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ARk, 2022 4E 5 HIcPffE S MR dis (2 HE— 2O ITBWTREDT - ZillHONEE %
Db DTHS. BIRIICE, EEBZEY — X EHIR SR FVZERISNS % Thakur OREFHIZOW
T, Chieh-Yu Chang X35 XU Yen-Tsung Chen K& ORI [7] THRONAEREZHML TV 5.

FFIE 0 ICBI B RAEEEL LS. AV T v I Rs=(s1,...,5) €25, Ts >2L%5HDITH
L, ZEHY—X2#EIZ

1
((s) : m>.§m21 e - R
TRINDZFEBDOI L THoT. wt(s) := > .s; s DEZ, dep(s) :==r & s DRI L WVS. ¥,
wi(s) = dep(s) = 0 LB BME DA > 7y 7 2% P TEL, () =1 LB, UFTHE, wi(s)=w DL =
C(s) #EX w DEZEY—XHELIERILICT 3. w> 0L, BEX wDZEY—XENQ FHREZ R k
NWVZERZ 3, L LED. 3 DRITICDOWTIE, Zagier 23] IZX D XD THEMBEZ SN TV 5:

F18 1.1 (Zagier DXILTMAE). FED w > 01ZH L, dimg 3, = dy DD LD, TIT, d, &
do:=1, d1:=0, do:=1, dy:=dy o+dy_3 (w > 3)
TEELIHTH 5.

Goncharov [11], S#Ali [18], Deligne-Goncharov [10] i&, FE®D w > 0120 LT dimg 3, < dy, 3D 37
SZt&mll. LaL, oA ELZRTORBELWEEEEZ SN TED, SO ZARMBIRTHS.

R, 3 ODRIEEFZ &S, TN 2THX w DAV Ty 7 ATERDID 2 $2E 3 0564825 dDOLREKDKRT
HErTse (I8 ={0}), #IH =d, PROVDZ L DERTES. 2D %, Hoffman [14] 13X % T
L7z

F#8 1.2 (Hoffman OILETFA). FRED w > 0L, ((s) (s € Z2) & Q N7 bLZEfi] 3, DILEIC 5.

Brown [2] 1%, fTED w > 0L T(s) (s € ZH) A3 3, BEKTZ 2 ERLE. LAL, ZThHHQ
FAHNITH Z I DRI R TH 5. e, LG ALES w DFHEY — &%, Zhbdk



BOTDFASE THARRNCER T 7 LTV XA F b TwiRWw. IR TE, FARIL, 1.2 OIEEEROBIEIAS]
2R L 725 (7] ONBEZMNTT 5.

2 IEEBZEY—~E

R p DR, 0 2ZREeT 5. A=F,0 2HRKEKF, Lo 1 ZHZHEAR, k:=F,(0) & A DL,
koo :=Fo((1/0) % k OMMRESICH T 25 35, o3 Z CQC R OFEHEME 2. ZO®
EDRT, EEBOBBIK EOZEY —2HEEZ XS.

T := LITZOZ§1 BAVTOIARRDORBRTEEGL T D, AVYT VI RAs=(s1,...,8) € LML, Thakur
& [19] IZBWTIEREL (0o i) ZHEY —XfH (a(s) ZRTERLL (51 =1 THIERT 2):

1
Cals) == Z PR € keo.

a;€A: monic 1

degai>--->dega,

ER O D g Rk, HE w DIREBZEY — 22 bk Fikd X2 MLVZERZ
Z’w = <<A(5) ‘5 S Iw)k C koo

YERT B, TIT, Ty CTREE w4 YTy 2 R8RSR BEMIEEEET. Z, DXTTICOVTI,
Todd [22] I X D RO PN E 2 b7z (L& 78 B2 AHL DABIE 2015 4E):

F18 2.1 (Todd DXITETAH). FED w > 01K L, dimy, Z, = d, YD, 22T, d, &
q
d, =#T, (0<w<q), dy=#I,—1, d,:=> d,;(w>q)
1=1

TEX2HTH 5.
KT, Z, ODREEEZEZ LS. Fw> 0L
Ty = {(s1,--s8:) € Ly |1 < 53 < q (Vi) s, < g}
YBLY (IF = {0}), #IF =d, AIKD IO L BHERTE S, ZDr %, Thakur [21] 13X% FHL
F#8 2.2 (Thakur OHEFH). FED w > 01K, (a(s) (s € Ty) i kR MLVER Z, OREICRS.

Ngo Dac [17] 4&, fEED w > 0 XL T Ca(s) (s € ID) A 2, ZERT 5 Z 2, R dimy, 2, < d),
RDNDZ e ZR L. EHIEDWHD S, TROIPEMZEY —2ENGZ 6Nz 212, Zh%E (a(s)
(s €T0) DA LOFRFEETET 7 LTY X ABHELNTVS. — /4T, [17) TRERMT IR T 255
HI7Z2AER S RE N TV S A, Thakur DEEFHDTRZMRICEE s TV BRI o, TOEIBRERDF,
%13 Chang KB X O Chen R EFT, [7] @BV TIh oD TEEHEMHRL .

EIE 2.3 ([7]). T 2.1, 221 FELW.

AR 2.4, (7] ORKREFREHIC, 15 IKBWTHID 7V —FbRAKOERDIHZRER L2, [15] TIEE 5
12, R [13] 12 & D ER SN EEBRNREEY - X EIR S ZEHORKES 52 TWs. —/T, [7] TIE%
TV X LE XD BECERLTEY, (#L, — d,) HoMLA k RBEGRREIRINICES X T0W5E. Z
g, BIRAOAERRICNT 2 Todd [22] 12 &2 T (72721 ‘B* W) D EENRIFERE ERT 5.
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AL 2.3 DISHIE LT, v #EZHE — X UHR 2 4B DKITD L6 DiHili 2142 Z e A TES. ZDZ L
EHHLES. vc AZBITE= v 7 R2ZHEAL L, k, Tk O visEitz#£ 7. FHZ Chang K 0¥t
[FIRFSE [8] 1ICBWT, viEZEY —XH (a(s), €k, BERLT. 2,0 Ch, ZEX w D v EZEY — X HD
k LBRBRZ MAERE T35, X512, Z C ko (resp. Z, C ky) R TOIERE (0o i) ZHE — X (resp.
viEZEY —XH) 23k FIRENT PLVEMETE. ZDEE] (a(s) & Ca(s), WHIEXE S well-defined 72
kRS Z — Z, BEET S ([8]). E51C, TOLFIIMETIRTH 2 Z L2 6] ITBWTREATWS
EoT, Zu Zw C Zurw (20) BEU Calg— 1)y =0 ([12]) L EDEDZ L, XDFRES:

%25 FEEOw>01ZWL, dimg 2,0 <d, — d;ﬂ_(q_l) MDD, 72720, n<0DE EXd,:=0%
Wb,

AR 2.6. [6] TIER 2.5 OFRFARFACHR 2 e TRLTWEY, S0k ZAMHINATHRY. £, Z,.,

&k HERT 3557 (d, — dl,_,_,) O v ESTEE —2MHS Hod > TWRL.

AREOFED T, EH 2.3 OAFHOMBEZENT 5. GFHDOKR A ¥ ML, FEEZEL-2HEORDD I
Carlitz ZEHARV V7R EZ S TH5. 5= (s1,...,5) € 2L, Changid [4] iIZEWT Carlitz ZH
Rynrs%z

dy d

. lez .. .Zg T
Lls(Zl,...,Zr) = Ts1 78,
di>>dp>0 dr

fi%bt.::f,dzomﬂLfLM:HKKAQ—wUeAtht.u?f@,:@%ﬁ@%%@
Lis(1) :=Lis(1,...,1) € koo BB Z 3 (FBCWERT 3). T, A VT v 7 2A0HEEDH ITT Y35
IED = {(81,...,Sr) €Zy |q+51 (Vl)}

BEZD(INP ={0}). ZorE, #IND = 4TT THZZ e PHERTE 2. ZOHEAWR, [17 Tw < 2¢—2
DA Thakur DEEFEZIHT ABICHWLRZbDTH S, FH 2.3 OIEIHIE, KEL 22907y
A nb:

2Ty T 1 EED w > 0123, Lis(1) (s € ZNP) & k X2 M VZER 2, BERT 5.

ATFY T2 TED w > 013t L, Lig(1) (s € ZNP) & k BRI TH 5.
AR 2.7. WH23AID2DODART v IhLEPNLZBALNTHAS. ZIT, (17 OFELS, R
Ty 71ROV EED w >0t s NP extL, Lis(1) € Z,0 2WIFOWERERBIETHTH S
OB Z3. L2L, A7y 720HATRT vy 71 OFREFESIDOT, A7v 712 ZDES5BTRICT
BZREND 5.

3 XFv7 1 DIEDEIRE

Z, DEZERE ZT = (Ca(s) |5 € I), TED, X512 Lig(1) 2o TEMEIND koo D k H5Y22R %
RO XS IC#EHRT %

Ly = (Lig(1) |5 € Tp)p, LY :=(Lis(1)|se€ I ), LNP :=(Lis(1)]s € ZNP),.



B2 DRI RDERD K 512725

Lu
<1J y ‘&
@

Zw
)
ZT T LND

LoRRD (1), (2), (3), (4) BETHEZICHRL I E2REHE, X7 v 71 EHIN-Z 225,

(1) CZAEETHZ L3, (17 OFERZObDTHS.

) ATy I Rs=(51,...,8) ELTTs; <q (Vi) £78BbDITHLT, Ca(s) =Lig(1) BEHIDZ B
HSATWS (BIRIE[19)). BHE, (2) DEBNESEs 3.

(3) ZZHEFETHE L, (1) OiFEmD ‘Lilf 2&EZX 252 TREND. [7] TIE, ‘Lill & [17] B}
3 A R O A ZERICIR S BT L TWA. 72721, [17) Offanx KIEffilgkL, o713y X4
Z X DIHRIICGEZ TS,

(4) m >01HL, ¢I™ = (q,...,q) TqZ mEARzA>Fv22%ET. INP 0BEHRYL I OEHIZ,

IED 5= (mqg+ni,...,m.q+n,) 85 = (q{ml},nl,...,q{mr},nT) GIE (m; >0, 1<m; <q)

WKED IR 1L HELTWA. 5= (mig+ng,...,meq+n,) € IXP DY =12 (3) THALHARNAZ T LD
VA LEEHAT 2L, Lig(1) &

Lis(l) = (_1)m1+~--+mr Liﬁ’(l) + Ly Z On Lin(l) (Elan € F;D[Ll])
neLy
EWVWSTBETRINDZZ e H5 (L1 =0—09). ZOZenb, (3) D7 NITYRLT Lig(l) (s € IHP)
% Lin(1) = Ca(n) (n € Z)) @ Fp[Ly] LOFUREE TR L2t EDMREATING, Mata, (k) ICBWTHHT L
2%,

4 RTv 72 OFEEADEIER

Lis(1) (s € INP) 28 k AWM CH B Z v %, HE w > 0 CIHT WA TN T 2. w=00Dt &,
INP = {0} 22 Lig(1) = 1 X h & b ro.

w>1Y¥Ll, w <wiHLTELis(1) (s € ZNP) 23 k BRI TH 3 L IRET 5. INP O HEE
INDo %

INPo = {(s1,...,8,.) €INP | s9,...,5.1& ¢ — 1 THIDEIN S }
WWEDEDS. Fiz, s=(51,...,8,) €L MCITITHRLT

F(s) := {0, (s1),(51,82), -, (815, 8:)} DD F(M):= U J(s)

seM
sy,
LUEDUERD FT, HEMIHETAL &5, ¢ B RERL L, b EoMRBIR
Y as(0)Lis(1) =0 (as = as(t) € Fy(1))

seZNDP



BhZohizr 35, ZorE, WHNEDNRE, Lis(1) OJEIMMR [4], ABP-criterion [1], B& W [4], [5],
[9], [16] TEDbNLFEEZHNS &,

s € INP\ZNPo 2513 a, = 0
DRDALD. X5, e =30 € Fy)[0] (c; € Fy(t)) ML TeW :=3, ;07 LED B L,

e =eg(t—0) O 4 N (- 0T (s e S (THP)) (Ew)

’

( ’ s >0 NDg
s,s")e7 (ITNPo)

HD
es =as (5 € ZNP0)

Fili7e T EHADH (c0) s gvv0y € (F(0)[0))7T™) BHEET 5 2L AVRENS. 5 € NP DL Fich
e =0 27D ERTIIE, XOMEEHVS GEHIZEN):

W 4.1 EHER (By) @ (F(0)[0)7 T ) 1B 2@eh%e 2, £ 35, COLE 2, EF,(t) N2
FVERZZL, (-1 fwDe& 2, ={0}, (¢—1)|w D& & dimp, ) 2w =17%%.

COMEE w T ARMETRENS. (¢—1) | wDr Z212E, ERICOIE ETRE L2 5 %A
EITS5 e NEBEY RS, ME41 &Y, (- D fw D EHFMEEDs € NP0 it L Ta, =0 7%
5. F, (-1 |w¥tds. 22T, 7€ V-0 -kX % Carlitz AL 35 &, Carlitz [3] IT& D
T € la(w) kX C 2, ERBILIWRENTVWS., ZAFTv 71 &b Z, =LYP ZDT,

Z Bs(0)Lis(1) =

se€ZIND
BT T Be = Bo(t) € Fy(t) (s € INP) BFAET 5. 0y WONT 3L AMIC LT, s € INP \ INDo 7253
Bs =0 TH2Z LI, XSIHHER (By) O () € (Fy(£)[0])7 ") BEEL TEED s € INPo
WKRLTCe, =8, 725, 22T, T#£0&D B (s € INP) Db & 1210 TRVWOT, Hid4.1 &
DHDByeF,(t) WFELT (e5) =7(el) €13, £oT
0= Y as(0)Lis(1) =7(0) Y  Bs(0)Lis(1) =~(0)7"

NDg NDg

SE€ELy s€Ly,

R0, y=0BE% e =0 (s € IND0) R BS.

IS

IR 2 TAEL, FEEITHEOKAR 25 2 T Z o L HEE N0 ~RICE# N L ET. AR
JSPS B #E JP18K 13398 B2 %3726 DT .

BE R

[1] G. W. Anderson, W. D. Brownawell and M. A. Papanikolas, Determination of the algebraic relations
amonyg special T-values in positive characteristic, Ann. of Math. (2) 160 (2004), no. 1, 237-313.



[2] F. Brown, Mized Tate motives over Z, Ann. of Math. (2) 175 (2012), no. 2, 949-976.
[3] L. Carlitz, On certain functions connected with polynomials in a Galois field, Duke Math. J. 1
(1935), no. 2, 137-168.
[4] C.-Y. Chang, Linear independence of monomials of multizeta values in positive characteristic, Com-
positio Math. 150 (2014), 1789-1808.
[5] C.-Y. Chang, Linear relations among double zeta values in positive characteristic, Camb. J. Math.
4 (2016), no. 3, 289-331.
[6] C.-Y. Chang, Y.-T. Chen and Y. Mishiba, Algebra structure on multiple zeta values in positive
characteristic, Camb. J. Math. 10 (2022), no. 4, 743-783.
[7] C.-Y. Chang, Y.-T. Chen and Y. Mishiba, On Thakur’s basis conjecture for multiple zeta values in
positive characteristic, https://arxiv.org/abs/2205.09929.
[8] C.-Y. Chang and Y. Mishiba, On a conjecture of Furusho over function fields, Invent. math. 223
(2021), 49-102.
[9] C.-Y. Chang, M. A. Papanikolas and J. Yu, An effective criterion for Eulerian multizeta values in
positive characteristic, J. Eur. Math. Soc. (JEMS) 21 (2019), no. 2, 405-440.
[10] P. Deligne and A. B. Goncharov, Groupes fondamentaux motiviques de Tate mizte, Ann. Sci. Ecole
Norm. Sup. (4) 38 (2005), no. 1, 1-56.
[11] A. B. Goncharov, Multiple polylogarithms and mized Tate motives, https://arxiv.org/abs/math/
0103059.
[12] D. Goss, v-adic zeta functions, L-series, and measures for function fields. With an addendum, Invent.
Math. 55 (1979), no. 2, 107-119.
[13] R. Harada, Alternating multizeta values in positive characteristic, Math. Z. 298 (2021), no. 34,
1263-1291.
[14] M. Hoffman, The algebra of multiple harmonic series, J. Algebra 194 (1997), 477-495.
[15] B. H. Im, H. Kim, K. N. Le, T. Ngo Dac and L. H. Pham, Zagier-Hoffman’s conjectures in positive
characteristic, https://arxiv.org/abs/2205.07165.
[16] Y.-L. Kuan and Y.-H. Lin, Criterion for deciding zeta-like multizeta values in positive characteristic,
Exp. Math. 25 (2016), no. 3, 246-256.
[17) T. Ngo Dac, On Zagier-Hoffman’s conjectures in positive characteristic, Ann. of Math. (2), 194
(2021), no. 1, 361-392.
[18] T. Terasoma, Mixzed Tate motives and multiple zeta values, Invent. Math. 149 (2002), no. 2, 339-369.
[19] D. S. Thakur, Function field arithmetic, World Scientific Publishing, River Edge NJ, 2004.
[20] D. S. Thakur, Shuffle relations for function field multizeta values, Int. Math. Res. Not. IMRN (2010),
no. 11, 1973-1980.
[21] D. S. Thakur, Multizeta values for function fields: a survey, J. Théor. Nombres Bordeaux 29 no. 3
(2017), 997-1023.
[22] G. Todd, A Conjectural Characterization for Fy(t)-Linear Relations between Multizeta Values, J.
Number Theory 187, 264-287 (2018).
[23] D. Zagier, Values of zeta functions and their applications, in ECM volume, Progress in Math., 120
(1994), 497-512.



