEONBICET 2 [37] % arXiv AR L 2D 2021 £1 HDZ 2 TH D, 2020
10 AL, WS ODDHKEERR LI F—RETHELZB I Ro/. ZTODHE, 2021 F9 Al
Fazzari D 7L 7V ¥ b [7] D arXiv ICRBHE N, £ T TIEEF L IIHTICEADE 1 LANLE
BT 2 TEMEBX ATV ZRICOVWTHRNS.

Fazzari I3EADE 1 LNLVERE (Weighted one-level density) & LC, L BIED ¥ I X

PHEAEDIIEEEESR L. F=UxFx & LB ((RAFD) B L, SFRX A 7D
G =U,Sp,SO(even) DWITNDTH S EIRET 5. ZOKE, Vi {L(s, A)}aer - C%

|L(1/2,A))? G=U
V(L(1/2 =
(L{1/2,4)) {L(l/Q,A) G = Sp, SO(even)
LIEDD.
Conjecture 6.1 (Fazzari 7). EED k € N0 U CTHRIRBEB WE(2) BDEELT, £
BEORBVE ¢ R - CITHRLT, X — oo DI,

Sacr V (1 L(1/2, A))F .AZ]-‘ V(L(1/2,A))*D(A, ¢) = /¢ YW (z )da?—i-(’)(long)

Z ZTRVEE I, BB TH - T |Im(x)| < 2 LIEANZMERTE T, ¢(2) < H—lx; (x €
R) Ziifi7z3 R EFEBIETH 2 L5 BB TH 5.
Theorem 6.2 ([7]). GRH & the Ratios Conjecture Z{RE S % &, LLF DRI L Tid Fazzari
DFRFEL .

(1) {¢(s +ia)}aer (k =1,2) ~ Wi(2),

(2) {L(s,xp)}p<x (k=1,2,3,4) ~ WE (),

(3) {L(s,A @ xp)}pex (k=1,2,3,4) ~ Wi opom)(

Fazzari 3B EEBOHRRA D 52 TW5. =24 Y —HDFHZ

sin?(7rx
W) =W O)) =1, W) =1~ T w(cuB) (),
B 2 +cos(2mx)  3sin(2wx)  3(cos(2mx) — 1)
Wie) =1~ (r2)? (r)3 2(nz)’

Thb. TV rT 49 7BDORHIZ,

sin(2mx sin(2mx sin?(7x
Wsop(x) =W(Sp)(z) =1— 2(7iv )7 Wép(x) =1+ Q(iw ) - (m ar()2 )’
_ . sin(2mz)  24(1 —sin®(7x))  48sin(2mx)  96sin®(mx)
ng(x) =1- orr (2r2)?2 + (2mz)3 (2mx)*

TH2 (W3, (x) & W, (2) 3ABRCOTERS 2). BT (SO(even)) DI, W, So(even)( x) =
ng_l(ac) (k=1,2,3,4) TH 5. —fRD kITOWTH Wii(x), W (), Wé“o(even)( x) DBR
BPHENTVS

BADEHADXEHED r =2,5 = 1/2 DIFICIX Fazzari DEAD X 1 LNIVEE & A URE
7Eh3, BEBA R T 5 L RO K512/ 5.
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Proposition 6.3 (Coincidence). Theorem 4.3 @ W'(x) i Wslp(:n) WL,

DF D, Bk DR 2R L BB DG E DEEREIS Fazzari D FHEDBEIETH D, Fazzari &
& o TH A DEEIX unconditional RiERZ 5 X T\,

wEIZ, 2022 FF 1 A BANC arXiv I L722EE £ Ade Irma Suriajaya (JUNKF) & o4t
FIRFSE [38] I DWTHAST L, Fazzari TR EFDEAD XHFEETHOH 22 Ao 2
Lz L TH <. Hughes, Rudnick [14] DFERIZ XAUR, {L(s, x) | x # 14, mod g}, DRFR
24 FFZUTHoZ BT,

Theorem 6.4 ([38]). 1/2< s <1¥$5%. 2O, supp(¢) C [—25/3,2s/3] Zii7=3 & 5%
EED ¢ e S(R)ITHMLT, Ef g% q— oo EFDTHR, LITDKD LD,

1 < 1) 2 Jg o)W (U)(z)dx (1/2<s <1),
2 x#1 mod g 1105, X)? X#l%)dq‘L( XD 8) = {fR W(GUE)(z)dz (s =1/2).

Z 2T W(GUE) I GUE IZJ§ 3 % 7 > & 2 Hermite {75 DB A HEDHBBIFREIKTH D,
Montgomery-Odlyzko OIERNCH T X 2 ZEBEMRTDH H 5.

Z 2T W(GUE)(z) = Wi (z) IKERT 2 &, EOEHIE Fazzari O P & EE DO T OM
75 % X3 % unconditional 78 BEEEIC TR o TW 3B . ZOMFEDEEMIZY 2 DOFESTIHRR
BTl
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