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1 ELC®HIC

ZIZTIE, bV NER H EOERBIPENRZ BIEHRLRERIZ L IZUEY, fEHZE A B
positive (A > 0) TH D & (T,
(Az,z) >0 € H

PO DZ e UET, BT, A B positive 22D invertible D& &, A>0 TRLET, [T TSR
X, A D IEFATEME (positive semidefinite) TH B Z L3 positive (A > 0) 12, IEEMEN A > 0124720
¥9, ¥/, BHOHBIEHEZE A BIZH LT, A-B>012k->T, fEHZEIEY A > B EARICEA
INFT, RT ETEHEINEGEREE f 12 X% functional calculus X2 DNEF 2 RIF T 5, 4205

A>B>0 = f(A)> f(B)
DEE, fERERZEEHEVWET, BEBIZOVWTIER, ROBELREENMOSNTVWET,
t — & ac[0,]] DEEDH, FHREEATH S,

HHE, Zhid Lowner-Heinz inequality EIEENTWE$, IR (LH) TXRb LU 9, [29], [25], [32] ((LH)
X3 % Pedersen @ R FHRFEAIZ, Appendix TH/T U E9,)

T, (LH) &/ MV ARSRI X AMEAREBER > TOET, [12], [22] REHEE DA, KD Araki-
Cordes AEFA (AC) TY :

(AC) |B'A'B!| < | BAB|! for 0< ¢ < 1.
(AC) &, RO kS Iz A TExT :

(AC-1) ||BLA'B!|| > ||[BABI|! for t > 1.

(AC2) A'B!| < | AB| for 0<t<1.

AR TlE. norm AERD A6, Lowner-Heinzg AERDLEHZ R TWEZWEEWET, ZD7
HOU— RNy T2 L TEEZVWERWES,

Ando-Hiai inequality

/ N\
Lowner-Heinz inequality Grand Furuta inequality
Furuta inequality
\

BLP inequality — Grand BLP inequality
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2 {ERAZRZBIFH

Kubo-Ando [28] 12 X 2 EHZEEIOMERIZ L > T, FIEAFHERFBEK L FHZ ORI, 7
7 4 VR
Ao B=A2f(A"2BA 2)A2 for A>0, B>0

WEoTHEZONET, KT,
flz)=1ox

WSERFRTYS 0 ORFFEHREIINTWET, b, ARV, RO 3 M%7 2THER 2 S
WwWE 9

Monotonicity: A<C, B<D = Ao B<CoD
Upper semi-continuity: A, | A, B, B = A,0 B, Ac B
Transformer inequality: 7*(A o B)T < (I""AT) o (T*BT) for all T

(Normalization: 1o1)
ST, (LH) &9, ac[0,1] TNUT, a-BM T #, PRD LS B TEHEINK T :
A#oB = A2(A"2BA"2)*A2 for A>0, B >0,
of. [33], [34], [1l, ZOXIICEHTBL, HHTSICRATTA AL BASHaTETHNITE, Bo

BELEUL &S,
A#.,B = A'=*B®

A#B = VAB

L E9d,
B, BRI, EROXSICTARD & a- B EINEAINZDOTIEAR L, £ T RMAFEY # HE
HZEFHEH>oTERINELZ A, B>0IZHLT,

A X
A# B= X >0 >
# max{X > 0; (X B) >0}

Z ZT. A M invertible TH D LT3 &,

A X 1 A2 X A3
>0 & 1 1 1 1120
X B A 2XA 2 A 2BA 2

WEoT,

L. TE a=3 ORICHEALTWET,



PEFHSERMT T 2 i 2 AEROHAN 2 E D2 LT, BHE-HEAEADE TSN E T, Ando-Hiai [2]
IZ & % log-majorization theorem (&, XD LI IZKINTWVWET: o € [0,1] & EEMITH A, B X
L.
(A#aB)" =(0g) A"#aB" (r>1)

KD LD, & IANEBRITEEHIN TV DIE, IROEHZERFLX

A#,B<1 — A"#.,B" <1 forr>1
T. Ando-Hiai inequality (AH) &FEFENTWE T, (LH) OEMHZ OFEHDOE N TT,
Proof of (AH). %73, a¢g[0,1] LT, 2IHHA

AtoB = A2(A"2BA2)A2 (A, B> 0)

FMALET, (#, EREFAULTTY, 2550 41F, FHZEICIEARD $HA.) UFT, ROZE
WAREMAL 3 AjuB = Byy_oA = B(B~',_1A"1)B

XTEIR, RDEICEBINET :A#,B<1 & C°=(A2BA ) <A ! & C >4
CDOFTRIREZLE, r=1+4¢€(e€[0,1]) ITHLT,

AT#,B" = A2 (A 4, A 2BTA73)A2 < 1
(1) C~> Az (LH) 28H LT, A< Cohiunn0 £79,
(2) EEDOARZMN,
A 2B"A3 = A 2(A2CA3)V A 2 = A1y, C=C(C" #,_1 AC
=C(CT  #. AC<CCT #, CNC = UL
BeoT. AS#, A"2BTA"32 < -0 4, cl-o)etl — co < 4-1 k1
AT, B = A3 (A #, A 2B"A 2)A2 < A3A 1Az =1

3 HHAEX

TEFHZEBM T 25 222X, KOBEWAIBTELHlE LT, HEAERE2EETEZehTE3
CREVWET, FHAERE, MO LS50 TTH (LH) O RFHL b Tho £7,

Furuta Inequality (FI) (I+r)g=p+r

If A> B >0, then for each r > 0,

(i) (B5APB%)s > (B5BPB3)u
and
(ii) (A5BPA5)a > (A5 APAS)

hold for p > 0 and ¢ > 1 with (14+7r)g>p+ .




Furuta inequality (ZB89 % XXRki. [20], [21], [10], [11], [36]. [16] e & Z iz 7=D £7,
(FI) &, MHEERHFICBWTETH IO L EVROEET, TN % a-geometric mean & W TZENE K
TLROESBFIZEEDONET ¢

If A> B >0, then for each » > 0

holds for p > 1.
(FI) 22D & 512k T &, KT 5 Kamei [26] & 2 REAOREDIHMEIC 20 25
Satellite of (FI) (SFI) If A> B > 0, then for each r» > 0

A" 41, BP < B (< A)

p+r

holds for p > 1.

Fix, £IDULFVEMED FT (SFI) IZLL £ 9 ¢

If log A > logB for A, B > 0, then
A" #1.» BP< B

ptr

holds for p > 1 and r > 0.

log A > log B 1%, chaotic order &IFIENTWE T A, logt BEHRHFALDT, A>B(>0) £ FH
WIHFIZZ2>TWES, (iFld. A> B eRINET,)
(SFI) Z2/R 9 720 DEEMN, IROHHEMDOAEXTI T

(FI) for chaotic order. If log A >logB for A, B > 0, then

ptr

(A5BPAE)T < A"

holds for p > 0, ¢ > 1 and r > 0 such that rqg>p+r.

q
rq=p+r

(FI) D4 L FARIC, ERAZEREMTEE TR MOXH22Y T,
(CFI) If A>> B for A, B > 0, then

A" # » BP LI

p+r
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holds for p > 0 and r > 0.
(CFI) OfaEE72GEHIX. Uchiyama [37] IZ& D G2 6N TWE T, El

<1+logaz> — 2z (n— o0)

n

DHAZHY £9, A> B IZX LT,

log A log B

A, =1+

, Bn=1+

EPpLE, Ap>B,(n=1,2,--) BT, +HKREDZ nIZO0WTIK A, > B, >0 LET, Z
NoEL T, (FI) 2#HT 5 &,

(A 2 BnpA 2 )M,er > Al—i—nr
PRoNEITH, 22T
(A,)" — A, (Bp)" — B

YR
(A2BPAS Yot > AT

NEONET, ThzRMTg%2HOTRER,
AT # - BP<I
2720 9, RETTH, (FI) & (CFI) XFAMETHDZ LB nnh £,
X T, HIRD (SFI) DKEE SR
If log A >log B for A, B > 0, then

A 41 BP<B

p+r

holds for p > 1 and r > 0.

T3H, (CFI) & 0 ffiBIZGEIHTE £9, ZOMPIERIZRD 2 DT -
Transposition: A#,B = B#1_,A
Multipicativity: A#.sB = A#(A#3DB)

ZDYEMD FT, GEIHIBA O Y FNH DT ¢

A" #1. BP=BP #, 1. A™"
ptr pr
=B? o1 (BP #.2 A7") by (Mp)
=BP #, 1 (A7" # » BP) by (Tp)
p p+r
<BP e 1 by (CFI)
P

=14, B’ =B.
P



4 BLP A%R

BLP (%, Bebiano-Lemos-Providéncia DIHX ¥ %2 M >7& DT, K5 & [4] IZEWTIRD /)L LAERX
ERRULE U,

Bebiano-Lemos-Providéncia inequality (BLP)
|4 BIATE | < |43 (43 B A%)E A%
holds for A,B >0 and s >t > 0.
ZD—AblE [18] TiamI N TV E 9,
Theorem 4.1. If A, B > 0, then
| A% BH AT 565 < |43 (i prtad)s ad)
holds forp > 1 and s > r > 0.

ZOFHM (BLP) O LI >TWA I LIk, B % BT THEMA, p=2>11CWMb L,

p+s _q r(p+s)

p(l+7r) 7 14r
0. (BLP) EonsZ e Lo NnET,
B, D ULUAEEZ S A, MOEAZEAERZ2R L. TD norm AR E U T Theorem 4.1 H3L
BN FE T,

Theorem 4.2. If A, B > 0 satisfy A® #1 BPtS < A for some p > 1 and s > 0, then B'*s < Al*s
p
and so BT < AT for 0 <r < s.

ZORERE, (F) »oBrnE S, I GE : A° #1 BPY < A OFBLICTfA S A3 %
. e 1

By = (AT2BPTA ) s < A
LEBLTEVT, (FI) M0 ET, M5,

1+4s

Alts > (A%le)Ag)ers =

1+s

Sy

LY, fmrRonxd,

iz, (FI) & (AH) OFIFFEEE Td % Grand Furuta inequality (GFI) (£, IRD K S 2 TREINT
W

Grand Furuta inequality (GFI) If A> B >0 andt € [0,1], then
[A5(A 3 BPA-5)5 A5 Gneir < ALHHT
holds for r >t and p,s > 1.

INEEHAZBIEEHOSETREIE, RO L HI1ZHD £T,



(GFI) IfA> B >0 andt € [0,1], then

AT o (A BY) < A

(p—t)s+r

holds forr >t and p,s > 1.

Iz, (GFI) i2xjad % BLP AERD b2 B A TAET, DD, ROEHFZEAREEEL
9, BROZ N5, THid Theorem 4.2 O (GFI) UZY 72> TWE T,

Theorem 4.3. Suppose that A, B > 0 and t € [0,1]. If A1 (A" BPDs+) < A1 for some
p s
p,s>1 andr > t, then BY1HT < Al-t+r,

RDFE, Grand BLP inequality L IESIDIE, BROKDITE L LT, FIND2HDEEZET,

Corollary 4.4. Suppose that A,B > 0 and t € [0,1]. Then

1— t+r

AT B AT I < Al {AE(AE B0 ARy Ay Al
holds for p,s > 1 and r > t.

Theorem 4.3 & Corollary 4.4 T, t=0,s =1 &35 &, Theorem 4.2 } U Theorem 4.1 23§51
£9., 7. (GFI) & (AH) DBEfRIZ

(GFI) fort =1, r=s <= (AH)
THHZENDNR>TVWETDT, Theorem 4.3 T, t=1,s=r &3 5&,
Let r > 1 be given. If A’”_l#%(A’"#%BpT) < A" for some p > 1, then B" < A".
M, BRALT B LT I, RED I

A7V #1 (I #1 ATZBPAT2) < [
P T

. Bi=(A":BP A E)r 8L &, R, A #, By < T L ESHASNET, — A,
4 B” < A" 1d. B" = (A2BjAz)* & b,

(A2BJA2)* < A" & A 3(A2BTA2)YA" 3 <] & A" #, B <1

Y50T, (ADfbbIz A7 b3 5E) (AH) MESNET,

5 {EEFHENIVMOE—

1961 4, Nakamura and Umegaki [31] &,
S(A) = —Alog A

IZ&oT, FHFZT Y b —2EALX Uk, TO%, (EFAZRFEOHGROBED N T, 1989 4, J-I
Fujii and Kamei [9] (2& b, fEHIZMHG T boy—»

NI

S(A|B) = A2 log(A"2BA™2)A



ELTEAINE L, ZTOUWEAZTY bu -0t Th s Z &Ik,
S(A|I) = S(A) =—Alog A

FomonEzd, b, FEAZMENTY bo—0BEALIEME U T, Yanagi, Kuriyama and Furuichi
[38] i%. Tsallis fEHZEMHN T hut— T,(plo) (a€[0,1]) ZHEALE UL :

_PHao—p

Tu(plo) o

ZZT, pold EEESFHTTA, TOXEEFHARCHEHTE, RO LAWKV ILLXT,

Tu(plo) L S(plo) (ad0);

d a0
Mot 2|, = S(olo)

BRI, FERZMEN T Y ba ¥ —IZf9 % BLP inequality IZ2WT, ZEXTAZWVWEEWVWET,
9. (CF) DIsHE LT, ROAENFOoNET,

Theorem 5.1. Let A, B >0 and r > 0 be given. Then, if S(A"|AP*") > S(A"|BP*T)
for some p > 0, then A" > B".
Proof. %9, LS(A|BPtT) = Az log(A™5 BT A™5)p A5 DT, IR, RO XS IZEVWHA SN
EQE I
r r 1
log A > log(A 2 BPT" A" 2)».

22T, Bi=(AIBPTA ) b E, A B AMREL VWS 2B, ZOME. (CFI) XY

I>A7"# 2 BP=AT"# . AT3BPTATS,

T
pt+r p+r

NFEO N, T DRER,
A" >T # r» BPT"=RB"

T
DO, MREIEHIKRD L Z L2 h 7,
X5z, FEHZMHEN T Y buo ¥ —IZBT % GBLP inequality &, (RO XS R TEZ 6N ET,
Theorem 5.2. Let A, B >0 and t,r > 0 be given. Then, if
S(ATT|APHET) > G(AHT| AT h% Br+ts+ry
holds for some p,s > 0 with (p +t)s > t, then A" > BT,
Z DFEADIHEIZ 72 5 (GFI) BLOEHFEAER 22517 TH E £9 (16, Theorem 3.16):

If A> X for A, X > 0, then
(p+t)s+r

T > [AB(ASXPAS)S AR
holds for p,t,r,s >0, ¢ > 1 with (t+7r)g> (p+1t)s—+r.
Proof. F3®HNZ, INEIFIRD XS IZERTEET,

t+r

log A > log[A_HTT(Ar 0 B(p—&-t)s—&-r)A—T]%'
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Ik, = g X =

thr
2

J» &£ UT LED (GFT) B fEFSEA

T -5 (A7 h% B(p+t)s+r)A

HAEHWS &,

_t4r

AT > [AB (A2 XPAZ)SAZ|Grostr

= [A3(A2[A" % (A7 gy BPHIT) A
(
2

t+r

T]A2)S A G

t+r

A—g(Ar hl B p+t)8+r)A—§)sA%] GHsTr

IZ&oT, AP T LEY,

Appendix—Pedersen’s proof of (LH)
I ={a €]0,1]; z% is operator monotone } & ¥ <,
0,1cI7zDT, IHMN Bb, 20,28l = a+pBel Z2rREiFiwn, fmrZESEEIE,

a+p8

A > B>0 = A-@H8) > potB o A% gath g%t

XT, RELXD, A 1>B>00DFTiX

A“B* A% <1, APBYAP < lie, |A*BY|| <1, |B°A7| <1

> T, (r(X) is the spectral radius of X.)

atp

|A®2" BB A" || = p(A"2 B A" ) = p(A° BB AP)

< [|AYBYTPAT) < | AYB||| BP A% < 1.
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