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1 Dehn p-coloring

Let Z, ={0,1,...,p — 1} denote the cyclic group Z/pZ. A Dehn p-coloring for a spatial graph diagram
is an assignment of an element(color) of Z, to each region. At each crossing and vertex, the following
conditions are satisfied:

(a1,a0,...,an)EP
P: aregion pallet

2 Pallets of Dehn p-coloring

Definition 2.1. Two elements a,b € U Zy, are equivalent (a ~ b) if a and b are related by a finite
ne2Z4
sequence of the following transformations:

(Op1) (a1,...,an) — (az,...,an,a1),

(0p2) (ai,...,an) — (a,az+ (=1)%(a; —a),...,a; + (=1)"(a; —a),...,an + (=1)"(a1 — a)) for a € Z,,
(Op3) (ai,...,an) — (a,a1 —a2 +a,...,a1 —a; +a,...,a1 — an +a) for a € Zp,
( (

(Op4) (ai,...,an) — (a1, —a1 + ag + as, as, ..., a,).
A region pallet of Zy is a set P = U Cy for some {Cx}xea C U Ly ~.
AEA ne2Z4
3 Results
Put a = (ai,...,a,). We define 7, : U Ly — L by
n€2Z4
_ klp,
Tp(a)—max{kE{L...,P} a1 tas=art+a3=-=an+a (mod k) }

Suppose p is an even integer. We define ¢, : U Z, — ZU{oc} by
ne2Z

0 if a1 + as

Ep(a) = 1 if a1 + as

oo otherwise.

=ap+a; =0 (mod 2),
=ap+a; =1 (mod 2),



We define 1, : | J Z — Z by
ne2Z4

,up(a) = E((al +as,...,0n +a1)) — O((al +as,...,0n +a1))7
where

E(a) =#{ie{l,...,n} |a; =0 (mod 2)}
and

O(a) =#{ic{l,...,n} [a; =1 (mod 2)}.
For 7 € {1,...,p} such that 7 = 0 (mod 2), 7|p and P _y (mod 2), define 1, .
-

: U ZZ —
ne2Z
Z U {0} by
ap —ap az —az a25—-1 — a1 Q25 — a2 ap — a2 .
e < , = ,—2 e, — ) if 7p(a) =,
up’T(a,) T T T T T
[oe)

otherwise.
We have the following theorem.

Theorem 3.1. (1) Let n = 2.
(i) When p is an odd integer, we have

2/ _ [72
72/~ = {22}
(i1) When p is an even integer, we have

Zg/w ={n. | e €{0,1}},
where

ne ={a€Z|ep(a) =c (mod 2)}.
(2) Let n is an even integer greater than 2.

(i) When p is an odd integer, we have

Zy/~={6 |7 €{1,...,p} st 7Ip},
where

0 ={a € Zy|1p(a) =T}
(ii) When p is an even integer, we have

7 N Te{l,...,p} st (rlp) A(T=1 (mod 2));
P RN peZst (—n<p<n)A(p=0 (mod 2))/\("}'”‘ =0 (mod 2))
Te{l,...,p} st (Tlp)A(T=0 (mod2))A(Z=1 (mod?2));
o el e e )
re{l,...,p} st. (7[p) A (7=0 (mod2))A(E=0 (mod 2));
U Ve, €€ {071}7 y
pEZst 0<pu<n)A(p=0 (mod2))/\(n_2‘”| =0 (mod 2))
where
Qr oy = {a' € Zg | Tp(a) =T, :U“P(a) = :U’}v
Bre ={a €Zy|mp(a) =T, gp(a) =c},
and

VYrew = {ac Zg | Tp(a’) =T, Ep(a) =&, Np,r(a) =}



