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1 LRNIL4DBZBELE

HORIMER XA L 2] TEALZ, WbWwaH)I-E&FE -2 VWS D, ZAEZEALX -1
LEEY - XEE BT B LI BMNRTH2H, ZOHELYZ W UIZ L ZELKDOEFEX XA
v, RECE-THRLTWS. SO GitH £2TE, ZORFFROT2S, Ll 4) o5&
TP —REBOEZEZBMLTCIBRATER, LRLL (HEAZWIETFL) ZHELHEICEDODEZ VL DOH0
HR, N Z2EFELIETHEHW: Zhsoficid, B —Rbo-d0—KticEEosVWE 5k
MHZ52IdH20 BTV, FHIIENXA Y OHERX [12] 2B L THEL L IVWEESD
T, ZIZTIFNEAWT, BigEoffmice o ko il

ZHELEZ VS DIF, 2EL-XEIHEELREL—RILTH 20, BEORETICE@IH-T, Z
NZThLUTDO LS ITERT 5.

X1(mi)xa(me —mq) -+ xp(my —mp_1) 1
Z ki, ko k. ’ ( )
mytms? - my

Lm(kla~--7kr;X17-'-aXT) =
1<mi<---<my

Z x1(ma)xz(mo) - Xr(mr). (2)

k1. ko Er
mytmy? - My

Li(ki, oo ke X, X)) =

1<mi<---<my

T I Ky T2 BIXIEEEEL, v (& Dirichlet #8EET, k. =1 DL Z IR D =D DN B3, 1 H A S

W, SEERT XSS, Ly d Y vy 70 M, L. DHE T vy 70 #8 (B 2 WIZFME)

WHES. UFHWADIEH X5 Ly DI THS. ZHAHEZE LIEOHEANZELE, ERIE0E %A

REWRZOWTHrOTHiIIEA L 3] ZFH W .

BT xq ZEFEN 4D (ME—D) FEAMY Dirichlet 822 L, x; DDTXRT x4 DEGEEE R D, xq 13H

B0 E LD, Z8n T waln) = (<1)"-D2 TH 00, FREDEEBIC

Y Ome—r)/2
Lm(kla"‘ak’l“;x47'”7x4): Z (kl)—k?r’ (3)

1<my < <mp my” My
mjzj mod 2

THEZeDahd. ZHUI k =1 THoTH, HIOHIEZ 1 <m; <---<m, < M & LEEGRND
M — oo TOMREE U TEMEE S D, Ly(1;x4) &EF72 Leibniz O

1 1 1 T
Ly (1; = 1—- 4 _Z4...=L
(15 xa) str—s+ 1

ThH3. DEOEELY, BOWEL2DORFELI-HDE T TRIILICL, L8 T HEIELR.

TE 1.1 FTRKOHL (k... k) W LEE T iz

_ (—1)0me=r)/2
T(klv"'ak’r) = QTLLIJ(kla"'7kT;X47"'3X4):2T Z ki ke (4)

-
1<mqy<---<mp my mr
mjzj mod 2

TEHKRT 5.



BAVFLET [10, 11] 1I2BWT [ZBETE) 2WHDDEREA LN, ZOER ML IE54061F,

1
T(kl,...,kr):2TLLU(]€1,...7kT;Xi,...,Xi):2T Z ﬁ (5)
1<mqy<---<mp 1 Me
ijj mod 2
&Iz s,
%8 T HO—> DR FrH
T(k1, ko, ... ky)
B / / 2dt, dty dt 2dt dt dt 2dt  dt dty, (©)
— L TiaET T i ET T
0<ts <<t <1 12 — \—/—k-/
k1—1 k2—1 kr—1
THZBNED FEREROBA T2 —HEAKLTWS), THEHTEZAD
T(k1, ko, ... kr)
B / 2dt; dto dt 2dt dt dt 2dt  dt dty M)
N 113 ty t1—1¢2 ¢t t 1—t2 ¢ th
0<t1 <+ <tp <1 N—— — N’
k1—1 ka—1 kp—1

Thot. ZIZThk=ki+ -k TH3. ZOBMIFTRICL-oTLETHNZEY— X (BLUZET
fE) LT vy 78, HlZIE
T(2)? =2T(2,2) +47T(1,3)

DESBEEMNCEZ 2BBRZMET 22000 5. BEOKDIH 1 THIHT 5D T,
T(1)? =27T(1,1), T()T(2) =2T(1,2) + T(2,1)

DE5kRD NEHL) 2EFTLHED IO,
XCIDEIBNREEHRT L, ThoHQ FEKRTZAZ MEMEEZ 2OMEHCTHS. T
bb, T %

T=3 T,
k=0
To=0Q Ti= > QT(i....k) (k>1)

k4 tkp=k

TERT S, vy IARDH 20T, TIRAKC QREL %2, HIOM B %E LT (Pari-GP) |
Te DXICdy,, F72, FESIMER/FHDAD T A2 DI dy o BEL dioa DTIEZRICT S
ERDE ST o7z,

k O(1(2(3(4|5|6 7|89 1|11
dy; 11112(3[6|8|16|22|44]| 59| 118 | 162
diev | 110 1]2]3|4 12122 30| 89 | 84
Arog |0 |1 |1 |1]3]4 10122129 59 | 78

FEOMBV R 2% HE T HIMITH S L Bbh, KHEEBRLZBY (EE 11 £T) d), = dieo + dioa
DR DI o TWS., FZOHPT, k> 1038 ES d, =2di_1 BLU dkev = dis,0d DD I o TW»
M, ZIWRBNEMHISDE A5,

Fie, EBET A, ZETHIZTRC, BHIBMEROLET MO - XREEATET 2 & FHEL#NT
IRz DTH o723, ZIUIIEBIIAWIRES, MHRRKRIC X > TR & N1, BinRne, KR
DR IXME % DEIL T2 &D “path-composition formula” ¥ FHINZARNEZHEXIZFIHTEL22 2 ThHo
7o (12 (SR Z FH W) .



2 B OZETE

KRR TR W, GRAR YR —RERTIEZL>T, 4 VT v 7 ADWDDRED S DLAMT TN
T1TH5E57%DD (‘height 1) ORI EFHET 22 TE 5. HMIRZEEL — X HP, ANCH
NZE T DT 7 ZADBRANEL o, BZF ZICHNT=DTH 50, SEIE Appell DR H%F
BTz, RRZIHENT .

ZHY—-Z{H, ZHTHOBEORNE,

_ 1.1\ 1
].—‘(].—X—Y) _2F1(X7Y7171)

L‘iiCﬂw~Jﬂn+Umeu:nl_XWU—Y)
n—1

m,n=1

BLU
= 2T(1 - X)I'(1-Y)
1-— T,...,1 HX™"Y"™ = Frl1-X,1-Y;1-X-Y;-1
mgzl ( ) ,L,m+ ) F(].—X—Y) 2 1( ) ) ) )

n—1

THoTz ([1, 4, 11]). T I oFi(a,b;c;2) EH Y ZADBRHFITH 5.
XHST 2% E T HEHOREKZHE T2 L,

>, 1 m) Xy = Fi(1—X;1—4Y,14iY;2 — X34, —i)
N——

1-X

Y23, T ZIT F i Appell OB MIEL

s A)m-+tn b m b n.o.m,n
Fl(a;bl,bQ;C;xay) = Z ( )(C;_ _f_ 1’1)71'(7“2) vy
m,n=0 moan e

TH5.

ZEY - XA THEHOHEEE, 4 YT v 7 ADERBEDEAN 2 ETHEOWEINHLZWDT, HX 10
HTRTORBIREEZ TWD 221k 3D, THOBEIFEORSH 1 THIHRT 2720, Z0X5%k
REREEZ 223 ESET 200, < oo RkWHEHDHE. LrLedh<d, #H/2iZ Appell
DEGRMDPBNH 2 2 W DIFHEAWZ & 25,

3 BUASETEOEFERY Entringer

AYF o IZRADEADS B DRI 2T, Hrld 1 ThHd E57%, FEkZE T HLH 3 HHEGRR
i LC, ZDREUC TEntringer B W5, MHERRINCHEWEDEN S, ZOHITIXZEHEN
5.

ZOEBRAL VS DEIRDBDTH 3.

EIE 3.1 HAEHAR n XL,

DI D ALD.

Z D E(n,j) » Entringer 8T, MFEE S,41 D ‘down-up permutation’ T j + 1 TIHE 2 b DDEEL, ¥
LTEHEEINS.



Entringer 82 S o TdHHIRADL VWA DBZ VD TR VWL EbNE2DT (FADELH LB o7
B, Bl X o T Sloane XA D OEIS THDOII7), Z2THL, ZOMHERRNERTHS ‘alternating
permutations’ IZDOWTHHBEILTHBZ 5 285, X DFFL <X Entringer [5] % Stanley [13] %4,

KFRRE S, DIC o ZBEDUIL {1,2,...,n} 2OZNLHINOEHY ¥ Az &,

c(l)>o(2)<a(3)>---
&, ITEEDIHICT Do T Do TEY ZH D IRT K 5 2 E#E% ‘down-up permutation’, 7z
o(l)<o(2)>0(3) <

&, Lo TTRoTEXAIZHEDIRT D D% ‘up-down permutation’ & W\, #FFL T ‘alternating per-
mutation’ % L < 1 ‘zig-zag permutation’ £\ 5. S, DIL%, o(i) = a; (1 <i < n) THIUX (a1az2- - ap)
DEIRCRLTHILIKTDE, MW (a1az---a,) & (n+1—a,n+1—ag,--n+1—a,) IkoT
down-up permutation ¥ up-down permutation {&——IXHIGL, ZNENDOREIIEFEL kB, £Z T,

E, := S, @ down-up permutations DHEEL

LEFT 5. up-down permutations DFEELE LTHEILTH 3. S; DIL (1) IF down-up permutation Td
Y up-down permutation THHBZEES ZLICLTE =1, ¥ Ey=1 &3 5. =& 21X 4 08
Sy T, (2143), (3142), (3241), (4132), (4231) @ 5 O%% down-up permutations DFRTTHH, By = 5
TH2. FLDOVWLOpZRIZLTEL L

n|0|1|2[3|4|5 |6 | 7] 8 | 9 | 10
E,|1|1|1]|2|5|16 61| 272 | 1385 | 7936 | 50521

# 1: E, (0 <n <10)

CDE, X Euler e Xidnzzedbsic, Z2oBEK2 LT

n

secz + tanz = E Enx—' (9)
n!
n=0

RIS TWS ([13, Theorem 1.1] 12 XAUXDR L & D 1879 D D. André & W5 NDFRIT#S 5 L
V). i#H Euler #

o0 n 1

x
Z E"W " coshz (10)

n=0
TERIND B, DI EETILHZVEESDT, ZZTEiS (74> ) 22X TAJ. coshz id
BRARE D06 n DEED E, 12 0T, BHEEHD By, = (—1)"Ey, EWSERICH 2. FHRESD By
{FEE ‘tangent number’ & L THIHAL 2 IR & 7200,
R (9) o —2DiEiE, & 3kt

n

n
Eniz=Y <k)EkEn+1_k (n>0)

k=0

PRHARMINCEEHT 5. Z24U2lE, S,42 @ down-up permutation D55, 0o k+1FB VDT E
72En+203K2HDDMBERZ 3 & (’,:)EkEnH—k 72BN, ZDE ZIZ down-up permutation
¥ up-down permutation DFEUIHFEL VW WS 2 2FS (Thbb, L OMFTIIILL T, k+2FKBEM
e up-down F721% down-up £72%) . Z DML S RBIR f(z) = 00 (E, L. D7z T R

f(@) = f(@)f'(z), f(0)=f'(0)=1

Do, ZOME—DMED secx + tanz (= tan(3 + §)) 8 5.



Entringer &\ 5 D%, Zd Euler ¥ E,, D7t TH 2. BHIT—24 T v 7 ANTI2 DD,
0<j<n7Zdn, ji™L RIdHFVRLLS11D),

E(n, j) :== SHFEE S,41 D down-up permutation T j + 1 TIHE % H D DIEEL

TEFHEEN B, E(0,0)=1BL.
B ZAXTCICZET T2 Sy D5 DDPITH S &, FEsHOEITHE- T,

E(3,1) =1, E(3,2) =2, E(3,3) =2

THd. 0(1) =1 THHEFUID S THD X500 56, n > 17 561F down-up permutation 1375 <,
E(n,0) =0 T3 5. Entringer U F 72X

E(0,0) =1, E(n,0)=0 (n>0),
E(n,j) =E(n,j-1)+En-1,n—-j) (n>1, 1<j<n) (11)

WEoTRESTWVWBEFE-TH L. Zoiifbig, E(n,j):Z;:nl_jE(n—l,i) ERT LD

N5, ZTHEBEENIEE WS 2 i LTELL (KD (11) 2R 200, KL< 00567%W.) E(n,j)
DV DhreRIZLTHL.

Tdol1| 2| 3| 4|56 ]| 7
n
0 1
1 0] 1
2 0] 1
3 0] 1
4 0] 2 5
5 0| 5| 10| 14| 16| 16
6 0] 16| 32 | 46 | 56 | 61 | 61
7 061|122 178 | 224 | 256 | 272 | 272

£2:E(nj)0<n,j<7)

ZO Euler M E, 2> &, %X 1 0 THiBLET MlasHE—Inc
T(n+1) (n: odd) } E, (ﬂ)nﬂ

2

T(n+1) (n: even)

cHFL. ZZTOn OMFFIEM 3.1 TOZAEHTHS. DFDEME, HLV) HOEX 1T s
XU T D00 X 512, Euler OM%TdH % Entringer HE o TEI2, LR3Z b HK2. fi
DI IRE DT 5.

BRWEXOHZ (e A% LT) BiIFTsL.

(12)

n!

fl 3.2
T(3) =T(2,1) +T(1,2),
T(4) =T(2,1,1) 4+ 27(1,2,1) + 27(1,1,2),
T(5) = 27T(2,1,1,1) +47(1,2,1,1) + 5T7(1,1,2,1) + 5T(1,1,1,2),
T(6) =5T(2,1,1,1,1) + 107(1,2,1,1,1) + 147(1,1,2,1,1)

+167(1,1,1,2,1) + 16T(1,1,1,1,2),
T(7) = 16T(2,1,1,1,1,1) + 327°(1,2,1,1,1,1) + 467(1,1,2,1,1,1)
+567(1,1,1,2,1,1) + 617(1,1,1,1,2,1) + 617(1,1,1,1,1,2).



FEBLOFEIHEZ, n > 11283 2Nk e SBIRDFHETH 5. BKD D 2 713FHX [12] 2B W72 &
72\, Entringer (D 2 ZHRBIEZEFENTEL &,

k k=1 1

x Y cosx +siny
E(k,1 L = 1
O; (F, )(k—l)! il cos(z +y) (13)

NE

e
Il

e B.

A ERRDAD [ZEALX— AL ZWLO2DHEAVHAE O L TOMRER> Z L A5
N, FOHR AL DN Z L B2, [ZHEL — Xl TZD XS RMAETOBIBIN Z L IETR
DRWESITHES ((12) 1FZ2o—flTidd 3) . LEEHOMBRADORE Entringer BB 2 D, 2
DOWNTEZRIRHZ RS DIZBRDOMETH 2. ZHIZOWTIEHREBRFEOMERER A, 310 v
AV 6] IiRE BDOITWT, £ 2I12RE D Entringer 823N 2 D720, ZOHEENHEHZIAS 2T LT
W53, ZOEEIRLDOEGCHHEHIh 20 EbNS. Wi IhrTHREIhEZ e eES.

4 “ETHECES215-FR

W8 Mk, “EP—XHEEY 25— (HBVEEY 27— RT3 2 ER) ol%
VERE & TR B S BUE 2 FE - BT TV B DY, SO TEIZOWTHFEL &S5 RBHENFEEL TV &b
N5, 50r 3, FEMMBEINETHTLLRWD, ZOEAICHHE W I DI > TV 5 DIEHE
FICRZ 3. FIUHIRSTREIN:, LFRKOMZ [9) L bBGRSH21ETLESD, S0k 5k
BB, ERIpEIFEEE > TN X o TGIEHEZ DT T XL, F’c e LTEH D27 5.

FABN =250 4 ¥, BBEk>4, ZLT1<)<(k-2)/27185 j ML, ARBRROZIHR
SNk, (X) %
~ Nk—2j—1 B 1 1
SNk (X) = Py x* 2327% (ﬁ) _ 2_ngj(X)

kBojBy_o; (1—27%XF2 1272
2j(k—2j)B, \ 1 —-2% N 1—2-k N2

WEoTERTS. 22 B lFVX—A8T, BYX) FEH O~V =4 ZHA» 50 nB X %

WbhE-7=dbD:
B(x)= Y (?)ngﬂ—i

0<j<n
Jjieven

EBIZ, TO Syu(X) ZODoT Pyii(X) BET PY(X) 2

23 X +1
P joj(X) = (=2X +2)*?Sn k5 (Tw)
FSENON .
+
PR (X) = 5 (Preg (X) £ Py (X))

ELTERTS. o E2RA4D0TRIE

FR 41 1) N=2 F7=3 4, k>4, BXOE1<j<(k—2)/2 ZWilTHARE oL, Z2HRA
P (X +1) %

k—2 E_9 ‘
ﬂmﬁx+w=2ﬁ« .)x

=}



YE (BEM o N,k j ko TW3). o, —HEH THED

k—2
> aT(i+1L,k—i—1)=0
1=0
A DD, P (X)) (1< < (k—2)/2) D885 QR2 MR Vi & [(k - 2)/4) KIET, ZOMHE
& k& T OB D LB PR DM E LWTH 5 5. A P (X) 7251 Viy,
IEEN, TOD [(k—2)/6] KOG M EERT 5.
2)N =2 F/234, k>4, BXU1<j<(k-2)/2 ZHi7=3 B L, 2 PNk (X+1)
%

Py (X +1) Zb( 2)%

rEL ZovE, CHTHOBK
k—3
ST+ 1,k—i—1)=0
=0
D ARVASH
PLX) (1<) < (k—2)/2) D85 QN2 FVER Wi & [k/4] - 1 XOLE PSS, ~HES &
DOET ORI k/2—2TH2 L FHRINS.

AR 4.2 i) 2T TOZIER Sy (X) 13, Fukuhara-Yang [6] 25 3 ARIZIER T (Rp, (v x—2.2j-1)(X)
TH5. 1iold, AR To(N) ICBT % H 555175 cusp form Ry () k—2.2i—1 XY 5 JHHIZIHNAZ B
HINZEE L, WAWAREHZIHIL TW2

i) 1) 1IZBT 5 [(k—2)/4 WO 8UX, To(d) BEU To(2) BT EEHZ k D cusp forms DZER DX
JLD7E dim Sk (To(4)) — dim Sk(To(2)) ITFELW. ZLT, 7 [(k—2)/4 — [(k —2)/6] 2 To(4) 1ZBE3 2
HX kD ‘new forms’ DZEMDRICITH > TW5. £z, 2) D [k/4] —1 W5 EUK dim Si(To(2)) 1IT5F

, =7 k/2—2=dimS,(Ty(4)) TH%. “HTHED, %Y k/2-2—([k/4] 1) =[(k—2)/4] 7D
BGRAZEMZEA2 Y5522 22 k2 D5 (B0GHERZ WD) 135D 2A5 005750,

iii) Fukuhara and Yang [7, Cor. 1.9] (resp. [6, Cor. 1.5]) 12 XU, ZIER Sy ;(X) (resp. Sop (X))
7251E k/2 — 2 = dim S (To(4)) XIT (resp. [k/4] — 1 = dim Si(To(2)) L) DZERZES.

B 4.3 i) N=4,k=6,7=11THL,

= 1 1 1
Sien(X)= X'+ X2 — P (X)=Xx'-10X%+1

2 2 32’
BLU
P{N(X +1) = -8~ 16X — 4X? +4X° + X*
o (N 2[4\ AR N,
- 8<0> 4<1>X 3<2>X 1 <3>X 1 (4)X
1 4 4 N o (N s (A s
3(24<0>+12(1>X+2<2>X 3<3)X 3(4>X>.
ZAUTHIG LT,

24T(1,5) + 127(2,4) + 2T(3,3) — 3T(4,2) — 3T(5,1) = 0
DEANC (T2 & A BUSDUTEEHT K DWWk B8R <) S h 5.
i) N=2,k=8,j=2¢35L

~ 1 1 1 1
Pl =X g

P (X) = —1—7(5X6 —61X* - 61X%+5)



BIU
2
P (X +1) = (1124 336X + 352X% + 144X° — 14X — 30X° — 5X°)

2 6 6 352 (6 36 (6

= (112 X+=()x*+=(_|x3

= (12(g) +5o() ¥+ () + )
1406\ oy (6\ws _(6\ e
(oo =a()xe).

RV Y BUIINC, ENFEEET

- - 352 ~ 36 ~ 14 ~ - -
12T (1,7) +567/(2,6) + - 1(3,5) + T T(4,4) = 1z 7(5.3) = 5T(6,2) — 5T(7,1) = 0
DHERTZ 5.
i) N=4,k=8,j=1%5
~ 208 16 7 19 - 640
Sps1(X) ==X - 22X+ Sx2— — PL(X)= - (XP-8XP+ X
181(X) = 55 57 1% 08 Tasa(®) 7 ( +X)
BIU

- 640
Ph(X +1) = 553 (6+18X + 14X% —2X% - 5X* - XP)

64 (6 6 N2 ol ws 0l i (6) s
-0 (uso(5) oo () (8o (%) e - 1o(%) et ().
X3 % AR

180T(1,7) + 90T (2, 6) + 287(3,5) — 3T(4,4) — 107'(5,3) — 5T(6,2) = 0

T, FEBRIVIIEmD THE» S L.

BE 3k
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