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1.1 {IAEe93RZERA
« G—IRE S" \ERT 2AMRBE

E8H 1.1 (MAANRZERF). M =5"/6 : G DR\ S" ~DIERIE Atr Dl

« H— m@zivk

e S(M~S*— /Lol OmETEEERD % T Lie B

o S _ M pBAIERE, S(H) hEHN LD (FRN%E) FREZT S,

« H.={a,b|a’=b*, a*=1, aba=b) < S(H) (k =2,3,4,..) — — ARz

e Hy=Q =i, k| ?=P=k*=ijk) = {+1, 41, £}, +k} ¢ H — mETEE

EH,1.2. Nk) :=S"3/H, t &<, $IZN, 1= S¥*3/Q,, M :=N, YBT3,

2 — oKy R

2.1 B9
e X—08BFry FOREZER KT, X $ELEZRET 3)
« PX —X OIS NIE (AR FEME) 24K —PXDLXDQX
cw I PX 5 XXX &= w(f)=(£(1),€(0) EMENKRERE L BFKE
cm:P->W— (241) ERER



Notation 2.1 (Z 2 7£4}). 0 c W #° z-sectional <= 7 |3 O £ O section £ #—,

Definition 2.2 (A. S. Svarc, ’58).
genus(7) < n < m-sectional BIEE n+1 MW 2 &),

Definition 2.3. tc(X) := genus(w) (LItEAIEREY)
« &S 0 LTo section |&. BFFNLREIMFRET .2 54 5,
s RFLD LTI te(X) IdaRy FEERFTOBEMI ALV RLDEERT,

Theorem 2.4 (M. Farber ’03).
1, n=1,3,7

tc(RP") = ImmRP" -6,, &, = .
0, otherwise,

=72 L. ImmM % #4K M ° Euclid 22 E" (I3 HIAD ZRTn ODBR/NETH 5,

22 LSAHAFTVE
e PX=w (X XD —XOEA T« 05 HBET 238 (oY MEE) 24

Ewiw
c T I PX o X = w(0)=¢0(1) RERE) <= w,=wlyx
Exercise 2.5. U c X % w,-categorical <= BEFEBR U S X H"ERE -7

Definition 2.6 (Lusternik-Schnirelamann ’34).
cat(X) < m < m+1 D categorical AEEN X 24K %&E ),

Theorem 2.7 (Farber, ’03).
cat(X) < tc(X) < cat(X x X) <2cat(X) —L-SAF TV TC

Example 2.8. (I)cat(X) =0 < X I3T# Q)tc(X)=0 < X L T43
B)cat(X)<1 < X I$ co-H-Z/H (4)cat(S")=1 (5)tc(S")=1 < n EFK

Theorem 2.9 (Miyata). cat(N,) =dimN, = 4h+3

3 —BeIRR

Definition 3.1 (Farber-Grant ’07). t«c5(X) <m < of v tEfE%x FHRE LK
BENBLZLHNET, " BLTWES#H IRV LDOICRE L AAIEEEM S,

Definition 3.2 (Farber ’03, Farber-Grant ’08).
(1) Jx(R) = ker A* : H*(X X X;R) » H*(X;R) GX:H* #->TLRLTY)
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(2) Zgr(X) = Max {m>0|H*(X X X,R) D Ix(R)™ # 0}
(3) wgtyr(w) = Max{m>0|Vf:Y - X X X (genus(f*w)<m), f*(u) = 0}

Theorem 3.3 (Farber-Grant *08). wgt,;(w) < tc(X) for a non-zero u € J5(X).

Theorem 3.4 (Y. Rudyak, A. Dranishnikov ’09). Ifcat(X) = dimX =n > 3,
then 3b € H'(X,I(7)) s.t. b" # 0, where b is the Berstein class introduced by I. Berstein.

5% A\ T Farber 5 2% tc(BG) (cd(G) < 0) T 2BEF LVWHREE TV 2,

4 fibrewise A HE#R
4.1 (fibrewise) A &%

e X —UtEZEM
Theorem 4.1 (J. Milnor ’56). %%z X L 3HEME L 72 2MIHE G 0" GFET 5.
Theorem 4.2 (J. Stasheff ’63). QX » A #EP°QX 1T X L BREMEL % 5,

Theorem 4.3 (D. Benson ’91). EGx;BG # E & A$ % fibrewise Zf ¥ L T BGXBG
Y REME—RMEL % 5, 272 L. EGX;BG DE AL [e] - [e,x] TH A 541, BGXBG
D E J 3 diagonal map TH 5%,

« G — BERGE

Theorem 4.4. £BG 13 EGX,4G ¥ fibrewise A, FME T, %512 P} £ BG ~) EGX,q P"G
BREE: RE b E—REME (fibrewise A; FMBE) 37 <I<25 %, F 7= fibrewise A, FE
Y 5 ADBEISITEIANMEBETHLIOTEAPRTH S, (LD (Benson) EH &t 5
L —AREYICEEBA T = % (Miyata)) Y.
4.2 fibrewise L-S 3% ¥ ALY X
c E=(E,p,X,s) —FBs: X>EWd. & p:E— X IIxT % section TH %,

Definition 4.5. (L. James '95) cat}(E) <m < 30 : E - P’ O E s.t. goe,, ~F id
(I-Sakai’10) catg(E)<m <= Jo : E - Py QpE st. coe, ~pid

A:X > XXX &ER YT B fibrewise ZM (X XX, pr,X) & dX) T&T.

Theorem 4.6 (I-S ’10). (1) tc(X) = catp(d(X)) (2) tc™(X) = catp(d(X))

FE 41 X)) I te(X) ERBFICERZRSNSS, ORy FDEIMEREHICH L T THFER
RREYREREDE LIFEILEI Ny £V D (monoidal condition) %38 L T3,



Corollary 4.7 (I-S ’10). RoO=—FHIRMETH %,
(DteX)<m (2)ooe, ~pid i o :dX) > P LX "D 5,

Theorem 4.8 (I-S ’12). tc(X) < tc™(X) < te(X)+1.

Theorem 4.9 (J. Aguilar Gutman and J. Gonzalez, ’21).
X %Y ANR 7% 5 1E te(X) = te™(X) #°KiLT 5,

4.3 fibrewise L-S *XE Y TC 7 E
« E=(E,p,X)— fibrewise Zf. s:X — E—E O fibrewise &
c R—E#EB, A— IKREOV-—ERENES
© e, POy E S PP Qp E ~) E— natural map
Definition 4.10 (James ’95, I-S 10°). (1) H;(E;R) := H*(E,X;R).
(2) cupg(E;R) := Max{m>0|H*(E;R) D Hy(E;R)"™ # 0}.
(3) wgtg(u; R) 1= Max{m>0|e’ _,(u)=0}.
(4) wgtp(E;R) := Min{m>0|ey, : Hy(E;R) = Hy(Pg' Qp E;R) is mono}.

(5) Mwgty(E; A) := Min{m >0| im e}, is a direct summand as a A-module}

Theorem 4.11 (I-S ’10).
(1) H3(E;R) = Jx(X) and cupg(E;R) = Zx(X) if (E, p,X) = d(X).
(2) wgtg(u; R) = wgt(u; R) if (E, p,X) = d(X).

5 4 EXEEE (I-Miyata)
« M=5"/G, GI|IBEMREE — UMK EME (Z2TIRGEAITE2FEO2LT S)
Remark 5.1. :#% 2n—1 < tc(M) = catg(d(M)) <2n L (fHEIZIZ) 20570,

Theorem 5.2. z % M O orientation class XX 8T % HY(M;F,) DEKTE T %,
() ROZFHIERMETH %,
Nwgtsg(z ® z;F,) =2n  ii) wgtg(d(M); F,) = 2n  iii)) Mwgtg(d(M); A,) = 2n

Q) Lo rnh o FEHRIT UL to(M) = caty(d(M)) =2n Th 3, (HlEVFDY
CAHRTETWRW)

« M =S%/Q— T HBE Q = {x1,+i, ], +k} I £ B S* DEER
ESI M SO0 TTCICH 5 3DIE 5 < te(M) = caty(dM) <6 FTTH 5,

Theorem 5.3. tc(M) = catg(d(M)) = 6.



6 EEBAD Gt

6.1 FREMBENNFEL LKL

Theorem 6.1. H*(BQ;F,) = AQ F,[w], A = F,[x,y]/(x3,y% x2 + y* + xy)
Theorem 6.2. H3(M;F,) > F{z}. zId A D x%y = xp? IHRT %,

Theorem 6.3 (K. Fujii ’73). M =e’uejuelueiueiue® (z I3 e* DRA) TH %,
Proposition 6.4. H’(M x M;F,) = F,{z ® z}

Proposition 6.5. ¢} (z®z) € H*(Py Qp d(M); F,) is the class of ¢ € Z°(Py° Qp d(M))
clrl{h| - 1] = z() - x?y[hy| -+ |y ]

Theorem 6.6. ¢ (z® z) =[]

¥ 6.1 LDEEIL fibrewise K E F E—RMEFER e, : Py Qpd(M) — d(M) DEF 5 L
2557\ DT Serre spectral sequece * F\ TFEERY 5,

MILER S 1 C3(P Qg d(M); ) — COP; Qg d(M); ) DEIRITII R Tse ¢ DRFN
JMLET. ¥ 3,

Problem 6.7. AR x=T, 13 F, L TR*HO>0? T RIILIETZH?

6.2 ANt

Definition 6.8. C>(Py Qpd(M)) D2 A 7L T RTESD %,
i) - 1] = 2(7) - X*[hy] --- [y ]

MILEAR 8 © CY(Py Qz d(M);F,) — C3(Py Qp d(M); Fy) DRBFITINE Ty ¢ DERFEAN
JbMILET, ¥T %,

Theorem 6.9. BHEFRER Trox =T, 1'BEF >RSI Trix=T. LEEHEF,

Theorem 6.10 (Python program). T;x =T, I3 e, (ej(z®x?) =0 IZHAH)

X662 BBILL-FEBEITAKBEANEMT 7 D BEDEE 5% 5> 7= 5. Python program
FRBIEL =, ZDprogram THB &, BGME L 7-FRES MI mac £ T 25 B THER
L. TORBEL¥AEETHEAL, WITHNELHFEEYDRERTH> 7, !

#&3®. Python Z #9358, Ml mac ld KBISHEM L YRV,

BB IS, ABFZR THER L 7= Python program D &EILITH W T, AMKZIEREBHR
I —DEBEEEREIEELR TR NA R % <2TBEEZ L, FLRHABLET,

'The computation was carried out using the computer resource offered under the category of Trial Use Projects
by Research Institute for Information Technology, Kyushu University.




7 FarsLnmn

s HEEMOREEZED 5,

£ Q ® multiplication ¥ inversion @ table % sk 5,

K. Fujii 124 > TREISRET N o, el el e el & DHRERAT 5.

> 17

E % |2 > T bar construction NIER *Lib T 5,

8 D F, ENFRITH % Ry L L TERT 5,
TEARABREATE [T |T.] DIEECR £ Ty DFER r AV 2 DEEETKRD 5,

—R=rR5II@0HY). R=r+17% 5 IHIE N —

Tsx =T, BBREFIDLER69 LY Tox=T, bMBEHFL. wgtzy(zQ®z) =6 2B/,

A BoRik

Python program T3, 22 Q W& X % [0,1,2,3,4,5,6,7] = [e,a,a? a,b,ab,a’b,a’b] ¢
BFETRIBL. M OLILE [e0,e1l,e12,e21,e22,e3] = [¢% ¢l el, 2, 2, 03] LE2H L 72,

program |FIEEEHT L, ROHKB LS H Lz (FHET 20IEITITEESD)

One particular solution is :

e0|7|7|7|6] + [e0]7|7|6|6] + [e0]7|7|6|2
e0]7|7|5|6] + [e0|7|7|5|5] + [e0]7]7]5]1
e0]7|3|6|1] + [e0]7|3|5|3] + [e0]7|3|1]|5
€0|716|3]2] + [€0]7]6]3]5] + [€0]7]6]3]1
€0|7(6|2|3] + [€0|7]6]2|6] + [€0|7]6]2]2
€0|7|6|5[4] + [€0|7]6]1|7] + [e0]7|6]1|3
e0[7|2|3|7] + [€0]|7]2|3|2] + [e0]72]3]4
e0]7]2[2]2] + [e0]7]2]2]5] + [€0]7]|2|2]|4
e0[7|2|1|7] + [€0|7]2]1|3] + [e0]7[2|1]6
€0]7|5[3]7] + [€0]|7|5]|3]2] + [€0]7|5|3|4
€0[7|56/5] + [€0]|7]5]2|2] + [e0]7|5]2]4
€0[7|5|5[1] + [€0|7]5|1|3] + [e0]|7[5|1|4] + [e0]7|5]4|2] + [€0]7|1]7|3] + [€0|7]1|7]2] +
e0[7|1|7|5] + [€0|7]1]3|3] + [e0]|7[1]3|5] + [€0]7|1]6]3] + [€0]7|1]2|3] + [€0|7]1|2]6] +

[ ] + [€0]7]7]2|5] + [
[ 1+1 1+1
[ 1+1 1+1
[ 1+ 1+
[ 1+1 1+
[ 1+ 1+
[ 1+ 1+
[ 1+ 1+
[ 1+ 1+
[ 1+ 1+
[ 1+ 1+
[ 1+ 1+
[ 1+ 1+
[€0]7]1]2]2] + [e0|7]|1]|2|4] + [e0]7|1]5]2] + [e0]7|1]5]|5] + [e0]|7]|1|5|4] + [e0|7|1]1]3] +
[ 1+1 1+
[ 1+ 1+
| I+1 I+1
| I+1 I+1
[ 1+1 1+1
[ 1+1 1+1
[ 1+1 1+1
[ 1+1 1+1
[ 1+1 1+
[ 1+1 1+1
[ 1+1 1+1
[ 1+1 1+1
[ 1+1 1+1

€0|7]7|1|3
e0|716|7|5
e0|7(6|6|2
e0|7(6/2|1
€0|7/6]1|2
e0|7/2|6|6
e0|7]2|5|2
€0|7[2[1]4
€0|7/5|6|3
e0|7/5|5|3

€0|7|7|2]1] + [€0]|7]7]5]3] +
e0|7|7|1]2] + [€0]|7|3]6]5] +
e0|7(6]7]1] + [€0]|7]6]3]3] +
e0|7|6/6/1] + [e0]|7|6]2]7] +
€0|7|6/2|4] + [e0]|76]5|3] +
e0|7|6/1|4] + [€0]7|2|7]6] +
€0|7|2(6/2] + [€0]|7|2]2]6] +
€0|7|2(5|5] + [€0]|7|2|5]1] +
€0|7[2|4]2] + [€0|7|5|7]6] +
€0|7|5/6/6] + [€0]|7]5|6]2] +
€0|7|5|5/6] + [€0]7]5|5]2] +

e0|7]1[1]|4] + [e0]|7]1]4|3] + [e0]7]|1]4|2 e0|7|1]4|5 e0|7(4|7|1] + [e0]|7]4|3]7] +
e0|7(4]3|6] + [e0]7]|4|6]7] + [e0]7]4]6]|3 e0|7|4]6]6 e0|7(4]2|2] + [e0]|7]4|2]4] +
e0|714|5]2] + [e0]7]4]|5]4] + [e0]7]|4]1|2 e0|7|4]4]2 e0]3|7]7|3] + [e0]3]7|7]2] +
e0|3]7|7|5] + [e0]3]7|7|1] + [e0]3]|7|3|7 e0[3]7]313 e0|3]7|3]6] + [e0]3|7]|3]5] +
e0|3]7|3]|4] + [e0]3]7]|6]5] + [e0]3]|7]6]|1 e0[3]7]2]3 e0|3]7|2|5] + [e0]3|7]|5]|7] +
e0|3]7|5]2] + [e0]3|7]|5|5] + [e0]3]|7]1]|6 e0[3|7|1]4 e0|3|7|4|5] + [e0|3|7]|4]1] +
e0|3]3|6|7] + [e0]3]3]|2]|1] + [e0]3]|3]5]7 e0[3]3]5]3 e0|3]3|5|5] + [e0]3]3]1]6] +
e0|3|3|1]|1] + [e0]3]|6]7|3] + [e0]3]6]7|6 e0[3]6]7]2 e0|316|7|5] + [e0]3]|6]3]7] +
e0|3]6]3|3] + [e0]3]|6]3]6] + [e0]3]6]3]5 e0[3]|6]3|4 e0|3]6|6|3] + [e0]3]|6]6]6] +
e0|3]6|6|1] + [e0]|3]6]|6]4] + [e0]3]|6]2|7 e0[3]6]2|3 e0|3]6|2|5] + [e0]3|6]2]1] +
e0|316|5|3] + [e0]3]|6]5]5] + [e0]3]6]5|1 e0[3|6]1]7 e0|3]6]1]|2] + [e0]3]|6]1]5] +
e0|3]6]1|4] + [e0|3|6]4|7] + [e0]|3]6]4|5 e0[3|2]7|1 e0|3]2|3]7] + [e0]3]|2]|3]6] +
e0|3]2|6]6] + [e0]3|2]6]2] + [e0]3]2]6]|5 e0[3|2]|6]4 e0|3]2|2]2] + [e0]3]2]2]5] +
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e0]3|2]2|1] + [e0]3]2|2]4] + [e0]3|2]|5|7] + [e0]3]2|5]3] + [e0]3]|2]|5|6] + [e0]3]2]|5]2] +
e0|3]2[5]5] + [e0]3]2]5]1] + [e0]3]2]1|2] + [eO0]3]2|1]|1] + [e0]3]|2]4|2] + [e0]3]5]7]|7] +
e0|3|5]7|6] + [e0]3]5]7]|1] + [e0]3]|5]3|3] + [e0]|3]5|3]|6] + [e0]3|5]|3|5] + [e0]|3]5|3]4] +
e0|3|5]6]6] + [e0]3|5]6|5]+ [e0]|3]|5]|6]1] + [e0]3]5]2|7] + [e0]|3]5]|2|2] + [e0]|3]5]|2]5] +
e0|3]5]2]|4] + [e0]3]|5]5]5] + [e0]|3]5]5|4] + [e0]3]5|1]|5] + [e0]3]|5]|4|2] + [e0]|3]5]4]|5] +
e0|3]5[4|1] + [e0|3|1]7]1] + [e0|3]1]3|7] + [e0]3]1]|3]|6] + [e0]3|1]|3|5] + [e0]|3]|1]|6]|3] +
e0|3]1|6]6] + [e0|3|1]6]5] + [e0|3]|1]2|6] + [eO0]|3]1|2]|2] + [e0]3|1]|2|4] + [e0]|3]1|5]|7] +
e0|3]1|5]6] + [e0]|3|1]5]4] + [e0|3]|1]1|2] + [eO0]|3]1|4|2] + [e0]3|4|6]5] + [e0]|3]4|6]1] +
e0|3]4[5|3] + [e0|3|4]1]5] + [e0]6]7]7|3] + [e0]6]7|3]|3] + [e0]6]|7|3|6] + [e0]|6]|7|3]|2] +
e0]6]7|5|3] + [e0]6]7]5]2] + [e0]6]7|5|4] + [e0]6]7|1]|5] + [e0]6]|7]|4|3] + [e0]|6]|7]4]|5] +
e0]6]3|7]|2] + [e0]6]3]7]5] + [e0]6]3]|7|1] + [e0]6]3]|3]|2] + [e0]6]|3]|3|5] + [e0]|6]3|3]|1] +
e0]6]3|6|3] + [e0]6]3]6]5] + [e0]6]3]6|1] + [e0]6]3|6]|4] + [e0]6]|3]|2|3] + [e0]6]3|2]|2] +
e0]6]3|2|1] + [e0]6]|3]5]7] + [e0]6]3]5|6] + [e0]6]3]|5]|2] + [e0]6]|3]|1|2] + [e0]|6]3|1]|5] +
e0|6|3[1]|4] + [e0]6]3]4]|7] + [e0]6]3]4|3] + [e0]6]3|4]|2] + [e0]6]|3]|4|1] + [e0]|6]|3|4]|4] +
e0]6]6]7|5] + [e0]6]6]3|7] + [e0]6]6]3|4] + [e0]6]6|2]|5] + [e0]6|6]|2]|4] + [e0]|6]6]5]|3] +
e0]6]6]5]|6] + [e0]6]6]5]1] + [e0]6]6]1|3] + [e0]|6]6|4]|1] + [e0]6|6]|4|4] + [e0]|6]2|7]|7] +
e0]6]2|7]|2] + [e0]6]2]6]7] + [e0]6]2]6|1] + [e0]6]2|2]|7] + [e0]6]|2]|2|2] + [e0]|6]2]2]|4] +
e0]6]2[5]|7] + [e0]6]2]5]6] + [e0]6]2]5|2] + [e0]6]2|1]|7] + [e0]6|2]|1|3] + [e0]|6]2|1]|6] +
e0]6]2[1]|2] + [e0]6]2]1]5] + [e0]6]2]|1|1] + [e0]6]2|4]|7] + [e0]6]|2]|4|2] + [e0]|6]2[4]|1] +
e0|6]2[4|4] + [e0]|6]5]7|3] + [e0]6]|5]7|2] + [e0]6]|5]|7|5]+ [e0]6]5]7]1] + [e0]6]5]|3]|3] +

e016/5|3|6] + [¢0]6]5|3]2] + [€0]6]5]3|5
e016/5|6|5] + [¢0]6]5|6]4] + [€0]6]5]2]6
€016/5|5|3] + [€0]6]5|5|6] + [€0]6]5]5|2
e0[6/5|1|1] + [e0]6]5]1]4] + [€0]6]5]4|6
e0]6]1]7|2] + [€0]6]1|3]6] + [€0]6]1]3]5
e0[6/1]6]1] + [€0]6]1]2]7] + [€0]6]1]2|2

[
[
[
[
[
[
[
[
|
|
[
[
[
[
[
[
[
[
[
[
[ [€0]6]5]3|1
[

[

I

|
[€0]6]1|5|2] + [€0]6]1]5]5] + [e0]|6]1]|5|4
[

[

[

[

[

[

[

[

[

[

|

|

[

[

[

[

[

[

[

[

[

[

[

[

[

|

]
[€06]5|2]2]
[€06]5]5]5]
[€0]6]5]4/2]
[€0]6]1]6]3]
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