Hrushovski Or@ MR/ VS

(On Hrushovski’s strongly minimal structures)

JRBORY: « REEAE R —RR
Koichiro Ikeda
Faculty of Business Administration

Hosei University

sk T PERTE, E7 VRSO TOMLETH . L
Nl LT

L JERIES ORE, (Z,9),
2. ((Z/QZ)“,—F), (Q, +)7
3. fREPAR

TEMNDHS. 12 TEIOTRANZ O T2Oh, 3 T LTZEW. ot bk
ORVASL TN 3 e e S Ak = IX A QALY NN/ G Asa waX 5 ARV A LA AL i TU N s
GREEARLAADBIDFAET 20 E 5 MEIHISNTWED 5Tz, £ T T Zilber i,
IITINTDR D 37 T2 75 g S S R EARIC 5 % b WS TZT-Tlz. TD
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PAF, T @ Hrushovski OfEHRZ @5 L7z w0,

1 R VEE

M,N,--- \3H5E, A B, - IHEDTBAESR, a,b, - FHEEDIC, @b, &
REEDTTDOHIRMNAELT. FRIC x,y, - BEE, 7,7, ZEBOARYZ%T.
AUBZ AB, {ayUAZaATRETEYT. AcC, BiE, AD BOAERIEHEST
BB eRET. HMR @) M AT RA—EEEDL X y(7) € L(A) LB,
o(T) D BIZBI B E% o(B) £ #<.

R 1.1 (BE/MEE) M Z2HIRMEEJ 5.
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1. M 2wy (minimal) &1&, RO o(x) € LM) ISR LT, o(M) H
BWNE —p(M) BDAEIRICRS L.

2. M D@y (strongly minimal) &, TEDO N = M BMwhTHB T L.

Bl 1.2 FEMEEIGR E Z & D0t M Z2, SHARBEnICHLTEEn DI S A2 &
IE1DEDMEE T 5. TD MIIHMUNTHZH5EMNTEVy. BdEs5ilE, O
NI MEEE KD, HREED Y T A% ED M OF)EKR N DMEAEL, MR
s DT T ANEIta B> TEIZEE, WX E(r,a) & N 7% 2 DOHERRE
BB TETLES.

EE 1.3 (REE0) M 2GS, Ac MEL, o) € L(A) 2kt O e
ERAY

1. o(7) REINTH B L1, o(M) DERTH S L.
2. a A FRENTHZ L&, = @) L5 o(7) € L(A) MEET 2T L.

3. A EREZ ek 2z REBEAL 2 WUy, acly (A), H2WIEEIEL T acl(A)
L&EL

AEE 1.4 acl(acl(A4)) = acl(A).

WeE 1.5 (TREE) M Wbt L, a,be MMAC M &T 3. TDEE,
a € acl(bA) — acl(A) 251 b € acl(ad).

SEBH. € acl(bA) kD, aZRIC & OMREUINTE o(2,b) € L(bA) BFHE. o(z,b) D
frofiize m &35 L
Jwp(z,y) ZiiTzTEEDY € MICRUT, oz, b)) OFEOMEEIE m
EIETES. pa,y) BIEFRENTH 2 & LTPEREL. BuMEXD
Jyo(z,y) ZHilz I EED o € MITHRH LT, o(d,y) ZIFEH

EIRETES. a & acl(A) &0, Jyp(z,y) FIEREINZDT, (m + 1) HOf#
ai, - Uppy € M ZRB T EMNTES. p(a;,y) e BIFIEFRENZ DT, )k
X0, A, plai,y) DIEWMFE. TDUEDZEY e M £T 5. TDEZ p(x,b*) 1
(m + D) ELL LDz E > TLUXROFE.

E# 1.6 (Xjo) M zhwhisg, I,ACM LT 5.
L IMHNITHB L, (TEDa e IITHUTa & acl(I —{a}) DDV DT &.



2. ADWMHNI G Z ADRKEWS. ZHEXD, ADFKOREIZED /7
ICEEY ETHB. TOREZ ADITdim(A) £,

& 1.7 (BFrEY215—) M ZziwiEe 3 %.

1. M€Y 2T— (modular) TH5 LI, TEORENEAZ A, B C MITH
LT, Zotaxdim(A U B) + dim(A N B) = dim(A) + dim(B) D 32D
c k.

2. M WRTEY 25— (locally modular) TH 5 &l&, dim(AN B) > 0 Ziif
P2 AEEOREINE A, B ¢ MITH LT, KeaRXMWKbrDOT L.

LUR Tl MEE D D FICDOWTEZ 5.

EE 1.8 (set-like, group-like, field-like) 5@t/ M M XL T, M A set-
like TH 5 &id, TED A C MICKHUT acl(4d) = U,4acl(a) DD VIDT L.
M 7 group-like TH 5 &1, JRTEY 27 —TH 5N set-like THRWT &. M D
field-like TH 3 L&, JAFFEY 2T —ThWT &. BMEEDHNIZLLTD L S
ICTEN5.

| || set-like | group-like | field-like |
ETE D) WEMES | (Z2/22)°,+) X
AR TRV | (Z,S) (Q,+) B A

AIPERILETY C field-like ZR58A BT X AHELZNC EAHIEN TS (Cherlin-
Harrington-Lachlan [2]) .

FE 1.9 REEAARIT field-like.

GEER. M ZEBIOTHMERTH 2 RBEARE T 5. £V 27 —TRNI L2t
157 Qi EY 25 —TRNWC 2R d i, 1 RZNFmATHhEZ0 T
PURDOF Tz g U &) {a,b,x} %2 M O OHVESE L, y=ar+b&
9%. A=acl(a,b),B =acl(z,y) £T5LE, dim(A) =2,dim(AUB) =3EH X
5. {a, b2} MWMHNIZDT, dim(B) =28ZEHE6H. HElEdim(ANB) =0
ZaE . dm(ANB) >0&9 %k, deacl(a,b)Nacl(z,y) —acl(d) £7%5 d
MFE. 0 {a,b, 2} DHNIMEX D d & acl(z). K> TREYFH KD y € acl(z, d).

JHATEY o T —7aliv G, ANENIC EOROFIOWT RS T eh
HoNTW3., —J7, RATEY 2o —ThWisEi Wk, BRSNS
NTWizholz. FTTROFENRD - T,

F#8 1.10 (Zilber) JRHTEY 27— TRV i/ MEEDOHERIE, EEIARDO MR
& HUWICRIERATRHE.



2 Yy UKEE

Hrushovski (& 1980 RIS, ETFIVHERICE TS 2 DDOHF4 LT (Zilber
TAE Lachlan T4 %, KHIZ(ES T & TEHEMIERLTZ [4,5]. TDEEH
WIERRAE S 2 1E % J71:0%, BETR Y 23U v ZRkiE (& % W0IE Hrushovski
MK EPHEN, BRLRBIDMESN TV [1,3,6]. TTTREZOI R v 7H
JRIZNC DWW TCRET 5.

& 2.1 (BY>7) RE3HBKRETS. R M D
o XFME I ERDER IS LT, M |EVZ[R(Z) = R(oT))
o JERCSHME © M = VavyVz[R(z,y,2) = (x Ay ANy # 2 Az # )]
Eiilz3 %, ME 757 (hypergraph) &U 9.
Ric 2.2 WU T 2RO I A% K", AT 57 2EDT T X% Kg, TXKY.
E& 2.3 (BFAKIT) A, B K £T 5.
1. ADLROEE |A|, ADREARKE RATRL, |RA Zr(A) &<,
2. ADISFIXIT (predimension) % §(A) = |A] — r(A) TiE#%T 5.
3. 6(B/A) =6(BUA) —§(A) &5 5.
X 24 A B,CeKg £T5.
1. 5(BUC/A) =6(C/BUA)+06(B/A).

2. CNA=0PDEE, §(C/A) =45(C)—r(C,A). TTTr(C,AEXEAD
R DFEL DL

3. Hiltk: AC BADBNC=0DE %, §(C/A) > 6(C/B)
L2 RATIOTDOEENSHEEH. 3IE 2 5KES.
E#& 2.5 (FRDES) ACBcK &9 5.

1. A, BhEEDE E, A BOHTEH (closed) THB LW, TREOX Cc B-A
ICH LT H(X/A) > 0BRDIIDT & THB. DI TA<BE L.

2. A, BBIRREZIES AR WELE, 1F1ED C Chy BIEHL ANC < C ALY VT
DL X, A< BTHDHEEHKTD. TOEHMN1 EENTHAHT-DICIE R
DIF DR TH B.



FE 26 ABCcKuylchl, AKBhMDCCBLEBIFANC<CTH%.
C OPEEIG B SEDINS.

E&E 2.7 (BAE) ACcMcKITHLT, AZEFET M TORNHESZ AD M
BT BT (closure) £V, cly(A), HBNITEMEL Tcl(A) &FH<.

AE 2.8 HUDIAER, HE2.6hSEHINEZME TA B< M&ESEANB < M|
TRiFEN 5.

KL 29 Ky ={AcKg : TEDA C AITHLTHA) >0} &£T 5.
RE 2.10 K ¢ Ky ZIBoRESICBE LT T TWS 25X LT 5.

E&E 2.11 (FEM) KRS (amalgamation property) Z&D&E, A< B €
K,A<CeK&bEB,C'<BUC eKZiled B =, B& (' =, CHFE
5L, TOLETBUC'ZBECODALORT (amalgam) & 5.

EE 2.12 (VIR vIEE) "EMEMDOK-Yx Uy IHETHS &
1. ACam M7a5 X A e K.

2. AKBeEKhDA<MKEHIE, B<MZlIBDOAFOaE— BN
171E.

3. A Can M 75513 |cly(A)| HVEHE.

W 2.13 (D) K PR EDL 2, K-V x U v 7 MsH AL,

SIEA. A< Be KT (B, A) ZINTHENRZEDE {(B), Aj)}jew £T 5.
DL E K DEZEDY] (M,)ien 2

o FilcxL, M; < M, <---

o Fj<ilixfl, A; A<M, 7551E, AB > A;B; Zililzd BlZ A | My,
OHICPHREGE L L THDIAD 5.

e KON T 5. M, XTEBNTZ 9%, Ay EAMT M, O THAL
DZ2FTNTCUNTENSZ AY, - JAF &L, Bolcxicd 280D% BY,--- ,BE &
5. TOLEB)E MDA LG AHE. E5IC By £ DD Aj LD
PMHE. ORI TOE, RRICTEIMEZ Mg £9 5. RITA,,--- 4
IS L TBM CEERTITY, TEMGZ My, -+ M, £ 3%, WEOIED 5
BM < Myog< My <--- <M, 3HESD. TOEE My = My; EINEE
D 2 DDA %7z 9.



CDEEM =, , M; BK-TV 22V IHETH L. HEE, EF21201 ¢
3IEHEEM. 21OV TIE, ABEKZA<SMMHMDALBZET XS ICH
. TOEEA2ALRD FHFEE. MDIEDTED A < M, ZHiTzd i 7
f£. i > EIRNELTERY. TOEEBIEA LM, OHFICHESE LTHBDIA
B, My, <M TH5DT, ZOIAY—IZ M THHES.

W8 2.14 (—BM) MM NEZK-YzxVw IiEed 5. A BEENENM,N
DEREATMEE T A2 BT 54553 tp(A) = tp(B). KT, YoV v I
& M AZFRRZERN T IZ0 D,

SRR, EEERETRY. M — A= (a)icw, N — B= (b)icw £ T 5. TDELZ
o A=Ay =dom(cy) hD B = By = ran(o)
o A; =dom(o;) IZAR, D, B; =ran(o;) &HRE
e A, <MMhDB <N
e a, € Ai Db € B;

2128 M S N NOFE T EALDILKRY (0:)icw ZIRNNICHEL T 5. o
ETEBNT LT 5. i BFEIEDIE, M — A S —HBIEFED/NE W ap 238,
Ay = cd({ap}UA) & 5. EFK2.12D3 K0 A 1 FHERR. AA L & BB %l
T BIEB; ENICHESL LTHDIADS. ZNE B, &L, 011 Aiy1 — B &
5. i MBS IE, N—B o —FIEFED/ NS Wb, 28T, By = cl({bJUB;)
£9%. BB =2 AARNTTET Al A, ENICHESGE L THDIAYD S, Zhe
A &L, 01t Ay > B £ 9%, o=, 0: LT, old M MD5 NAD[H
BER. K> Ttp(A) = tp(B). 7z, IRE2.10 XY clpy(0) = cly(@) = 0. £o
TA=B=0tdnEM=NZG5.

3 Hrushovski Ol
Ty IREERERHNT, RTEY 29— TVt Whis 253 5.
& 3.1 (WIMEK) AC BcKg, &7 5.

1. B ADMUYMER GEETA < B) TH3EE, A<B, D, ACCC
B 7Zehilz 9 M7 C DMEELRNT L.

2. BN ADOMUNER GBS TA <g_mm B) THBLWE, A <., BMD
5(BJ/A) =0THBC L.



3. BN AD 1MWK GEETA < B) THDEE, A<,, BHD
S(BJA)=1THBT L.

AR 3.2 1 MUK, 0-MuMIERD 1M NERDWI b,

2. A Sl—min B@}_’.%, {b} =B — Ab\g T(b,A) =0.

SRR, (1) iEHESh.
(2. be B—ALT%. BOMNMEKXD §(b/A) # 0. £>TH0b/A) = 1. FE
2.4 X0 5(bJA) = 6(b) —r(b,A) = 1 THZBDTr(b,A) =0. A <i_m BXD,
B — A= {b}.

EE33 (RN X c D e K XUY €Ky, XNY =0&9%. TDLE
(Y, X) A D Ok (minimal pair) TH 5 & &

1. X <oomn XUY,
2. X' CXIWHLT, r(V, X - X')#£0.
itz T k.

EE 3.4 X C AR IM/N (V, X)W LT, ACBJ2Y DX FOaE—
THWIERE DDRAEE v4(Y/X) TET. BuHHTH U THREE IS E &
B8 72 w(Y, X) > §(X) 2Tz X D ICHLS.

8 3.5 A<y BeKu &L, (V,X)%Z BOW/NIT xp(Y/X) > §(X) ZHizz
TELdB. TDEERDNTNHDEKD VLD.

1. XCA

2. Y C B—AZRWlz3 Y = Y DEE.

SEBA. X ¢ AT 5. Xu=XNAXpg=X-AkT5&, Xg#0. xpg(Y/X)=
m&l, ZOMHE LT, BICBI32Y DX EOav—2kkEY,, ... .Y, £35.
EHICZEDOHT, AICADTWVAHEDRY,,---,Y,, AICE B—-AICE A>TV
WEDZE Y, 41, Yo £ 5. X OMUMELD, ¢ <rliZXL r(Xp,Y:) >0TH
DT, §(X/A) =0(Xg/Xa)—1(Xp, A—X4) < 8(Xp/Xa)—1r <5(X)—7r. YO
R NMER D, 5(Y, - Y JAX) < —s. DIEDTEXD, 0<6(Y, - Y, X/A) =
S(X/A)+6(Ys Y, JAX) <6(X) = (r+s). o Tr+s<46(X) &b, Y'C
B—AZiitzd X FOY DA —MMEET B LIck%.



E# 3.6 (BBEMSE) A, B,CcK' 3 A=BNCxEilz3+3%. CDLEBL
CWA FEH (free) THB &1, RBYC = REURC Zililz9 C . 35T BLLC
EEL FBUCZBECODA LOHMEA (free amalgam) &V, Bo,C
&=L

R 3.7 (0-MBIMERDBE) A <o i BE K, DDA <y C € K, DEX,
ROVFHADID 170,

1. B@AC(GZK‘u

2. B' < C%Wil=d B' =, B hM#LE

SEBA. D=Bo.C ¢K, E. TDEE Xxp(Y/X) > uY,X) £75% D Dkt
NG (Y, X) DAL, B <jp_a D THZDT, #EIORD 2 DDHHICH TSN
2.

B1: X CBDOEE BeK, &0, YV ¢BERZYDX FOaE—Y'
C DHIAHE. YV OMUMEK D Y € C— A X DMuMEXD X € A, D ¢ K,
X0, DOHPICY" ¢ CLix3dY DX FOav—Y" Mz, Y OMuMEX D,
Y'"CB-Aklx%. BRNADOMNMEREZDT, Y'=B-Akk%. B =Y'UA
ERBTE, B =, BhD B <CZilitd.
BE2YCB-ALRBZY DX FOIC—Y' WMEET B &, X O MEX
DXCB. DZ€K,&D, DOHICY" ¢ BL7E5Y DX EOI¥—Y" HIFHE.
Y OfMEXD Y" Cc C — A, U X OMUMEED X c A, Ko THE 1 LAk
IZ, B=Y"UA BT, B2, BhDB <C%ihilzd.

EH 38 ACBeKy,n<wkdd. TOLEANBTn-M GIETA<, B)
ThsLlE, |X|<nZm/lzdTEDX CB-AKKLTIHX/A)>0THsC
E.n=wDkE, A<L,B& A< BRFMEICZS.

&L 3.9 K, = {A € Ko : ADWUNG (Y, X) 12X U xa(Y/X) < (Y, X)} &5 5.

8 3.10 (BtEM) A<BeK, m<w,A<p cmCeK, T3 TOLZX
B <, B'C',C" < B'C',\B'C' € K, Ziitzd B' =, B& C' =2, C WM#fE. FFic
K, 3@&z 0.

SEER. m<w &9 5. |B— Al +micBT BMNILETRT.
BB 1:0(By/A) =0 DAC B, CBEE% By WMifEd5LE. A<AB,<B
ISR WEDIREX D, C < B)C, B} <|p,—a+m ByC,B'C € K, ZHilzd
B =4 B MM#1E. B'Bj &4 BB, ZHilcd B 2W%. BUOMEDIRESD,
B" <|p_apyl+m B"C,C < B"C,B"C € K, Ziiilzd B" =,p5 B WM#E. TDE
¥ A<, B'C,C < B"C,B"C € K, WHICHMDENS.
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B 2 A IR T278 0D §(BJA) = 0D & E. A <g_pmin BTHZDT, fili
3.7 KO KRDBIMENMGFENS.

B 3 T IR D IRV §(BJA) > 0D L ¥, AC By C BhD A <uim By
i’z 9 By WA, LE 1D T2 0D T A <i_min By &2 THEE 32 K
D, By—A={b}DrbA)=1. TOLEYVASVC,C<VOVC K, kix
V2, bDMEE. Ko Tm<wDERIRREINZ. m=wdDl ETHIFIFFAE

MZK-YxxUvIiELd 5.

fHRE 3.11 M X BEF.

GEER. N 72 M EWPERAES o-fafiiigiE L 9 5. fli#3.10&0D, A<BeK,»
DAKNELIXBIZA ENICHEGE L THDAD S, TEIRES. XoT

E#&E 3.12 (Kigkic) M ZhiGe L, a,ACc M &9%.
1. da(@) = (cly(@)).
2. ADMGBRD & ¥ dy(a/A) = dur(aA) — dar(A).
3. ADMEREOD & %, dy(a/A) = inf{dy(a/Ag) : Ay Co, A},

#HRE 3.13 M (5dEmh).

SRR, M DPMUNTH BT LHERT. A<a, M LT 5.
FiE i be MIZH LT, db/A) =07a5I1Eb € acl(A).
At B =cl(bA) £ 35 & §(B/A) =0, ZTTA= By <o_min *** <0-min Bn = B
55K 5ICALEBZENETS. BEK, THHDT, HilchL By D B; I
DIAC—EERME. K> T tp(Biya/B:) EREMEDT, tp(B/A) EREH. HE->
Tbeacl(A).

bi,by € M —acl(A) &9%. FIRKD, d(b/A) =d(by/A)=1. TDEEi=1,2
IKRL {bJUA < MO Dr(b, A) =0. &> Ttp(b/A) =tp(by/A) 2135, HE>
T M &Hsv).

fHRE 3.14 M 3 field-like.

SEER. HE1.9 E[EEE, MDEY 2T —ThhRW\WT &RREE 5. D = {ay,as, by, bs, ¢}
it UT R(ay, by, ¢), R(ag, by, c) 28D 579 %. DeK, THBHDT,
D<MELTEW. A={aj, a2}, B={b,by} £F%. d(A) =d(B)=23bHx
5h. d(AUB)=3TH3H, d(ANB)=0. X>TEI1TF7—TRKL.



FE 3.15 HEEED MICBIERTE VW 22T IClE, & 5T < OO DHEj
WPRAETHS. K>TITTREAWTS. FELLIE (8, 7] 2B

FEIE 3.16 (Hrushovski [4]) JRFTEY 2T — TRVl Wil CHRFREEDEIRR T
TR EDOFET .
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