Hyperuniformity of the determinantal point processes
associated with the Heisenberg group

Makoto Katori
Department of Physics, Faculty of Science and Engineering,
Chuo University, Kasuga, Bunkyo-ku, Tokyo 112-8551, Japan;

e-mail: katori@phys.chuo-u.ac.jp

17 March 2022

Abstract
The Ginibre point process is given by the eigenvalue distribution of a non-
hermitian complex Gaussian matrix in the infinite matrix-size limit. This is a
determinantal point process (DPP) on the complex plane C in the sense that all
correlation functions are given by determinants specified by an integral kernel called
the correlation kernel. Shirai introduced the one-parameter (m € Ny) extensions of
the Ginibre DPP and called them the Ginibre-type point processes. In the present
paper we consider a generalization of the Ginibre and the Ginibre-type point pro-
cesses on C to the DPPs in the higher-dimensional spaces, C”, D = 2,3, ..., in which
they are parameterized by a multivariate level m & N(l)j . We call the obtained point
processes the extended Heisenberg family of DPPs, since the correlation kernels are
generally identified with the correlations of two points in the space of Heisenberg
group expressed by the Schrodinger representations. We prove that all DPPs in this

large family are in Class I of hyperuniformity.

Keywords Hyperuniformity; Ginibre and Ginibre-type point processes; Determi-
nantal point processes; Extended Heisenberg family of DPPs; Schrodinger represen-
tations of Heisenberg group

1 Introduction and Results

We consider the d-dimensional Euclid space R?, d € N := {1,2,...}, or the D-dimensional
complex space C”, D € N as a base space S. We assume that S is associated with a
reference measure A\. We consider an infinite point process on S, which is expressed by
an infinite sum of delta measures concentrated on a set of random points X;,7 € N,

E=) dx, (1.1)

1:1€EN
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We assume that for any bounded domain A C S, Z(A) < oo; that is, accumulation of
points does not occur. We also assume that with respect to the reference measure A(dz)
the point process has a finite density pi(r) < oo at almost every x € S.

We consider a homogeneous point process in the sense that

p1(z)\(dr) = const. x dz, =z € S,

where dz denotes the Lebesgue measure on S. The above assumption implies that for a
bounded domain A C S,
E[=(A)] o< vol(A).

Now we consider the number variance in the domain A,
var[Z(A)] := E[(E(A) - E[E(A)])?].

which represents local density fluctuation of the point process =. The domain A is regarded
as an observation window to measure the density fluctuation. If the points are non-
correlated and given by a Poisson point process, then

var[Z(A)] o< vol(A).

Recently in condensed matter physics and related material sciences, correlated particle
systems are said to be in a hyperuniform state when density fluctuations are anomalously
suppressed in large-scale limit. (See, for instance, [8, 23].) For an infinite random point
process =, the hyperuniformity is defined by

lim var[=(A)]

A~s E[Z(A)] =0

This means that the number variance of points grows more slowly than the window volume
in the limit such that the window covers whole of the space A — S.

Torquato [23] proposed three hyperuniformity classes for point processes concerning
asymptotics of number variances. In order to clearly assert this classification, here we
assume that S = R% d € N, and A = IB%E;?) = {z € R?: |z|] < R}, R > 0, where
vol(BY) = 742 R4 /T(d/2 + 1) with the gamma function I'(z) := Jo e u* " du, Rez > 0.
We consider a series of balls with increasing radius R, {]B%%)} Rr>0, and the hyperuniform

states are classified as follows;

Class I : V&I‘[E(Bg))] = R
Class 11 : var[Z IB%%))] = R 'log R,

Class IIT:  var[E(BY)] =< R™*, 0<a<1, asR— oo.

Here f(R) < g(R) means that there are finite positive constants ¢; and ¢y such that
c19(R) < f(R) < cag(R). The above characterization of three classes will be similarly
described for any series of windows {Agr}r~o labeled by a linear scale R of window. It
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is expected that the hyperuniformity and its classification are the proper properties of =
and do not depend on the choice of observation window Ag, R > 0.

Determinantal point processes (DPPs) studied in random matrix theory (RMT) [7]
provide a variety of examples of hyperuniform systems. In general a DPP is specified by
a triplet

(5, K, A(dx)),

where = is a nonnegative-integer-valued Radon measure (1.1) representing a point process,
K is a continuous function S xS — C called the correlation kernel, and A(dx) is a reference
measure on S.

The most studied DPP in RMT may be the sinc (sine) DPP, (Zgnc, Ksine, dx) on
S = R with the correlation kernel

sin(x — y)

Ksinc(zyy) = 7_[_(23 _ y)

, T,y €R.

This DPP is obtained as the bulk scaling limit of the eigenvalue distribution of Hermitian
random matrices in the Gaussian unitary ensemble (GUE) [7]. If limg,o f(R)/g(R) =1,
we will write f(R) ~ g(R) as R — oo. As a classical result in RMT, it is well known that

log R

var[EsinC(]B%g))] as R — oo.
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(See, for instance, [5, 20, 21], [19, Remark 5.8].) That is, the sinc DPP is in Class II of
hyperuniformity. Torquato [23] studied one-parameter (d € N) family of DPPs called the
Fermi-sphere point processes, which is also called the Fuclidean family of DPPs in [13].
This family gives the sinc DPP when d = 1. It was proved that the Fermi-sphere point
processes are in Class II of hyperuniformity for general d € N [24, 23].

An example of infinite DPP in Class I of hyperuniformity is also provided in RMT [7].
It is the DPP on C called the Ginibre DPP, (Eginibre;s KGinibre, AN(0,1;0)(dx)) on S = C,
which is obtained as the bulk scaling limit of eigenvalue distribution of non-Hermitian
random matrices [9]. There

KGinibre(x7 Z/) = exg’ T,y € C?
e_lz‘2

dx.

Ano1.0)(dr) =
N(o,l,C)( 96) -
Note that the disk on C, Dy := {z € C : |z| < R}, is identified with Bg) C R?. Shirai

proved [17]
Var[EGinibre(]B@))] ~ il as R — oo. (1.2)

R ﬁ

In [14] the result (1.2) in S = C was extended to DPPs in the higher-dimensional
complex spaces S = CP, D = 2.3... as follows. For S = C”, D € N, each coordinate
x € CP has D complex components; z = (M, ..., 2(P)) with ) = Rez® 4+ /—1Im z®,
( =1,....D. Weset zg := (Rez™,... , Rex®), 21 := (ImzW, ..., ImzP)) € RP,
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and we write ¥ = xr + /— 121 in this paper. The Lebesgue measure on CP is given by
dr = drgdr; = [[, dRezOdIm . For x = zg + v—1a1, y = yr + V—1y € CP, we
use the standard Hermitian inner product;

r-y = (rr +V—171) - (yr — V—1u1)
=(rr-yr +71-Y1) — V—1(TR - Y1 — T1 - YR).
The norm is given by |z| := V& -T = y/|zgr|?>+ |21]?, z € CP. Notice that if x =
TR,y = yr € RP, then 7 -9y = o5 - yg = Zle Rez®Rey®. The D-dimensional disk

DY) = {z € CP : |z| < R} is identified with B in R provided that d = 2D, D € N. On
CP the reference measure is given by the D-dimensional direct-product of AN(o,1;,0)(dx),

D
M) (@) = ] [ Awore (de)

(o 2 ?) o lal?

= ——————dzpdr; =
D

5 dr, x¢€CP. (1.3)

In [14] the one-parameter family (D € N) of DPPs was studied, which is called the
Heisenberg family of DPPs defined on CP as follows.

Definition 1.1 The Heisenberg family of DPPs is defined by (Zn,, Ky, Ano,1,c0)(dx))
on CP, D € N with the correlation kernel

Ky, (z,y) =%, z,yecCP. (1.4)

Note that Ky, is hermitian; Ky, (z,y) = Ku,(y,z), z,y € CP. The kernels in this
form on C”, D € N have been studied by Zelditch, who identified them with the Szegd
kernels for the reduced Heisenberg group H%S4 [26]. This family includes the Ginibre DPP
as the lowest dimensional case; D = 1. The following was proved [14].

Theorem 1.2 Any DPP in the Heisenberg family, (Zn,,, Ky, Axo,1;c0y(dT)) on CP,D e
N, is in Class I of hyperuniformity such that

var[Zn, (BY?)] D

lim R = —

o B[Ew, By )] VT

Moreover, for each D € N, the following asymptotic expansion holds,

Znp, (BYY) (D
Var[ HD( (2D) )] R 1 Z )| - R—Qk
E[Zn,(By )] Rz — 2k+1 k12

as R — oo,

where
if k=0,

2D+20-1), ifkeN.
é_—k-i-l



Instead of BgD) ~ ]DSQD), D € N, we can consider the D-dimensional polydisk of radius
R > 0in CP,

APV — L= (W, 2Py eCP 2P| < Ri=1,...,D}, (1.5)
as an observation window. In Remark 5 of [14], the following was proved.

Proposition 1.3 For the Heisenberg family of DPPs, (Zn,,, Ky, Axo,1,c0)(dx)), D € N,

var[= (A(D))] var[= (IB%(Q))] P
lim R— =2l — lim R |1 (1 - Lg;)
fmee B[Eq,(AR7)] e E[En, (Bg")]

D
=7

The Laguerre polynomial is defined by
(%¢ dn
n!  d¢n

L) == —— ("), neNy:={0,1,...}, a,(eR. (1.6)

In particuler, we wite L,({) = L%O)(C). Note that Lff“)(g) = 1 for any a € R. Let
sFy(aq, ag, as; 1, Pa; z) be the hypergeometric function defined by

o0

. N (al)n(QQ)n(a3)n£
sy (o, g, as; By, Bo; 2) 1= ; (1) (Ba)m nl

where (a),, is the Pochhammer symbol; (), == a(a+1)---(a+n—-1),n € N, (a)y := 1.
It is obvious that

sha(on, s, 0; 01, fo; 2) = 1. (1.7)
For D =1, let

K (2,y) = Ku,(2,9) Lin(J7 — y[*). m €Ny, x,y€C.

The one-parameter (m € Ny) family of DPPs, (:H1)> K,(_EL), AN(o,150)), m € Ny on C was
studied by Shirai [18], who called the DPPs in this family the Ginibre-type point processes.
This family of DPPs was also studied by Haimi and Hedenmalm [11], where they called
the DPPs the polyanalytic Ginibre ensembles. This family of DPPs on C has a physical
interpretation in terms of a two-dimensional system of free electrons in a uniform magnetic
field, where the electrons occupy the m-th Landau energy level, m € Ny. Shirai proved
the following [18].

Proposition 1.4 Any Ginibre-type DPP on C, (:(Hnl1 ,K&T), AN(o,1;0)(dx)), m € Ny, is in
Class I of hyperuniformity such that

m 2
varZ7 B o)
H1

lim —
rooe - EEG(BY)]
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with

m  20(m +3/2) 1T 1
CH1 ——3F2 —57—5,—7711,1,—5—771,1

8 1/2
~ —2m

as m — oo. (1.8)
m

In the present paper, we consider a large family of DPPs which includes both of the
Heisenberg family of DPPs and the Ginibre-type DPPs, which is parameterized by the
dimensionality D of the base space S = CP and the multivariate level expressed by a set
of integers, m = (mM, ... mP)) € NP.

Definition 1.5 The extended Heisenberg family of DPPs is defined by (E(H”;), Ko,
D

Ano,1;c0)(dx)) on CP, D € N with a multivariate level m € NF where the correlation
kernel is given by

D

Ky (,y) = Ky (@.9) [[ Lo (129 = @), 2,y € CP. (1.9)
=1

Here Ky, is defined by (1.4).

When m = 0 := (0,...,0), this family is reduced to the original Heisenberg family
defined by Theorem 1.1. It is obvious that when D = 1 this family is identified with the
Ginibre-type DPPs of Shirai [18].

In [18] Shirai gave a sufficient condition of Class I of hyperuniformity for DPPs on R?
with general dimensions d > 1. There he assumed that the observation windows are balls
]B%%) and the DPPs are isotropic in a sense. We can apply this general theorem to the
Heisenberg family of DPPs, (Zy,,, Kny,, Axo,1:c0)(de)) for all D € N and the Ginibre-type

DPPs on C, (:f_,"f ,K,(_:?), Ax,1,0)(dx)) for all m € Ny. But, it is not applicable to the

extended Heisenberg family of DPPs on CP, (= m) K,ng , AN(0.1.cpy(dx)), if D > 2 and
m # 0, since

2
K,E'D)(:E ') — e~ lz— 1‘|2HL © |x /(fl )

e~ |]2
D

is not a function of |z — 2|2 = Y0, |2 — /2. In other words, the DPPs in the
extended Heisenberg family with D > 2 or m # 0 are not isotropic.
In the present paper, however, we prove the following result for the extended Heisen-

berg family of DPPs, when observation windows are given by the D-dimensional polydisks
(1.5).



Theorem 1.6 For the extended Heisenberg family of DPPs, (:(H ™) K(m , Ano,1,c0)(dx)),

DeN, meNp,
—(m =(m®
- M%”)J i R ﬁ (1 _varlEg )(JB%))]H
—(m) —(m(®
Rooo” = ( (A ))] R—o00 = (1 ¢ (]ng))]

_ Zcm(“” (1.10)

By (1.7), (1.8) gives
co MG 1
1 T \/E
Hence, this result can be regarded as a generalization of Proposition 1.3.

In Section 2, we show the relationship between the extended Heisenberg family of
DPPs and the Schrodinger representations of the Heisenberg group Hp, D € N. There the
function denoted by g specifies the representation. The correlation kernels K| &mD), D eN,
m € NP are identified with the correlations of two points in the space of Hp expressed
using the Schrodinger operators acting on ¢g. In Section 3, after giving preliminaries for
point processes and comments on Theorem 1.2, the proof of Theorem 1.6 is given.

By Abreu and his coworkers [2, 3], the DPPs associated with the Schrédinger rep-
resentations of Hp are named as the Weyl-Heisenberg ensembles, in which g is called a
window function in the context of the time-frequency analysis [10]. See also Section 2.6
of [13]. It was proved by Abreu et al. [4] that the Weyl-Heisenberg ensembles are in the
hyperuniform state of Class I for a general class of window functions.

2 Representations of the Heisenberg Group and Cor-
relation Kernels

2.1 Schrodinger representations

We briefly review the representation theory of the Heisenberg group [6, 22, 10] in order to
explain the reason why we call the DPPs defined by Definition 1.1 the Heisenberg family
of DPPs and why we think that the DPPs defined by Definition 1.5 form its extended
family.

Consider the classical and quantum kinetics of a single particle moving in RP, D € N.
We note that, if D = 3k, k € N, this represents a k-particle system in the three dimensional
Euclidean space. The phase space is given by R?P with coordinates

(p,q) = (1,---,PDs 1, -, AD).

RQD-I—I

In order to describe the Heisenberg Lie algebra hp, we consider with coordinates

(p,q,7) = (p1,---,PDs @1, - --,qD, T), in which a Lie bracket is given by
[(pv q, 7—)7 (plv qlv T/)] = (O) Ovp : q/ —q- pl) = (O) 07 [(p q)v (plv q,)])
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The symplectic form of the Lie bracket [(p, q), (¢, q')] = p-¢'—q-p" comes from the Poisson
bracket in the classical mechanics and the commutator [A, B] := AB — BA in quantum
mechanics. The Heisenberg group Hp is the Lie group on R2P*+! satisfying the group law

1
77'=7+7 + 5[2, 7, Z,7'eR¥*>T
that is,

1
(p.g. 7)., ¢, 7)) = (pﬂ)’,q +4 7+7+ 5(1) ¢ —q -p’)) :

Let L*(RP) be the set of square integrable functions on R”, where the inner product
is given by

(o) = [ FOTOAC. fg € FRY)

with the norm || f||z2roy == \/(f. [ r2@p), f € L*(RP), where ¢ = (¢W,..., (")) € RP
and d( denotes the Lebesgue measure on R”. For a smooth function f, we introduce
operators X © and D defined by

1 of

(XU =¢Or©Q), DY) = 2/ 1900

©), (=1,...,D.

They satisfy the commutation relations

)
2

Note that the above will represent the canonical commutation relations in quantum me-
chanics, [Q©, P*)] = \/=1hdys. Here we should claim that the value of the Planck
constant h is specially chosen to be 1/2. This corresponds to the choice of the reference
measure on CP as (1.3). We consider a map from Hp to the group of unitary operators
acting on L?(RP) defined by

[X(Z),DM)] = Sery, 00 =1,...,D.

p(p7 q, 7_) _ eZﬁ(p-D-HrX-&—rI)

where D := (DD, ... D)), X := (XD, ..., XP)) and I denotes the identity operator.
By the Baker—Campbell-Hausdorff formula, we can show that

p(pq,7) f(Q) = VTITHICPUD (), f € LP(RP).

The map p is called the Schrdodinger representation of Hp. The kernel of p is {(0,0, k) :
k € 7}, since ¢**V=1 = 1 k € Z. The reduced Heisenberg group H$d is defined by
Hed := Hp /{(0,0, kn) : k € Z}. We consider the matriz-element functions of p(p,q,T) at

(f,9) € L*(RP)?,
My g(p,q,7) = {p(p, ¢, T) [, 9) 120y = (0(=D, 4, )G, [)12@D)
= [ e (e B)g (- B)ac foer®) @1

which is also called the Fourier—Wigner transform (see, for instance, [6, Section 1.4]).

Y
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2.2 Ground-state representation

We put

7

2\ P/ ¢ D
00=(2)" Gr=a0, cer?, (22
and define the complex variables

z=(zW, 2P =p+vV—=1g= Y +vV-1¢W, ... pP) +/—1¢'P)) e C.

Then (2.1) becomes

—lz[?/2
—1r e
Myco(p,q,7) =e*V ! B/)() 575
with

9\ D/4

Bl = (2) [, 5@ R g e ), (2.3
m RD

This integral is called the Bargmann transform. For f € L?*(RP), this integral converges

uniformly for z in any compact subset of C”, and hence B[f] is an entire function on CP.

We can prove that for fi, f, € L?(RP)

<Mf17Gov Mf27G0>L2(R2D) = <f17 f2>L2(RD) = <B[f1] B[f2]>L2((CD,>\ (24)

N(0,1:¢D))
where Ay 1,cpy is given by (1.3) and

<F1’F2>L2(CD’>‘N(0,1;(CD)) = /CD F1<23>F2($>)\N(0’1;CD)(CZ$>

with the norm ||F||L2(CD7/\N(O Lepy) T \/(F, F) 2o\ ). The Bargmann—Fock space

Fp is defined by
Fp = {F : F'is entire on C” and HFHL2((CD7)\N(O repy) < oo} .

The equalities (2.4) imply that the Bargmann transform is an isometry from L?(RP)
into Fp. Hence, if {f, nen, is a complete orthonormal system (CONS) of L*(R”), then
{B[/fn]}nenp makes a CONS for Fp.

For (p,q.7),(p,q,7") € R*P*TL we consider the correlation of these two points ex-
pressed by the Schrodinger operators acting on Gy such that

COI'Go ((pa q, T): (plv q/7 7—,)) = <p(—p, q, T)G()v p(_plv qlv 7J)GO>L2(RD)' (25)

We take a CONS {f,}nen, of L2(RP), where we assume f, € R, n € Ny. Then the
two-point correlation (2.5) is expanded and expressed using the matrix-element functions



(2.1) as

COIGO((pv q, 7—)7 (plv qlv 7—/)) = Z <p(_p7 q, T)GO7 fn)LQ(RD)<fn7 p(_plv qu T,)GO>L2(]RD)

n€Ng
= Z (p,q, 7 fmG0>L2 RD) (Go, (plaq,:T/)fn>L2(RD)
n€Ng
— / / /
- Z an,Go(p7an>an,Go(p7q 77->
n€Ng
e (el He'R/2 —(lz|*+[z'|?
= Z B[f,.](z)B[f] (). (2.6)
neNp

The Hermite polynomials on R are defined by

42 dn _42
€ , ne NOv g € R7

H,(Q) = (-1

and then the Hermite orthonormal functions are given by

1 2
W(() = ———e S 2H, , n € Ny, € R; 2.7
fR () (€)dC = dpm, m, m € Ny. Here we make a slight modification as

Jn(() = 21/477Z}n(\/§C), n e No, C e R.

{{/;n}neNo makes a real CONS of L*(R fR wn §)d§ = Opm, N, m € Ny, as assumed
above.

We extend the above results on R to RP, D € N by simply considering direct products;
for n:= (nW,... nP) e NP, ¢:=(¢W,...,(P)eRP,

) == o (CY). (2.8)

We can show that

where

¢n($> = ) nc N07 YIS C (29)




Hence (2.6) is calculated as

N ik
Corg, ((p,q.7), (0.4, 7)) = Z u(

nEND

—(lz|*+[a"1?)/2 D

Hil(“ )
= i
=1 (=0
@—|$‘2 e—|$"2
=\ Ky, (z,2) 5 z,z’ € CP.

By the gauge invariance of DPP (see Lemma 3.2 below), this can be identified with the
correlation kernel Ky, (z,2") of the Heisenberg family of DPPs given by (1.4). Note that
this result is obtained due to the special choice of g given by (2.2), which is also written

as
1

9(¢) = Go(C) = WWO(Q: ( eR”. (2.10)

We think that (2.8) represents the eigenstate in a multivariate level n € N of the D-
dimensional direct-product system of harmonic oscillators. Since Wy(() gives the ground
state, the above results on the choice (2.10) can be regarded as the ground-state repre-
sentation.

2.3 Higher-level representations

Now we consider the following general choice of g,

90) = Gnl€) = 7 Wm(C).

m=mY,... o mP)eNP ¢=W,... P)eRP,
which corresponds to the higher-level state of the D-dimensional system of harmonic
oscillators. The matrix-element function is then given by

_ o lal?/2
Mf,Gm<p7Q>T> . < (p7Q7 >f> >L2 (RD) _€2ﬁTBm[f](xvf>W>

Here we have used the multivariate notations,

D om® D

D
=TI '—Hm = I B = [ o (€)
/=1

=1 0z® =1
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By the definition (2.3), By[f](z) = B[f](x). The integral transformation B,,[f](z,T),
m € NJ is called the true-m-Bargmann transform by Vasilevski [25], the polyanalytic
Bargmann transform by Abreu and Feichtinger [1], and has been studied as the coherent
state transform by Mouayn [15].

We can read from Shirai’s paper [18] that, for (2.9),

m!

1 om
elel* = [ _|x‘2gbn ) (" m) (|z[*)z"™, n,m €Ny, z¢€C,

\/m! dxm

where L is defined by (1.6). Hence, we have

N 0T 7 EO=mO) 1 (0120 -
B H TI(Z (2) | | )

=1
for m = (mW, ... o mP)n = 0nW . 2P e NP = (W, ... 2P) e R It was
also shown in [18] that

= — 1 =
Z (|2 P)LG (|2 ) (wa) T = — e L (|lz — 2P), m €Ng, x,2' €C,
m!

:O

For each multivariate level m € NJ, as an extension of (2.5), the correlation of two
points (p, ¢, 7) and (p’,¢',7’) in the space of Hp shall be given by

Corg,, ((p.q,7), (0", d', 7)) == {p(=p, 4, T) G, p(=1', ¢, ') Gr) L2 D).
It is evaluated as

Core,, ((p,q.7), (0. 7)) = > Ms, 6, (0, ¢.7)Ms, ¢, (0. ¢, ')

nEND
e (=2 +]a"? -
= Z B, [®,](x,Z)B,,[®,] (2, ')
nEND
e (=2 +]a’? )/
= Hme (12 =20 P)
B €7|:c|2 K(m) , 67|x/‘2 ) (CD
= 5 L (x,2) 5 BT €

By Lemma 3.2, this can be identified with the correlation kernel K ,(_f;)(a:, 2') of the ex-
tended Heisenberg family of DPPs given by (1.9).
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3 Preliminaries and Proofs

3.1 Preliminaries for point processes

The configuration space of point process = = =(+) is given by

Conf(S) = {f = Zox cx; €5, E(A) < oo for all bounded set A C S}.

Let B.(S) be the set of all bounded measurable complex functions on S of compact
support, and for £ € Conf(S) and ¢ € B.(S) we set

(6.0) 1= [ ole)(dn) = 3ot

Random variables written in this form are generally called linear statistics of a point
process = [7]. For a point process =, if there exists a non-negative measurable function
p1 such that

E[(=, ¢)] = / b(x)pr()M(dz) ¥ € Bo(S).

p1 is called the first correlation function of = with respect to the reference measure \(dzx).
By definition, p;(z) gives the density of point at x € S with respect to A(dx). For n € N,
from & € Conf(S) we define

gn = E 5%'1 tte Oxina
U1 yeesin 570 R,JFK

and denote the n-product measure of A as A*"(dz; - - - dz,,) = [[}_, M(dz;). For a point
process =, if there exists a symmetric, non-negative measurable function p, on S™ such
that

E[(Z,,¢)] = » A(xy, .. ) pn(xe, . 2 A (day -+ - dxy,) Vo € B(S™),

then we say that p, is the n-th correlation function of = with respect to A(dx).
Determinantal point process (DPP) is defined as follows.

Definition 3.1 A point process = on (S, B.(S), A(dx)) is said to be a DPP with a mea-
surable kernel K : S x S — C, if the correlation functions with respect to A(dx) are given

by

pn(T1, ... 1) = det [K(z;,x;)] for everyn € N and any xy,...,x, € S. (3.1)

1<i,j<n

The integral kernel K is called the correlation kernel. The DPP is specified by the triplet
(2, K, A\(dx)).

13



The following fact is well known.

Lemma 3.2 Consider a non-vanishing function f : S — C. FEven if the correlation
kernel K (x,y) is transformed as

K(r.9) = Ks(e.) = [0 K505 vy €S (3.2)

all correlation functions (3.1) are the same and hence

(laZW)

(2, K, A(dx)) (2, K¢, A(dx)).

The transformation (3.2) is called the gauge transformation and the above property of
DPP is referred to gauge invariance. See, for instance, Lemma 3.8 in Section 3.6 of [12].
If the point process is a DPP, (2, K, A(dx)), then

E[(=, ¢)] = / o) K (. 2)A(d),
1

varl(=, )] = 5

/S 16le) = 6P K o) K (r0)A(dady). 6 € Bi(S).

In particular, when ¢ is the indicator function of a bounded domain A C S; ¢(z) =
1a(z) :==1,if x € A, and := 0, otherwise,

E[(

(1]

()] = / K (, 2)\(dx).

(A))] = / [ KK )\ )\,

[1]

var[(

3.2 Comments on Theorem 1.2

The Bessel function of the first kind and the modified Bessel function of the first kind are
defined as

ey (2
Ju(z) = (5) > (=) n!T(v+n+1)

L(z) = (g)yz n!F((VZ/—S)nn—I— 1)’ v>—l z€C\ (00,0},

n=0

respectively. The following were proved in [14].
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Proposition 3.3 For the Heisenberg family of DPPs, (Zn,, Ku,, Axo,1,c0)(dx)) on CP,
D € N, the following hold,

- (2p)y, _ B*P
E[Zh, B )] = DI
2R’ [ Jp(kR)? .,
var[En, (B )] = (D—l)!/ D<K L

R2Do—2R? D1 , ,
= > .(2R%) + L1 (2R%)], R >0.
n=0
Theorem 1.2 is concluded from the above proposition, if we use the following asymp-
totic formula of the modified Bessel functions (see, for instance, [16, Section 10.17]),

ak _
g k >a: k, as r — o0.

I,(x) ~ 1103k

V2T

3.3 Proof of Theorem 1.6

For R > 0,n,m € Ny, let

(R,m) m! . n—m _ —u| 7 (n—m) 2
py " = — u e L™ (u) | du.
0

n!

We introduce a series of random variables Yn((%’m([)) c {0,1}, mY € Ny, n' € N,

¢=1,...,D such that they are mutually independent and

(R, m(e)) Bernoulli
an) ~ HEm©)
P

where the right-hand side denotes the Bernoulli measure of probability pgfgfl “. By the
general theory of the duality relations between DPPs [13, Theorem 2.6], we can prove that

=maP) 4 3 H Yﬁ)mm)

nEND =1

Then it is easy to verify that

D oo
B )= T - [
N {=

(=1 k=0
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and

—(m D R.m® R’m(f)
Var[u(HD)(Agpb ))] = var Z HYn(([) = var HYH(([) )]
neNP (=1 neNp /=1
D ® D ® ’
— (Rm9) (R,m®)
-3 (M- (1)
neNp | =1 =1
D ® D o~ ®
_ (B,m9) (R,m)
IO | DI
(=1 k=0 (=1 k=0
Hence, we obtain
(D) D [e's) R.m®
var(Z,) (AR7)] DOy S b
—m) (D) —1—H o (Bm®) m € Ny .
E[=y (A )] =1 k=0 Pk
When D =1, the above gives
—(m 2 1 oo ,m
var[Z00 (BR)) _ varEE0(AR)] SR ()
—m @y e ANy o ('m0 ME No.
E[‘—'H1 By )] E[:Hl (AR )] Zk:opk

where we have used the obvious fact that Ag) = Dp C C and it is identified with

]B%g) C R2. Hence the first equality in (1.10) is proved. The second equality is obtained
by Proposition 1.4. The proof is hence complete.
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