SEMI-CLASSICAL LIMITS FOR THE NELSON MODEL
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Abstract

We are concerned with the Nelson Hamiltonian Hj with semi-classical parameter
h > 0. A classical object H(qs,ps,us, us) is defined by the solution {gs,ps,us} to
the Hamilton-Jacobi equation associated with the Nelson Hamiltonian. We show the

asymptotic behaviour of
e_i%Hﬁe% fg H(gs,ps,us,Us)ds

as h — 0. Furthermore we introduce Wigner measures pg on the particle-field phase
space X = R3 x R? x L2(R3) appearing in the semi-classical limits of a family of trace
class operators {ps, h € (0,1)}. Le.,

lim Tr(phw(gl)) — / eQTl'i Re(:v,f’)Xdluo(x)
h—0 X

for ¢ € X and W(§) denotes an exponential operator. The Wigner measure fi; associ-
ated with the family of time evolutions of trace class operators {pp(t),h € (0,1)} are
given by

lim Tr(ph(t)W(fl)):/ 2R ENX 4y, (),
h—0 X

We show that i (-) = pgo®; *(+), where ®; is the flow for the solution to the Hamilton-
Jacobi equation.

1 Hamilton-Jacobi equation for the Nelson model

In the RIMS conference held on December 6-8, 2021 we gave a talk on the title "Newton
Maxwell equation through semi-classical analysis”. In this article, however, we are concerned
with the Nelson model on coherent states for the simplicity and demonstrate a motivation
why we are interested in the semiclassical analysis. This results are ultimately developed

in [2] for the Pauli-Fierz model in non-relativistic QED [10] and the semi-classical limit is
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investigated through the so-called Wigner measures. The Wigner measure is a probability
measure on the total phase space R?® x R? x L?(R?®). The Wigner measure is applied to
the semi-classical analysis in [7] for Schrodinger operators and is extended to an infinite

dimensional phase space in [3]. We refer [1, 4, 6, 5] for related investigations.

1.1 Semi-classical limit of Schrodinger operators

Before going to our main results, we introduce a semi-classical limit of Schrédinger operators

for the readers convenient. Let us consider 3D-Schrédinger operator of the form:

R*
hy = —D7 +V(z),
P om T (z)
where A > 0 is a semi-classical parameter, m > 0 a mass of a particle, D, = —iV, and V is

an external potential. Let
2

H="H(q,p) = 2p—m + V(q),

where (p,q) € R® x R3. The Hamilton-Jacobi equation associated with hy is

. OH Y2
Gy = —— =
Opt m
(1.1)
) OH
bt = —5—% = —VV(qt).

Let (g, p¢) € R3 x R3 be the solution to (1.1). We are interested in the asymptotic behaviour
of

e—i%hhe% fg H(gs,ps)ds

as h — 0.
Let &, be the 3D-dilation defined by

& f () = WA (Vhe),
and hence & f(x) = h=3/*f(x/v/h). Let us define the quadratic operator Q95" by

1
Seh — %Di +z-VV(q)z.

Then it actually follows that

. it i .t ~Se i
g [l Hineh 0§00 D) g 03N asg e tD g 0. (12)



This can be proven as follows. Let
. rt ~Sch i . i [t
N, = ;6zf0 Qs¢ dsghe—g(ptCL‘—ﬁCJth)e—l%hheﬁ fo ’H(qus)dssp‘
Then

) . ) t
e hineh Mo pebchp—taaigro 43 Q5 Mgy et g — =g < [ 5.
0

We see that
f.)/t —¢eh fOt ’H(qs’ps)dsﬁ%(tht>€;ez fot Q.ss hdséhe_ﬁ(ptz_hlItDz)e_Z%hhSO

+ et Jo Mlaspa)ds gxioi fo Q¥ ds g o= (i —harDa) o —ifchn

4 ei lo H(Qsms)dsg;;eifot Qf-chdsgh {—%(ptﬂf _ hthz>} 6_%(ptfl—thDac)€—i%hhgp

i t - rt Sch ] Z -1
+ e do H(qs,ps)dsgelfo Q3c nghe—%(ptx—ﬁthx) {—ﬁhh} e trtnp,

We compute & (Pro—aDe) {—~hy}. By a shift operator en (Pe—ahDs)

hD, + p;)*
hy, — (hDs +p1)° +V(x+q),
2m
and by a scaling &,
hD, 2
N (\/_—+1915) + V(\/ﬁx +q).
2m
Then the right-hand side above is
: hD, + p;)?
She—g(Ptx—ﬁQth)hﬁ = (\/_Q—m_l_pt) + V(\/ﬁl‘ + qt)
peD,
= H(q. pr) + Vh (ptm + VV(Qt)93> + Q7" + O(R*?). (1.3)
Furthermore . :
i ) [ .
&n {—%(pt:c — thDz)} - —E(Ptl“ — @tD2)&n-
Hence

h

_ i _ 4t i [t
w o #(Per—hatDa) —ighn % Jo H(qus)dsgp‘

: x i [t chds i . c i . . 0
Ay =€petlo @3 {—H(Qmpt) +iQP" — ﬁ(ptl’ — ¢D,) — 7—1(1-3)} &n



By (1.1) we have

l

P (1.3) = O(Vh).

i A Se T, )
EH(C]upt) + ZQtS h— —(przr — ¢ Dy)

Vh

Then (1.2) follows. In the semi-classical region we can see that

» - . ot A Seh )
B_Zﬁhhe_l—% Jo H(gs,ps)ds e%(ptx—ﬁthz)ége_z JQse dséhe—%(poz—ﬁquz).

Here we emphasize that Q%" is independent of i. We extend this kind of arguments to the

Nelson model in quantum field theory in what follows.

1.2 Nelson model

Let a'(f) and a(f) be the annihilation operator and the creation operator, respectively on
the boson Fock space over L?(R?):

@5 L*(R?)].

P

F=

S
i
o

The adjoint relation is a(f)* = a(f) and the CCR is given by [a(f),a'(g)] = (f,¢)1 and
[a*(f),a*(g)] = 0, where (f,g) denotes a scalar product on L?(R?) and it is linear in g and
anti-linear in f. Formally we write a*(f) = [ a*(k)f(k)dk. The field operator is given by

(a'(f) +a(f))

and its momentum conjugate by

7 —

1(f) = —=(a'(f) = a(f)).

Thus [¢(f),11(g)] = iRe(f,9), [¢(f), ¢(g)] = ilm(f, g) and [TI(f),T(g)] = iIm(f,g) hold
true. Let Hy = dI'(w) be the second quantization of the multiplication by w(k) = |k|. Here

|k| denotes the energy of a massless boson with momentum % € R3.
The Nelson Hamiltonian [9, 8] is defined as s self-adjoint operator on the product Hilbert
space
H=L*RwF

and is given by

1
H:(%D§+V)®H+H®Hf+ﬂl,



and the interaction by

Hy = Hy(2)d(e ™3 ) /w) = f/{ 7*’; at (k) + i/qﬂk) (k:)}dk:

Here ¢ is a cutoff function. We assume that wy/w¢, v/w$, p/+/w, p/w € L*(R?). Throughout
we suppose that V' € C?(R?) and bounded. Then H is self-adjoint on D(D?) N D(H;) and

bounded from below. We introduce the semi-classical parameter 4 > 0 by

h2
H, = (—D>+V)® 1+ VhH + hl® H;.

2m
Let (¢,p,u) € R® x R® x L*(R?). The classical Nelson Hamiltonian is given by

2

H(p, q,u, 1) = §—m + V(g + /}R3 w(k)u(k)|*dk 4+ U(q, u).

Here
e (k) ™5 (k)
Ulgu) = — / e iy + u(k) b k.
V2 w(k) w(k)
The time evolution of (p,q,u) € R® x R? x L*(R3) are governed by the Hamilton-Jacobi
equation:
(. ot _n
a Copeom]
. OH
(N)Q Pt = oo = —VV(q) — VU(qr, ur),
B OH e~k (k)
(k) = — = w(k)u (k) + ————=.
i) =g = e -
Here

1 e "™ p(k) ‘
VU (q,u) = — —itk————=u (k) + thk——=u(k) 7 dk.
) =75 fe { o ow
Note that \/wp € L?(R3) and then the right-hand side above is finite.

2 Coherent states and Weyl commutation relations

Now we define coherent states for the field and the particle. In general, when [A, B] is

c-number, then formally

1
oAeB — p3[AB A+B



holds true. Let W (f) = ™). Then Weyl commutation relation holds:
W(HW(g) = e 2"PIW(f +g).
Since W (ig) ==®9, we can see that
W(HWig) = e = VMW (f +ig).
Let z = g +ip € R +iR®. Define T(z) = €!®P*=4"P=)  Note that
[px — qhD,,p'v — ¢ hD,| = ih(qp' — pq') = ihlmz - 2.

Hence
T(Z)T(2/> _ e—%hlmf-z’T(z_i_Z/)

and
T(2)T(i2) = e 2"B (5 4 42).

The coherent state smeared by u is defined by

V2u
v (%) .

where €2 € F is the Fock vacuum. Note that

W <\/§U) _ el w—a(@)

St

Vh

Let (¢,p) € R3 x R? be a point in the phase space and
Un(z) = (Wh>f3/4eflw\2/(2ﬁ)_
Thus [[¢)5]] = 1. The coherent state for the particle part is given by
Zp@) - th,pq/}ﬁ’

where T =T (%) for z = ¢+ ip, i,

1
T;‘,p = exp (7—1(1)1 — hqu)> :

Note that ¢  is normalized in L*(R?) for each (¢,p) € R* x R?. We see that

o5 FPIpPTp—1aDs _ o3 5P1p—iaDx pipT

h
Tl] P



Let (q¢, pt, us) be the solution to (N). Define

O =T"  (Up®Q), t>0.

qt,Pt,Ut

Here
ho Z V2u . .
Tq,p,u_T<ﬁ> ®W<ﬁ>» z=q+p,
is unitary. The unitary operator Tqri e, 15 the shift operator such that
hx h
th’phutIth,ptyut =z + qt7
hx h
Tt]t,pmutthCth,pt,ut = hD, + pi,
Tqﬁtfphut\/ﬁa(kj)Tqﬁt,pt,ut = h’a(k) + ut(k)v
T NRd(R)TE =V (k) + (k).

From these relations we can see that

(z +ihD,)®! = (q; + ip,) PP,
Vha(k) O = u, (k)@
Vhal (k)®] = @, (k)P

The classical objects appear as the eigenvalues.

3 Semi-classical limits

In this section we shall prove that

N —ilH), — 4 Jo H(as.psyusis)dsrph —4 Jo Qnodsrpih —
}%_r}%“e Ry — e o Ty peus€ ™70 Lo po,u0®nll = 0. (3.1)

Here f(f (nsds is a quadratic operator derived from Hj. The strategy to see (3.1) is due to

the fact
Tﬁ* HﬁTﬁ

qt,Pt,Ut qt,pt,Ut

= H(qr. P, s, @) + Qpe + reminder + O(vVh).
This corresponds to (1.3) for Schrédinger operators. See (3.3). The quadratic term is given
by

h?

1
Qny = %Di +5e (VV(q) + VU (g1, w)) © + VAV Hy(q,)z + hH;.



HeI‘e VHI(qS> = gb(—ike_ikQSga/\/a), v2v(%) = (Vavﬁv<%>>1§a,ﬁ§3 and VQU(qt,Ut) —
(VaVBU(% ut))lgaﬁgfg with

e M g(k) e (k)
\Y% VBU(qt,Ut> \/_ . {—kakﬁwut(k) — kakBWut<k)} dk.

The main theorem is as follows.

Theorem 3.1 Let (q,p,u) € R x R® x L*(R3). Suppose that (g, ps, us) € R® x R® x L*(R3)
is the solution to (N) with initial condition (qo, po, o) = (q,p,u). Then

e~ i Tnei fo Mlaspeestiddsgy, k=i fo Quads e g1 < O/, (3.2)

qt,Pt,ut q,p,u
Proof: Let &, be the dilation defined by &, f (2) = B/ f(v/ha), and hence & f(x) = h=3/*f (x/V/h).
In particular we have
&b (x) = vn().
To show (3.2), the Cook method is applied. Let

_ f Qn,sdshx —itHy iftH(q Ds,Us,Us)ds ¢
vy = Epet o Qs Ty py € 1 en Jo TSP BRI LD

where ®; = ¢y @ Q. Since vy = &1, &, we have vy — vg = fot v,ds and then the left-hand

side of (3.2) can be written as ||v; — 1p||. We note that

t . R . . .
Vg — 1V = / §net Jo Qn.rdr (hH(Qmpm Us, Us) + th + s — h Hy(s )) th*ps us© ZﬁHﬁég@ldsv
0

where

d hox hox
d_TQS Ps,Us = C qu Ps,Us*
Since T ., acts as the shift by  — 2+ ¢;, hD; — hD,+p, and Vha(k) = Via(k)+u(k),

we used the intertwining property:

Th* Hh — Hh( )Th*

where
() =P Vet g+ [ wR () + 08 (VRa(h) + )k
e~ ik(z+aqr) etik(@+ar) _
— al Uy — a Uy
+/R{ oy PRIV R (E) + 8k)) + == G (Vha(k) + (k))}dk
:(th +pt>2

5T V(r+q)+ U@+ q,u) + hHe + / w (k)| (k) |*dk
R3

+ VIV26(wuy) + VRH (z + q). (3.3)



We shall estimate the term & (%H(qmps, Ug, Us) + %Qh,s +C, — %Hh(s)) &r. Since

gﬁH(q&psa u87 as)é; = H(qs7ps7 us7 ?TI/S),

we investigate

7 7 7
ﬁH(QS:pm Us, as) + ﬁgth,sg;; + fh (Cs — ﬁHh(5>> f;;

We can directly compute C; as

?

C; "

(prx — e D,) {a’ () — a(ty)} .

1
Vh

Note that &,2¢; = xv/h and €,D,&5 = D, /v/h. Then

€CiEr = —%L {px — 4D, — (a (i) + a(7))}

Next we compute &, H(t)&;. By (3.3) we have

(\/ﬁDz + pt>2

SHN(DE = +V(Vhr + q) + UNIx + g, )
+ VRH (i + @) + VAV20(wus) + /R (R ()b + B
By
V(Vhz +q) = V(g) + VAVV (¢)x + %hx VAV (q)x + O(R*?),
UVhz + g, u) = Ulg, w) + VAVU (g, ug)x + %hx V32U (qr, u)x + O(R?),
VhH(Vha + q) = VhHi(q:) + BV Hi(q)z + O(K/?),
we see that

6 (G- pm)

1 1 1
= — {%Di + 3T V2V (g)x + 3% VU (g, us)x + VHy(q)x + Hf}

{%pr + VV(q)z + VU (g, w)x + V2 (vVwu,) + Hy(q,)

SE

iw = @i Da — (al (i) + aiin)) }

ot 4 V(@) + [ wRuPal+Ulau) | + OV

.



The second term of the right-hand side above is identically zero by equation (N). Hence

&n <Ct — %Hﬁ(t)> & =— thﬁ & — Mg, pryus, ) + O(Vh). (3.4)
It follows that
[ — o]
</ t (%H(qs,ps,us,us> + 36465+ 6(C - %Hn(s))ﬁf’;) 6T, e TG0 | ds
< 1CVh||® |
with some constant C' > 0 by (3.4). Then the theorem follows. |

4 Wigner measures

In this section we introduce Wigner measures on the phase space R? x R? x L?(IR?) appearing
in the semi-classical limits of a family of trace class operators {pp, A € (0,1)}. This has been
studied in e.g., [7, 3].

4.1 Examples

We recall that

T =T (5) ®W <%> ,
where z; = ¢ + ip; € R® +iR3 and u; € LQ(R?’) are the solution to (N). In the previous
section we consider the asymptotic behavior of 7, qt ey 3 B— 0 in the sense of Theorem 3.1.
Note that ||7" (2 )®W<f“) ®pl| =1 but (5,7 (2 )®W( >(I)ﬁ) —0ash—0.
In this section the following strategy is taken to analyze the asymptotic behavior of

coherent vector T(%) 0 W (*?L) ®, as h — 0. For each 2 = ¢ +ip € R3 +iR?® and

u € L*(R3), we define the trace class operator Cy(z,u) by

Cp = Ca(z,u) = |T (%) @ W (%‘) Op)(T (h) O W <{/_ﬁ“> .

This is a one-rank operator. Let 2/ = ¢’ +ip’ € R® +iR?® nd v/ € L*(R?). We prepare the

operator
W = W( ) = T(2miz') © W (V2riv/R') = e s0hD) g o=VIrivioQ)

We consider the asymptotic behaviour of the trace Tr(C,WV).

10



Lemma 4.1 Let z = q+ip, 2 = ¢ +ip’ € R} +iR? and u, v’ € L*(R®). Then it follows that
lim Tr(Ch(z U)W(z,,ul)) — 627TiRe((u7u’)+g.z’)‘
h—0
Proof: The formulae W (f)* = W(—f) and T'(2)* = T(—z), and
(W ()Q, W (ig)W (£)Q) = (Q, W (ig)Q)ei Relh9)

and
(T(2)0, T(i2)T(2)¢) = (4, T(iz')p)e' "=

are useful. We see that Tr(Cp(z, u)W(2',u')) can be decomposed into two factors:
Tr(Cu(z, u)W (2" )

— (T (%) b, T(2mi2')T (%) on) - (W (%) O, W (V2rivV i)W <\/\/_g> Q).

Then the field part turns out to be

\/_’LL \/_u . / 2mi Re(u,u’)
(W <\/ﬁ> Q, W(V2mivVh!\W (Vﬁ) Q) = (2, W(V2rivVhu')Q)e

and the particle part

(T (%) W, T(2mi2)T (%) Un) = (n, T(2miz"Ybp)e2mi Rz

We also see that
lim (€2 W (V2mivhu')Q)e2riRe(wa’) — g2miRe(uu')
i—

Since 1 — (x) and T(27i2") — €*™9% as i — 0, we can see that
limn (45, 722" )oy) €™ Rezz' _  2miRezs’
—0

Then the lemma is proven. [ |

4.2 Wigner measures

Let X = R3? x R® x L?(R3). Set

(&, )x =qd +pp' +ilqp" — pd') + (u, ')

11



for € = (¢,p,u) € X and & = (¢, p/,v') € X. We define W(¢') = W(Z',u') = W({,p',u)
and Cj(§) = Cu(z,u) = Cu(q,p,u). Then the statements of Lemma 4.1 can be rewritten as

lim Tr(Cp(E)W(E)) = ¢2miReE€)x

h—0

Furthermore

627TiRe(§7§/)X _ / €2ﬁiRe(I7§l)Xdﬂg(l‘),
JX

where fpie(x) is the Dirac measure d¢(z) on the phase space X with mass at x = £. This
is called the Wigner measure associated with {Cs(¢),h € (0,1)}. In [2] we consider Wigner

measures /i associated with a general family of trace class operators {pp, i € (0,1)} on the
total Hilbert space L*(R?) ® F. Le.,

i Tr(V(E) = [ o)
h—0 X

The existence and the uniqueness of the measure g associated with {pn, i € (0,1)} are
established in [2] but for the Pauli-Fierz model which is rather complicated than the Nelson
model.

We can show that any Borel probability measure p on X is a Wigner measure. We define

the family of trace class operators by

= [ C©du©). ne ).
X
Proposition 4.2 [2, Lemma 4.3] The Wigner measure of {pn, h € (0,1)} is p.

Proof: 1t is straightforward to see that

(e = [

X

TH(CAEW(E))du(€) — /X TR ) (€).

Then the proposition follows. [

4.3 Time evolution of Wigner measures and flows

The time evolution of the Wigner measure is given by

}ilHéTr(ph(t)W(fl)):/ eQWiRe(x7£/)Xdﬂt($),
- X

where



Here we give an example. Fix £ = (z,u) = (¢,p,u) € X. Let
Chl&)(t) = e HCy(&)el i .

We set
ngT(%) ®W(%>,
T, :T<%> @ W <\/5%’”t> .

Here & = (24, us) = (qi, pr, ug) € X is the solution to (V) with the initial condition & = £ =
(z,u) = (¢,p,u) € X. Since Cy(§) = |T¢Pp) (T P4/, we have

Te(Ca(E) (W) = (TeDp, €3 W(E)e W T Dy,), (4.1)
Te(Ch(E)W(E)) = (Te, @5, W(E) Ty, By). (4.2)

By Theorem 3.1, we can see that
e~ tiHnen Jo Hlaspeusiis)ds Ty o= fo Qnsds s (4.3)
in a semi-classical region. Let us define

-Hﬁ - Hﬁ - H(qsvpsa Usg, Q_LS),

1 1 -
Qr = %Di T T (V2V(q) + VU (g1, wr))x + ¢ (—zk:e k‘“%) x + H;.

Thus @); is quadratic and independent of h. Note that
Epe i Jo Quadsgx — =i fy Quds
and in particular e~ Jo Qads i independent of A. By (4.3) we have a corollary.
Corollary 4.3 It follows that
e~Ho wlnds o T greiho Qudsg T i 0, (4.4)

Here A ~ B means that lim,_, | A® — B®|| = 0.

13



Hence

Tr(Ch(E)(OW(E)) ~ (Te &re o Qdog, 0, W(E )T, Epe o Q05, D))
= (e o Qb Dy TEW(E )T, e o @45
_ (e—i I Qsdsq)17 &/W(E')f}{e‘iﬁ Qsdsq)1>62m‘ Re(t.€)

Furthermore
()6 = D) gy BV

as h — 0. Then

lim TH(Cy (€) ()W(E) = [y 262 Re6d) — 2rihetce), (4.5)

h—0

(4.5) has been rigorously proven and ultimately generalized in [2, Theorem 1.4].
A relationship between py and g is given through solutions to (N). Let @, : X — X be
such that & = ®,(€) is the solution to (N) with the initial condition &, = &.

Theorem 4.4 [2, Theorem 1.4] It follows that p,(-) = pg o @, ().

By this we can see that

lim TH(C, (€) ()W(E)) = /X 2R e o B (1) (4.6)

h—0

and hence
/ 627riRe(ac,§’)Xdlu5 o (I)t_l($> _ eQm’Re(&,ﬁ’)X‘
X

Then (4.5) follows. As a corollary we can see that

lim Te(C, () (OW(ET)) = lim Tr(Cu(E)V(ET))-

h—0
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