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INF  NZERNZ B 1T 2 R A MR O FE %2 AN B 72 D 171 4 O3B R E B
BAINTWD. RERHREBE UTNF NERIZE T 2 PR OB E G\ %
#¢3” von Neumann-Jordan 8 (LA, NJEE) 23H 5. ZDEHIT L > T—HF non-
square X —FRIEBIREEME R & ORMZZNMEE 2 5§ 5 Z LA TE, T 51T James &
0P modulus of smooothness 72 & DA HEL & DM EREBRPHE TN T WS (e.g.,
2, 6,7, 13, 18])

AFE T, BRI N F v NERNIZE T2 NI EBIZOWTHELET L. iz, NJ
FEH & Banach-Mazur FEff & OBIfRD & absolute / W AIZHT 5 NI EHDOAN%E G- A
5. Z D5 % H\WT Day-James 22X Banasé-Fraczek 2272 & O BARM 7222/ B
i} 5 NJEBZEEIE L, T 512 Banas-Fraczek Z8[H] EIZHEWT NJ E# & characteristic
of convexity & DEEfR%E 52 5.

Definition 1 ([4]) Let X be a Banach space. The NJ-constant Cy;(X) is the smallest

constant C' for which ) )
J R R e e
¢ 2([[=[1* + llyl[?)

holds for all x,y € X not both 0.

Cny(X) OME & UTIRAH SN TV B,

Proposition 1 (cf. [7]) (i) 1 < Cxy(X) < 2 for all Banach spaces X.
(ii) X is a Hilbert space if and only if Cxy(X) = 1.

(iil) Cny(L,) = 2%/ min{pP'}=1 where 1/p+1/p' = 1,1 < p < 0.

(iv) X is uniformly non-square if and only if Cx;(X) < 2.

(v) Cxi(X) = Cny(X™) for all Banach spaces X.

FIHIZ, absolute / IV AIZHEIT 2 NI EHEZFRET S, SHEFIER[7) THEA LN
NJ E# & Banach-Mazur B & ORERZ HW5.
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Definition 2 (cf. [14]) For isomorphic Banach spaces X and Y, the Banach-Mazur
distance between X and Y, denoted by d(X,Y), is defined to be the infimum of ||T]| -

|7~ taken over all bicontinuous linear operators 7" from X onto Y.

Lemma 1 ([7]) If X and Y are isomorphic Banach spaces, then

COxy(X) 2
m < COxa(Y) < Ong(X)d(X,Y)7

In particular, if X and Y are isometric, then Cxj(X) = Cny(Y).

Lemma 2 ([7]) Let X = (X, |- ||) be a non-trivial Banach space and let X; = (X, || -
1), where || - ||; is an equivalent norm on X satisfying, for o, 8 > 0,

allzl] < [lzfly < Bll=ll, =eX.

Then
Oé2 62
@CNJ(X> < COny(X7) < @CNJ(X)-

FDOHIED S absolute / IV AIZEIT S NJ EHEEHET 5,

Definition 3 A norm || - || on R? is said to be absolute if ||(|z], |y|)|| = ||(z, y)|| for any
z,y € R.

fHED7D Oxg (R - [D) & Cna(l] - ) &<

Theorem 1 ([8]) Let || - ||x,] - ||z be absolute norms on R?. Assume that
(i) (R2,]| - ||z) is an inner product space.

(i) [[(z,y)llx < (=, y)|| g for any (z,y) € R*.

(iif) |1, 0)llx = (1, 0)[[r and [[(0, D){[x = [[(0, )[|ar-

Then

Crs(|l - ||x) = M?, where M = max{% (z,y) €R? (n,y) # (0,0)}.

(EEBA DR ) Lemma 2 2°5 Ony (|- |lx) < M?. £72 ||z||g = M||z||x > 0725 z = (u,v)
e, Toilly=(u,—v)&ELL

lz + yll% + Iz — yll%

= M2
2(Jl /1% + llylI%)

FoTOn(l] - IIx) = M2
ZOFRERIFIRD XD IZ—ILT DI LA TES.
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Theorem 2 ([10]) Let || - ||x, || - ||z be absolute norms on R?. Assume that

(i) (R% || - ||z) is an inner product space.
(i) all(z,y)llr < (@ ylx < Bll(z,y)lla for any (z,y) € R? (a, B are the best con-
stants).

(iii) In (ii) it satisfies either «||(1,0)|lz = ||(1,0)|x and «|[(0,1)||z = ||(0,1)|x, or
AL, 0) |1z = [1(1,0)][x and A[/(0, )]z = [[(0, D]l x.
Then 52
Cnalll-llx) = 25
Z DEH % H\WT, Day-James Z2[t] £,-0, (ZE1F 5 NI €2 EH T 5. Day-James
ZEMNT BT B EHFIE Yang 5 AHE NI T TWA D, WINE (,-0,,0,-C,, 75 E DR
BT R LT TH B (17, 19, 20, 21]). Theorem 2 % FWN 3 2 £ 12 & - TZ SO
GED —HTIEDLENERTLHIENTES.

Definition 4 (cf. [7]) Let 1 < p,q < oo. The Day-James ¢,-{, space is the space R?
with the norm || - ||, , defined by

. ||(«T,y>||p, .’,Cy Z 07
1@, 9)llpq =

1z y)llg: 2y <0,

where || - ||, is the £,-norm on RZ.

1<g<p<oolZXHUL,R*EDO/IVA|-|x %

Gz, 9)llx = 1T (z, 9)lpg

Y5, 22T
1

Lemma 1 J: D CNJ(gp—£q> = CNJ(|| . ”X) ‘(37)%)753‘5 CNJ(” . ||X) %E-I"ﬁj—mCi—I_‘ﬁJ\f})
5. ZO/NVLAIZHUTR2E LD/ IWVA |- ||g %

Iz, )l = v/22/p-1a2 4 22/a- 12 (1< g <p < o0)

Y5, |[-llx & |- |l i absolute T b Theorem 2 @ (i), (ii), (iii) (8 = 1 1B L
T) Z#A729. &> T Theorem 2 2 HHT 2 Z L TR%EHFS.



Theorem 3 ([10]) If 1 < ¢ <2,¢ < p < oo and 2%P7%4(p — 1) < 1, then

22/19@3 4 22/q—2/p)
(1 +t0)7 + (1 —tg)0)%/a

COni(bp-€y) =

where
(22/a=2/p —)(1 + t)7!

(22/a=2/p + ¢)(1 — t)a—1 = 1}'
In particular, if 1 < ¢ < p < 2, then (1) holds.

to = sup {t €(0,1):

Corollary 1 ([17, 19, 21]) If either 1 <p <2, or p > 2 and 22/772(p — 1) < 1, then
CNJ(gp—gl) =1+ 22/p—2'

Remark 1 Let 1 < ¢ <2,¢ <p < ooand2¥P~?4(p—1) < 1. If H is an inner product
space with dim H = 2, then Cxy(€,-¢,) = d(€,-Cy, H)?.

{RIZ Banaé-Fraczek ZEfil# 4 2 5.

Definition 5 ([3, 16]). For A > 1, the Banas-Fraczek space R3 is the space R? with
the norm | - |, defined by

(@, )] = max {A[z], | (z,y) 2}
8] TRz & 512, TDZEMIK ly-0, ZBHD—DD— b L AT I ENTES. Z
DZEMIZH TS NI EHDMEIX Yang[16] IZE > TIRD LS 2B oNT WS,
Theorem 4 ([16]) For A > 1,

1
Crny(R3) =2 — IeR

Z Z TCl¥ Banas-Fraczek ZZf % GLIRD 21kt / WV L ZEBRTZEAL, ZOZE/MO NJ
E % Theorem 2 Z# FHWCEHHET 5.

Definition 6. Fora > b > 1and 1 < p < oo, Ribm is defined as R? with the norm
| - || on R? by

1(z, )l = max{alz], blyl, [|(z, y)ll,}-



1/a? +1/0 <1DLECyy(R2, ) =2 £lea=b=1D, & ||(z,y)| = [|(z,y)|l, TH
205 a>1,1/a° +1/P > 1 DHEDAZZNIXEIN. T T, a>b> 11K L, R?
DIWVAL| | %
1z, )l = ll(az, by)|2-
LREHETD.
p>2,9%. LD |, |||z t&absolute TH H, & 5IZ Theorem 2 D (i), (ii),
(iii) DEZMF% A72F. &> T Theorem 2 ZHHT 5 Z &L TREES.

1 1
Theorem 5 ([8]) Let a > 1,a>b>1and p > 2 with _p+ﬁ > 1.
a
(i) If b < a(a? — 1)%2, then

Cna(R3,,) =1+ bz<1 - %)p-

(i) If b > a(a? — 1)%, then

2p 2
Cny(R2

=500 ()77

In particular, Cx;(R7, ) = d(R;

abpr H )2, where H is a two-dimensional inner product

space.
Z DiERIX Theorem 4 ZEL. 772, p<20GEHAMKTH 5.

Theorem 6 ([9]) Leta>1,a>b>1andp < 2 with 5+ > 1 and vz +bv <1
Then
2 2 1\3
Cry(R2, ) =1+b (1 - J) .

In particular, Cx;(R2, ) = d(R

abp H )2, where H is a two-dimensional inner product

space.

Remark 2 /NF w22l X @ modulus of convexity dx () & characteristic of convexity

co(X) IR & 5 LB N5
. +
ote) = nt 1= o = g = 1o -l =} <<
go(X) =sup{e € [0,2] : 0x(¢) = 0}.
i [12) 1, T RTONF v NZER X 126U T

go(X)?

1+ < On3(X) (2)



WD DZ & %R U7z, EELD Theorem 5 & Theorem 6 7° &, Banaé-Fraczek 28t E
IZBEWTAER (2) DESREVPFLSND (8, 9)):
a>la>b>1, L+Ll>1icLTcX =R, &K,

a,b,p

() p>2DE & (2) DERRMENHRLTHIL L b<a(a® — 1) 1XFAME,
() p<20r X, a2 + btz <17 51% (2) DHEEAHKL.
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