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Abstract

Recently, B, spaces are defined by some authors in various context. The
goal of this note is to provide an equivalent expression based on the work
by Feichtinger as well as the one by Alvarez, Guzman-Partida and Lakey.
The description of the real interpolation of B, spaces is obtained as an
application, which will supplement the results by Nakai and Sobukawa in
their 2016 paper.

1 Introduction

Let E be a Banach lattice with the Fatou property. We recall the definition of the
E-based B, space B,(E)(R").

Definition 1.1. Let E be a ball quasi-Banach function space. Then, for o € [0, o),
we define the E-based nonhomogeneous B, space B,(E)(R"™) and the E-based ho-
mogeneous B, space B,(E)(R") as the sets of f € L(R") for which ||f|p, ) =
srlig) = fX[=rpn || E < 00 and HfHBJ(E) = Eg}g’r"””fx[_m]nHE < 00, respectively.

We are interested in the case where ¢ > 0 since By(E)(R") and By(E)(R")
coincides with E thanks to the Fatou property of E.

We present our main result in this note based on the work by Feichtinger [3,
Theorem 6] as well as the one by Alvarez, Guzman-Partida and Lakey [1, (2.3)].

Theorem 1.2. Let 0 > 0 and let E be a Banach lattice with the Fatou property.

1. We have equuvalence of norms:

£l 5.2y ~ I fxoulle + Sup 277 F X2 20\ (201,251 || B
VIS

for any measurable function f.

2. We have equuvalence of norms:
||f||BU(E) ~ sup Q_jﬂ||fX[—Qj,Zj}"\[—Zj—l,Zj—l}”||E
JEL

for any measurable function f.



Thus, it makes sense to define E-based Herz spaces K¢ (R") (nonhomogeneous)
and K 7(R™) (homogeneous) by the norms
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respectively.
As an application of Theorem 1.2, we prove the following real interpolation
result:

Theorem 1.3. Let o1 > 09 > 0, and let E adn E be a compatible couple of Banach
lattices over R™ with the Fatou property.

1. With equivalence of norms, (By,(E)(R™), By, (E)(R™))s,, = Kgq_e)”°+9”1 (R™).
2. With equivalence of norms, (B, (E)(R™), By, (E)(R™))g, = Kgq_9)00+001 (R™).

Theorem 1.3 supplements [4, Theorem 3.1], where Nakai and Sobukawa worked
in more general setting. In particular,

(Boo (E)(R"), By, (B)(R"))g, = Kg, 7 (R™),

the result for homogeneous spaces, can be found in [4].

2 Preliminary

Here we collect some preliminary facts, which are oritented the interpolation of
vector-valued function spaces. First of all for £ > 0 and a Banach space F, define
the Banach space kE by

kE=E, |flwe="FkIfle (f€kE).
First we calcuate the K-functional of (2*°E, 2" F).
Lemma 2.1. Let E be a Banach space. Then for any f € E, ag,a1 € R andt > 0,
K(f,t;2°°FE 2" F) = min(2%,24t)|| f || &-

Proof. By the decompositions f = f+ 0 =0+ f, we have K(f,t;2F 2" F) <
min(2, 241) | £ ]

Let ® : E — C be a bounded linear functional such that ®(f) = || f||z with
norm 1. Choose any g € E. Then we have

2%|glle + 2t f = glle = 2*°[®(g)| + 2" ¢[®(g) — [ fll ] = min(2°, 2" )| f| z,
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since @ has the norm 1. By taking the real part, we obtain
2|glle + 2t f = glle = 2°|Re(P(g))] + 2*'¢[Re(D(g)) — || fllel-
Since the right-hand side is a linear function of Re(®(g)),
2%|gllz + 2"t f = gllp = min(2°, 2 ¢)[| f| -

By taking the infimum over all g € 2%°F = FE, we obtain K(f,t;2"F 2"F) >
min (2%, 2¢) | f|| 5 0

The proof of the next lemma is a slight modification of the proof of [2, Theorem
5.6.1]. Here for the sake of convenience, we provide a detailed proof.

Lemma 2.2. Let {E;}22
S1 < 00,

({2 B 152 ), {2V B ))og = /({2070 B )2 )
Proof. Let {f;}52 o € ({2 E;}52 ), (°({2°Y E; 152 ))a,g- Then we have

K({fi}52 oo 250 ({2 B2 ) ({2 Ej 152 )

= inf sup(257 Logsutk| £
= oy B w2 gl If = gill,)

= sup inf 2507 || ¢ A A
jez {95352 €152 _ E]( lgsll, + 115 = gille;)

= sup m1n(25°], 251]+k) | f; ||EJ

22 be a sequence of Banach spaces. Then for —oo < sp <

JEZ
Thus,
27 sup min(2°7, 29 || £ | g,
JEZ
= sup min(Z_((Sl_SO)j+k)9, 2((81—50)j+k)(1—9))2(1—9)50j+651j ||fj ||EJ
jez
Consequently,

2(1—9)sok+951k||fk||Ek
< 27" gup min (207, 251j+k) | f; ||EJ
JEZ
m . . . . %
< Z (min(2—((81—80)]+k)9’ 2((81—30)J+k)(1—9))2(1—9)SO]+081J ||f] ||Ej)q '
j=—00

If we take the ¢9-norm over k € 7Z, then we obtain

{f] € gq({g (1=0)s0+0s1)j }

]——oo)

We can reverse the argument to have

({29 E; 152 ) ({2 E; Y52 ))o,g D ({2 Dot tsi By

]——oo)

Thus, the proof is complete. O



3 Proof of Theorem 1.2

We concentrate on the nonhomogeneous space B,(FE)(R™). One inequality 2 is
clear. So, we have only to prove <. We remark that

1f |35 cm) ~ sup 27| fX[-23 2 | -
jEN
With this remark in mind, we fix j. We estimate

2_jaHfX[—2j72j}n||E

J
< 27N el + 277 3 Xk o el
k=1
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as required.

4 Proof of Theorem 1.3

This time we concentrate on the homogeneous space B, (E)(R™); the non-homogeneous
space can be handled similarly but the proof is less simplified. Set

Ej={f € E :supp(f) C [-2/, 2"\ [-27", 27']"} (5 € ).

We also set

(2B = { (N s € E GED, swp2Plfle)

je

Thanks to Theorem 1.2, the mapping

f c BU(E)(Rn) — {fX[_Qj72j}n\[_2]’—1’2j—1}n};)-O:_OO € Eoo({Q_jan}jeZ)
is an isomorphism. We have

({277 B} jer), £ ({279 Ej}jen) o = ({277 707070V E Y ig)

thanks to Lemma 2.2. Thus, by Theorem 1.2 once again, we obtain the desired
result.
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