
Some explicit formulae for the distributions of words *

Hayato Takah邸hi (Random Data Lab. Inc.)t 

1 Introduction 

The distributions of the number of the appearances of words (distributions of words for short) play 
important role in statistics, DNA analysis, information theory, see Balakrishnan et.al [1], Jacquet 
et.al [13], Lothire et.al [15], Robin et.al [21], Wald et.al [25], Waterman [26], and Zehavi et.al [27]. 

Generating functions of the distributions of words are given as rational functions, see Bassino 
et.al [2], Berthe et.al [3], Blom et.al [4], Chrysaphinou et.al [5], Feller [6], Flajolet et.al [7], Goulden 
et.al [10], Guibas et.al [11], and Regnier et.al [20]. From generating functions, we have approxima
tions and recurrence formulae for the distributions of words. However except for simple cases, we 
neither expand rational functions into power series nor obtain their coefficients by differentiation, 
see Chapter 11 Section 4 pp. 275 Feller [6]. In other words, we cannot obtain explicit formulae for 
the distributions of words from rational generating functions in general. 

In this article we show explicit formulae for 1. the joint distributions of nonoverlapping words 
for independent and identically distributed (i.i.d.) finite alphabet random variables and 2. the 
distributions of runs for i.i.d. binary random variables. 

2 Joint distributions of nonoverlapping words 

Let N (w1,..., wz; X『) be the number of the appearances of the words w1,..., wz in an arbitrary 
position of xr'i.e. 

n-lw 1 l+l n-lw1l+l
N(w1,...,wz;Xr) :=（と Iw1 (Xf),..．， ど Iw1(Xり），

i=l i=l 

where Xf =Xi··· Xn and Iwj (X:I') = 1 if Xi··· Xi+lwil-1 = Wj else O for all i,j.
For example N(lO, 11; 1011101) = (2, 2). A word x is called overlapping if there is a word z such 

that x appears at least 2 times in z and lzl < 2lxl otherwise x is called nonoverlapping. A pair of 
words x, y is called overlapping if there is a word z such that x and y appear in z and lzl < lxl +|叫
A finite set of words Sis called nonoverlapping if every pair (x, y) for x, y E Sare not overlapping, 
otherwise, S is called overlapping. For example, sets of words, {11 }, {10, 01 }, and {00, 11} are 
overlapping, and {10} and {00111, 00101} are nonoverlapping. 

*Parts of the paper have been presented in [23, 24].
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