Inner product formula for Shintani lift

RO SLRZZBEE LR/ PRI %K (Gejima, Kohta)

E

Shintani I&H 2 7T — A EE2HAWAEELE U TEHIBHOEY 27 —FKANLGEZ
WBBDEY 2T —BRANDY 77 14 V72K LTz, £72, Gross—Kohnen—Zagier
X 5 FHI BB L, i) 7 N2 EIBHOEY 27— EBIERD
YavgRoMo) 77+ v UTHENMLLZ, AfaTCiEHaY 72770
B EOMRMEROSETHEREL, ZDIGMH L LT Rallis DNFEARZ PIRIIZE
BIDZLTHRY 7 MDD IVANRD LR L-BIBORFETERINSG I L 2mRT.
FEARZ DWW TR EAM ) 7 5T 2 0T IS 2 R R B ICH O 5. AREld 2022 £ 1 H 24
Hizfrbh-sitks TREER, 5 LKL 20 E] ([ZH1) 5EEF 0% &
ZAEE N2 6 DT H 5. ARIFEIT AR FEERF DRI K & DL FFRI D <.

1 i

Q EOREEE G 12 LT Gy = G(Q,) £ B<. § % ETHET 5. $72bb

f)={:L‘+iy|:L‘€R,y>0}.

e(2) = 7 LB QP = (w1, @0) |21, 20 € Q), Q7 = {Har, -, x0) |21, 1y €
Q) e B<.
1.1 vIE#

G=SLy b BE, N aAN{ LY LIBEET 5. $7bb N(Q) = Q° x Q DRl
() (1) = (st + !+ unidy ), = (un,up), 0 = () €@, £t €Q

THAZLNE. ZOLE geG X (u,t) e NiZ (u,t)g = (ug,t) (2 X D EHT 5. PERER
NxG#%G) eEL, YILRLITR.
GLlZHxCiz

(on( ¢ ) o=

ar+b w at +b )
v

, +u
ct+d er+d cT+d

TIEHY 5.



1.2 BEXRE

Q? Lo R Q %

o)

T EDED, (Q°,Q) DEARE H' = 0(Q) £ 5. H=GLy(Q) £ &%, WHAME&

p:H—->H %
a b 1 a? ab b?
p(( . d )) = e 2(;0 ad +bc  2bd

c cd d?

LEDD. ZDLEkerp=ZThH5. ZZTZITHODFLTHS.
Q¢ Fo—WER Q* %
. 2Q)
v =(2 )

2k ED, (Q5, Q) DIBELEE H* =0(Q*) £ b<. #RAMER p* :Hx H - H* %
o h2)=1( p(hn) + p(h2)  p(h1) = p(ho) )
’ 2\ p(h1) = p(h2)  p(h1) + p(h2)
ZEVEDD.
P* = N*M* % H* OWBKBIIEAEE P* O Levi HMEL 35, 2I TN, M* 3%

nxh
N = {’fl*(ﬁ) = (I3 g) ‘ BEMg,Qﬁ+tﬁQ=O},
e forr- (" g

THB. ZOLEFENME H(A) = P*(A)U* B 0. T7bb, [ED h* € H*(A)
%

o € GLg}

B =0t (B ))m* (a(h)u’,  (B(hY),a(h*),u*) € Ma(A) x GL3(A) x U*

YEREND. ZZTU =L, U THO, Us & HY(Q,) DEAI Y7 NEARETH 5.

1.3 REEN

% j: GLy(R)*xH > C %

j(( . Z ),T) = (ad - be) (e + d)



CEDDLAABOLPEFEHMOR T =0 +iyeH LT
1/2 -1/2
gr = ( Y 3;3/_1/2 ) € SLQ(R)

eHL.
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oi(ar) = oy(x), i=0,1,2,3.
e a =3mod4Z, D& E
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F2d & 57 X = (xy, x9,13) € Q3 I UT p(gx)X =1(0,/do(X),0) ZA7=T £ 512
gx €G(R) 22 5.7 =SLy(Z) £ 5L . do(X)>072do(X) ¢ (Q*)2 =5iE Tx/{x1}
EIEIRK AR TH D, Dy /{£1} DERITLE UT gxsxgy = diag(to,t5"), 0<to < 1 & H
T E O sx L BIENTES. T T C(X) 2D &SIz 5:

O(X) = gx-00 M5 g0 ~D § O (dx € (Q9)?)
EED TeH D syt~ D H RO (ARED) #hfit  (dx ¢ (Q*)?)
Shintani [1] £ FBRIZ U TIRAIRS ND.
EIE 2.3.1 (G.-Murase(21)). fEED f € Syo (IZH U T L*(f)am(7, w) & Fourier & H

L(Ham(rw)= Y, Cp(n,r)e(nt +rw)
o
ERD. 22T X = (wy,20,73) e REIZH LT, ZIRIER X(s,t) %
X(s,t) =215 + T8t + 1512

EEDDEE, Cr(n,r) i

1
Crn)=7 ¥ dX) [ f@X0-)
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3.1 F#ER

ERFME X 7z Hecke EA KA f e Sq 0 1IZHLT

umﬂziﬂ%§@(m@w)

n=1
£BL. 2T Tap(n) i fam ® n FHOD Fourier (fREITH 5. 2D L E L(s, f,e) 132 s-
S oA BRI BT I NS B s= -1 IZBWTEMTH S Z e oNnT
Wb, £72, L(s, f,e) I¥ Euler B3Rz
L(S7f7€)= H Lp(37f7‘€)7
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Ly(s, f,e) = {il —ay(p)e(p)p™ +p*2p~) 7 Ei Z 2;

EROIEAMONT VWS,
EIH 3.1.1 (G.~Murase ('21)). EEULZ 7z Hecke BB f e Sy 1T LT
|31 =272 = 2) | £ LA - 1. f. ).

2 LT 40 THEMBEFRRIFFL(-1,f,x) #0 TH 5.

3.2 Eisenstein fi#&
o =1(go,00) eS(A°x Ax A) 2BE, H*(A)xG/(A) Lol 07 (h,g) %

@J(h*ag): Z (Q(h*ag)\PO)(X7€17€2)
X eQb
£1,62¢€Q

TEDEDD.
& 3.2.1. ©7(p*(hy,hs),g)e(det hy)e(det hy) = O(hy, g)0(ha, g).
B8 $: H*(A)xC - C %
d(h*,s) =|deta(h*)|*(Z o Q(h*, 1) W0)(0), (h*,s)e H*(A)xC

TEDD. ZITIL:S(A°xAxA)—>S(A%) Ik

@v)(X) = [ ¥ (X.yy)dy
ko TEHRIND. 2D LT H*(A) LD Eisenstein & E(h*,s) %
E(h*,s) = > d(vh*,s) (Re(s) > 0)
veP*(Q\H*(Q)
WZEDEDD. K<HONTWS K512 E(h*,s) 134 s- i EoAHBIBEE & U THEr
I 5. K2 E(h*,s) 12 s=0 CEAITH D Z DR HNT WS,
FAERDOIFEHNIZIZIRD “Siegel-Weil DA A E & E %2 2727

R 3.2.2.

(N o7 (h*,ng) dn) dg = T E(h"5)]seo.
GQ\G(A) W(Q)\N(A)

Proof. B

H*(A)xG(A) = C, (h*,g)w [ 0’ (h*,ng) dn
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DI (Oz5,5Ls) DF — XBHL LTEINB - L2 REE 1 HTHS. ToL
(O33,5L2) IZB99 % Siegel-Weil DARIZ & > THIE 3.2.2 2R E N5 (Siegel-Weil 2
R DWTIEBIZIE [2] 25 &). O

3.3 EHERDILA

ERHAE X 7z Hecke BB f e So o TR ULTEY—XED

Z(S7 f) = (PGL,] dhl [PGLQ] 5(det hl)e(det hg)f(hl)f(hg)E(ﬂ*(hl, hg), S) dhg
(Re(s) > 0)

%EZ5. 22 THEOBKILDZDIZ [PGLy] = Z(A)H(Q)\H(A) X B\~ Z(s, f)
e s EOABBIEKE UTHETERIND. FHZs=0 TEMTHL I Vo0
W5,

IO&E, T—=RVTZ b L DIVAE, i 321 LHi#E 322 DARIZE->T

r 2:/ 24 (o) 2da”
16512 = [, |76V

— J INTT T -
a8 Lo i [ 0(0(0). 6"V 7 () TCha)
_ f[ ey f[ ey E(det)E(detha) F(h) T o)

@Jp*h,h,‘]d])dh
X(/J( )\G’J( ) ( ( 1 2) g ) g 2
= —Z(S7 ’)|s=0

LEHESMZOND. LehioT L O/ IV ADFHIZE = ZBD Z(s, [)|s=0 DRI
END.
¥ — &5 Z(s,f) % unfold §5 &

2= [ Wr)e(deth)o(p" (b, 2), ) dh
Z(A\H (A)
LRIND. ZZTWs ik HA) EOITAIEHETH O, BARIZIE

Withy= [ f(eh)F) do
[PGL3]

ThHhzo6N5. [ Hecke EHEARTH DI L5 Z(s, f) i Buler KRR ZFED. BAK
(A

Z(s, f) = 112 T] Zu(s, 1),
Z’U(Svf) =
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0 * s 1 (s +p(h))X
Jotouncs oy VI (et Wlalo" (h 1)1 ( S or (B ((272633) dX) dh

rERING, ZZTW2 I HQ,) EORD SRR T WU L)=1%A-F. XA
RENZ I, v=p< oo IZX LT WS IEHEKEEETH D, v =00 ITX LT

hoo 1+ 1

-20+2
: ) . "heo € GLy(R)*
24

WO () = s )22
THb.

W 3.3.1. 2<v=p<oo lTDNVT

L,(s+1-1,f,¢)
(p(25+2)

Z 2T (p(s) 1Z Riemann ¥ — X B ((s) D p-NFTHB. LA ->T

Zp(saf) =

_ L(s+l-1,fe)
2};[00 Zo(8, f)ls=0 = ((25+2)¢(25+2) | _,

DRSO e brd. $z, RERIND.

23
= FL(Z - 1,f,€)

R 3.3.2.

(1) Za2(s, f)ls=0 =12
(2) Zoo(s, f)ls=0 = 2_2l_47r‘l+2(l -2)!

U7edioT
1517 = 5205, F)lsmo
= GIPTT 206, Dlovo
=272 =2 I L(1- 1, f ®¢)
NoN5b.
S 3k

[1] T. Shintani, On construction of holomorphic cusp forms of half-integral weight,
Nagoya. Math. J 58, (1975), 83-126.

[2] S.Yamana, On the Siegel-Weil formula: The case of singular forms, Compos. Math.
147(4), (2011), 1003-1021.

11



