Characterization of the hierarchical structures
interpolating
the uniruledness and the rationally connectedness

via differential forms
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Abstract

This is yet another short introduction to the author’s study of the rationality problem, which centers
the hierarchies of the form: lower rationality = higher ruledness. A particular emphasis is given for the
hierarchical structures interpolating the uniruledness and the rationally connectedness. I shall present
their characterization via differential forms.
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R E(ARGEETIXE CIZ  (dense open smooth locus fFED7z®) [Iperfecty &AE LET) FOREZ
BRI (A%, separated and integral scheme of finite type over k) X,Y &

X D) U = IV C Y

Zariski dense open Zariski dense open

= k(X) = k)

D x, NEHEFEME MEh, ZITERD XSRS .
x%y
n JTEREE R X 13 X 2 An(X Pr), B, k(X) 2 k(Xy, -, X)) = Frac(k[Xy, -, X,]) D& &,
rational(HH) LN 5.
BEMEOM A RS S22 LT D X 5 ZEEERPHM SN TWS ¢
rational — stable rational — ratract rational

(1)
= separably unirational = separably rationally connected == rationally connected

D (FRA 72 LV TOD) MDKNILT %2 % Generalized Luroth problems EWFHIS. FEEX, K

Frational = separably unirationalJ
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D ER S DHILA D Luroth (E (1875) [L8T75] -

BX) S k(YY) =5 RX) 2 K(Z, e Z)
separable extension

T, BREUA E BEBRARDEE, dim2 UF T Yes TH B Z EDH STV, 5058 50 R,
dim 3 TDHIA, Iskovskikh-Manin, Clemens-Griffiths, Artin-Mumford @ 3 DD 7L — 7 X o THAIL
WHzohi=0ThHo7-.

—75, ROt sy ZATHRE LT E 72 [M19][M21][M22] DI, 4 & Wiz o 72 GG ICIED W2
HDTHolz:
- FAD Z Z TR ~

o [iRD rationality 1B 3 2 FEEMHEE (1) &, [FEEMEE EOM ORSE G

{ (=) -rational};ez., == {stable (—i) -rational}ez_,
= {retract (—i) -rational};cz_, == separably (—i) -unirational};cz._, (2)

== separably (—i) -rationally connected}iez., == (i) -rationally connected}icz.,
X7y 77 —F55%.

o ZNBHDSEXROHND IFEEME) 2, IDHEMBLLTVWRENW, aReEnI iR INh3 [T
KRGS BRI S,

e (1) 105 % Generalized Luroth problems %, (2) {Zx3 2 [t %= Generalized Luroth problems
12 upgrade L, ZOHI%Z, HF7z s ETEBOT 280, areadhnckilans MkE
Fig) 2FHWT, MKT 5.

¥72, Hi8iH97% (Generalized) Luroth problem(s) A3 2 &fil%, Z DB SDKHNZ  upgrade
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WA TREREREG) 72 5130 [M19][M21][M22] TAREINCHRN TR, mEDOEEEZEZ, HE L
&9 ! For a generically smooth n-dim’l X and 0 <i < n,

e (As a motivation...) X is rational , if

X X pr X An (‘k Al o x AT AT s ALA X AL AT A (0§Vi§n))

n (n—i) i

e X is (—i)-rational or (n —i)-ruled if 3 an i-dimensional smooth variety Z¢ s.t.

AV x i P ox

e X is stable (—i)-rational or stable (n —i)-ruled if 3 an i-dim’l smooth variety Z* and j € Zx s.t.

A XA x 70 B AT« X



e X is retract (—i)-rational or retract (n —i)-ruled (0<i<n)

if 3 an ¢-dim’l smooth Z‘. N € Z>,, and rational maps
f:X——>AN"1x7Z g:ANTIxZi——>X

such that the composition
gof: X——>X

is defined, yielding an identity on a dense open subset of X.

Recall that X and Y are stably birational equivalent when A7 x X A% X Y for some 5,k € Zxp.
Then, stable (—%)-rationality and retract (—i)-rationality are both stably birational invariant concepts.
T Z°T, retaract (—i)-rational T®H % 7z DMD THH LM ESEM %2, Morel @ unramified sheaf O
A M12] Z VT LN [M22] 22 ZHFALTEI 3.

KT (2) DN 3o THEEREGE) 2R3 ¢

e X is separably (—i)-unirational or separably (n —i)-ruled
if there exist an i-dim’l smooth projective Z¢, N € Z>,, and a |separably | dominant rational map

(<= the induced function field extension is separable

<= d dense open where the rational map is realized by a | smooth morphism |)

g:ANTIx Zi > X
(separably (—i) unirationality DEFHT, NI X Ot n KEZEZ HND. )
o (cf. Kollar-Miyaoka-Mori [KMM92], Kollar [K96]) when X is further smooth,

X is separably (—i)-rationally connected

if there exist a morphism f : P! — X such that

[Tx = ©1<j<n O(a;),
witha; >+ > ap—; > max(l,a,_;11)

2 An—it+1 Z"'Zan—l Z an, Z 0.

( = V],QJEOZJ)OEKEECZ:#{j|aj:0}£l

(an >0 &D free [olléx 199, 1. Cor:3:541 4y corresponding evaluation morphism is smooth )
o (cf. Kollar-Miyaoka-Mori [KMM92], Campana [C92]) when X is further smooth,

X is (—i)-rationally connected

if, for the maximal rationally chain connected fibration 7 : X — — > Z, which enjoys:

e the (general) fibers are rationally chain connected
o (when the base field is uncountable) for a general point
z € Z, any rational curve meeing X, is contained in X,.

satisfies the following inequality:
dim Z < i.
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FEREARDIEMEACE PR TR DS 0 DB AR, RED 250 TREEMEL JFRIEE 725 -

separably (—i)-rationally connected

FEE

[Kollar 96, IV.Th.5.8] [Debarre 01, Cor.5.14] | .
— —i)-rationally connected

2 TORDIERNE, LoRED 200 RG] OakEa Y WVBFHEOTIET 52 DTH
5. FEHEPANZANC, HAIOHAEORLASALGEREEVHLTEZS @

-

Bl 2 C LoIEREERGHR i D 555 DR S

~
Bl LT, C LoJERREIEOSEOREMEZEZTAL S MHDEEEn=2720T,
ERTBH0<i<n—11% i=00i=1T, HFAINOLOBBEHEEIZDHE T3 :
o |i=0®D%E, rational|(= stable rational = retract rational = (separably) unirational
= (separably) rationally connected)
o|li=1DHE , ruled |stable ruled = retract ruled = (separably) uniruled
n=10%8 (—1) (separably) rationally connected )
T 5D cohomological criteria  F#HYTH % [B96, Th.V.1 Cor.VI.18].
C LoIERFRSFMME X 1IN L T, LTS 5 ¢
e Castelnuovo’s Rationality Criterion
0 Ql Hodge 1 o
. . H° (X = H (X, =0
X is rational <<= (X, (%)) ( ( x))
and HY (X, (Q%)%*) =0
e FEnruques’ Ruledness Criterion
Xisruled < H°(X,(Q%)®") =0, VmeN
J

5 e AROFEMHIX, UTo@ED %5 !




~ CEEH R AT, TR 7o b ORI ~
C L@ smooth projective X & i € Z>o IZHfL

(—i) -rational = stable (—i) -rational = retract (—i) -rational

= separably (—i) -unirational

(it AR 1) (B0 k1)
— <

separably (—i) -rationally connected (—1) -rationally connected

SEo| FEH
ample ILb. A on X, 3C4 > 0 s.t.
H (X, (@)% @ 4°F) =0,
Vi >1i,Vm, ke Nst. m>Cuk

FHIMDELWE TN
ZOFEIE MMP OKRE

[ﬂ(XJQ&Wm)zo,Vj>LWnEN

FEEALX, @ = 0 DA DIEE D rationally connectedness (Zx13 2513 %2 5 2 72 Campana-Demailly—
Peternell [CDP15, 1.1] DFEHHZ D i DGETH L —#{t5 2 505, 7272L, [CDP15] DD 5 %
DITFTHZ2HELWHIDMIHIERDICX 5o 2 EPNTOWTRLA D6 VDT, I 2 TIEFMIT T8
TR P25z, D i DGERINLTER5

- 47 181> F 5 B> i B 72 7 [E1 D RIEHH ~

X, (separably) (—i)- rationally connected
V ample I.Lb. A on X, 3C4 > 0 s.t.
= 3 B (X, (@) @ 4%F) 0,

Vi >i,Vm,k € Ns.t. m>Cak
\§ J

FPR, X 2 separably (—i)- rationally connected 72 51X, EF LD X £%& |free IZ | move LTES

[Pl X
TUT D&M T b DIFET 5 -

[Tx = @i1<j<n O(aj),
with a; >+ > ap—; > max(l,a,_;11)

Z An—i+1 Z"'Zan—l Z an, 2 0.

(< Vj,a; 2020 BKHE d:=#{j | a; =0} <

Kolldr 1996, II. Cor.3.5.4 . : N
(an >0 XD free [olldr 1996, 1. Cor:3:541 4116 corresponding evaluation morphism is smopth

f:P' 5 X3 X % free lZmove LTEIDT, j>iDF,
HO (P, (%)™ @ A%F)) = 0, if m < C4k

5



LR BIEER O B HOTHUZRY.
LITAHD, FEEXD j>i LT,

I (ij) = [ (VT5) = 2,0 (an),

)g>i
where VA, a) < — E ak < 0
n—j+1<k<n

5D T, 52577z X D ample line bundle A (X LT

F(A) = O®b), b>0

LLC > | 0| BB IEED O BIUUEZRL. 0
e ZEOFEHRDFIAD S 5 D DHEL W51 DFE ~

V ample IL.Lb. A on X, 3C4 > 0 s.t.
HO (X, (9)°m @ A%*) =0,
Vi >, Vm,k € Nst. m>Cuk

= X, (separably) (—i)- rationally connected

- J

ZDHELWHIANIXT T % [CDP15] @ i = 0 DG DFEHE, RHICZI 5o EPNTVTRLA DS
BWDT, ZITEFMTTETRL 0 %iH%E, — D i oFEICLTHEA%. kB, ZTITH
W3 pseudoeffective divisor, pseudoeffective line bundle, big line bundle, movable curve 5D FEAN 7 1
B LTI, AGERHNRSD TARE R 2585 % W72 3§ Bouchsom-Demailly-Paum-Peternell D JEANHY72 i
[BDPP13] iZ/l1Z, Fulger-Lehman [FL] ® quick guide 235&127/% 5.

&T, ZORIE, UTO 3 00RVERE LT REND !

e Miyaoka-Mori [MMS86] 53 @%{E@ﬁﬁ%ﬁw % F\WT/R L 7z uniruledness criterion.

e Bouchsom-Demailly-Paun-Peternell [BDPP13] 23, _LiRd Miyaoka-Mori IZf1Z T, HIREMBEHTIITFIE
(e.g. REENTIE L2 4RokER) 2 HWTRL,

X: uniruled <=  Kx: not peudoeffective

o Graber-Harris-Starr [GHS03] 230 ADMEE 0 ORBEAKRDIHEIT/R L7, Campana [C92] Kollar-
Miyaoka-Mori [KMM92] @ MRC-fibration

X——>7

DIE Z @ IE uniruledness .



FER, WHUAT | X A (—i)- rationally connected THWE T 5 &, | X O MRC-fibration

f:X—=>2
WX LT,
ji=dimZ > i

72D, BT Graber-Harris-Starr [GHS03] £ D Z 1% uniruled T/ZW®DT, Bouchsom-Demailly-Paum-
Peternell [BDPP13] & D, Kz = Q) 7% pseudoeffective £ 725 Z 2 23bin 5.

KIZZDFM%E X WTHBALZVDED, f & rational map 72DT, X \U D X 1B 2 RKILH 2
LLE®D open U € X TLERIN TR !

xovulz

Z ZC, RS0 ER [H64) G L, X\ U ®_ET blowup 2% D3E LT f 75 morphism f 153 :

X U A

.F:::(w*(f*(ug)))**<: o

73 pseudoeffective line bundle ¥ 725 Z ¥ 3bh 5. FEEE,

T2, X Lo HE

o Kz = Q) » pseudoeffective line bundle 72 > 7273, fIERHRDT X FO movable curve % Z D
movable curve IZ3. % 2T Bouchsom-Demailly-Paum-Peternell [BDPP13] % HW AU,

7 (9%) (c9%) (3)
725 X |0 pseudoeffective line bundle ¥ 723 Z £ 23HH 5.

e (3) i pushforward @ double-dual functor (7.(—))"" ZHEILET % &,

Fom(n(F(92) c (m (%)) = 2% (4)
ZZTAGE C BRTICIE, ZODWAD reflexive sheaf % U IZHIR L7z & &, reflexive sheaf DAY}
(3) & n YU) ITHIR L7z AT Z ZEWHEREL, X \U O X BT 5RXLH 2 ML EIRDT,
Hartshorne [H80, Proposition 1.6] ZiL 3 4UX L\, [FHkIC, 2 ZTOHS = 2R3, ZOM
E@mkmwﬁmﬁ%Umﬂmbfﬁﬂﬁﬂamfuyfw4@mKﬁ%ﬁbtt%,#mggqm
WKR—HXN 2 Z 2 CEREL, B, X\U O X IZBJ3RXTH 2 L 4D T, Hartshorne [HS0,
Proposition 1.6] %@ 34U L.

o F .= (77* (f* (O%))) 25 X [0 pseudoeffective line bundle TH 2 Z ¥ Z7R3101E, &3 X Lo
pseudoeffective line bundle f* (QJZ) %, X ?%smooth project 72D T



()

THBHILWEREL, UMTo X512k ZE>S
J(94) = L), DeBfy, 5 (%)
, KDRALT 5 .
(mL(D))™ = L(m(D)) (6)
RS, WAL b reflexive sheaf TH 22, Thb% H HIRLTHA 7~ 1(U) = U T 7~ 1(U) 28]
ERLLE, T L(D)|, ., CA-HEIND ZICHREL, =, X\U O X B3 R/RKTH
2 DL 72 ®, Hartshorne [H80, Proposition 1.6] %@ /534U & W
Q - -
= (mL(D)” = L(m(D)), DeEBffy, ¢ (X) (7)
(8)

T )

¥i50, DeEff, 5 (X) &D
7D € Effgim x—1(X)
= ( (f (QJ )))H %, smooth proper variety X =®D pseudo-

L2 5DT, (7) (8) X biEIIC, F

effective line bundle ¥ 72 %
T T2,

A X EOD psedeoeffective line bundle TH 5 Z & 5373

Wi< LT F o= (m (F (QJZ)))
pseudoeffective line bundle DEFE, BWIFER I DAEZ IS FHEOIT LD, X LOFEED ample line
bundle A ¥ 1IR3 C € N ISR LT FOC @ A 1& ., BB

PO (X, (720 0 4)%) = O (k9 X)

o €N, stV = ke, HY (X, (F5C 2 4)™") £ 0

g, FRZ,
z g,
¥C €N, Vk > k¢ €N, H° (X, (2%) ®A®k) £ 0
Z2ELOT, HHIEDIHMNTER L 7. O
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