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1 Introduction

= HREGR T, & IRRE (density operator) p D H & TYJHLE (self-adjoint operator) A
ZHRIL 72 & & DEIRHMEIE Tr(pA) TRI N, 2 Var,(A) := Tr(pA?) — (Tr(pA))* TH
INBZehHoNTWS, BETREpDEHLT2O0YHE A, BIZH L T Heisenberg
uncertainty relation [ZIRDOREXNTHEZ SN TWVWS.

Var,(A)Var,(B) > %1|Tr(p[A, B))?
X 512 K D ERWAE XD Schrodinger IZX > THELONTWS.
Var, (A)Var, (B) ~ [Re(Cov,(A. B)J* > [T(p[A, B) "

772U [A,B] .= AB — BA 13 A, B @ commutator T® V, covariance & Cov,(A) :=
Tr(pAB)—Tr(pA)Tr(pB) TH5A 5%, Yanagi-Furuichi-Kuriyama [12] 1% one parameter
correlation & one parameter Wigner-Yanase skew information ZIXD & 5 IZEHEL 7.
a € 10,1] IZR LT

Corr§ (A, B) = Tr(pA*B) — Tr(p' " *A*p"B), I5(A) = Corr§(A, A).
ZTUTHES IFRDE 57 b U —AREAZ2F .
2

I(A)I%(B) > ‘Re(CorrZ‘(A, B))

o =3 DEZIFENEN correlation Corr,(A, B), Wiganer-Yanase skew information 7,(A)
Thd. £72Luo [10] IZFHEEMZRTEL LT

Uy(A) = |/ Var,(4)? — (Var,(A) — [,(A))>.
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ZEALT, U,(A) 122\ TOD Heisenberg D ARE R DHLER % 1572
1
UNAU(B) = Tx(ol, B

Wigner-Yanase-Dyson skew information @4, BEFHFSHFTCELMHEL LTEHEX
S5NTWZAY, Lieb [9] &Ko CREHI N, T o(A, B) = TTA’PK*B' K TEZ
INZEH ¢« M,(C) x M,(C) —» C PRRMTHD I L amd I &IZEoTIEHIN
7z. 7272U M,(C) & n x n complex marices DAL 3%, LATIOWMETHVLN
LR EHEEEATS. M,.(C) % n x n self-adjoint matrices DK, M, ,(C) %Zn xn
positive semi-definite matrices D 2K, M, ; 1(C) & n x n density matrices DR E S
5. Ae M,(C)IZHULTTr[Al lZROME%2H DI LIZIEET 5.

(1) Tr(AB)=Tr(BA) (2) A>0=Tr(A) >0 (3) Tr(A*) =Tr(A)

(4) Tr(aA+B8B) =aolr(A)+pTr(B) foralla, € C (5) Tr(A)Tr(B)=Tr(B)Tr(A)

2 UR for Non-Tracial Positive Linear Maps

WE D Trace DHLAR & 722544 & . M, (C) — M,,(C) TIRDEM%GT-TELDEZEZ 5.
(1) ®(AB)=®(BA) (2) A>20=D(A)>0 (3) P(A*) =D(A)*

(4) ®(aA+ 5B)=a®(A)+ pP(B) forall a, f € C

FRIZ (1) YD L7270 A1 Non-Tracial £\W 5. (RO Lemma VRIS N TW5.

Lemma 2.1 A,B,X € M,(C) TA>0,B>0&9%. ZOLEXD (1)~(3) IXFE
Thd.

(1) (; g)zo (2) A>XB1X*  (3) B> X‘AIX

Definition 2.1 A, B € M,(C), p € M, ,(C) &35, 72 h & pDARI FILEEL
X ETREHEIND real-valued function £ 325 & E, IRODLIIZEHRT S.

Var) 5 (A) = ®(h'? A" Ah'2) — ®(h2 A*h?2) D' ®(h2 Ah%),
Covl (A, B) = ®(h3 A*Bhz) — &(h> A*h2)d ' ®(hz Bh3),
772U hip): ML T ha, $72 O(h(p)) ! ZAMLT O L ZNTN#H I LIT L.

Theorem 2.1 A, B € M, (C), p € M, .(C) IZX U TIRMBED LD.

Va'r’;‘@(A) COUZ@(A,B) >0,
Covly(B,A)  Varh4(B) -



Proof.

h:A* 0 0 Ahz Bh: h3 h:A*Ahz h2A*Bh: hiA*h2
o< | nzB* 0 0 0 0 0 |=| hiB*Ahz hiB*Bh: hiB*h:
h: 0 0 0 0 0 hzAh:  h:Bhz  h(p)

® O three-positivity property & 0,

®(hz A*Ah?) ®(hzA*Bhz) ®(h2A*hz)
®(h= B Ahl) ®(h2B*Bhz) ®(hzB*hz) | >0.
d(hzAhz)  ®(hiBhi)  ®(h(p))
£oT
@ (h= 2A*Ahz) ®(h2A*Bh?)
®(h2B*Ahz) ®(h2B*Bh?)
O (h2 A*h?) -1 101 151
> o 2 2 2 2
> <I>(hBh)> (‘®(nians) o(hinhl) )
B (I)(h 2 A*h 1)(1) Lp(h2 Ahz) ®(h2A*h2)d~'®(h2 Bhz)
| ®(h2B*h2)®'®(hz Ahz) B(h2 B*h2)d'®(hz Bh/?)
L7=2h5 T

O

Theorem 2.2 (Heisenberg Type) ®(M,(C)) Wa[#iD & & T74bb £ED A B e
M,(C) iIZ LT ®(A)P(B) = ®(B)P(A) BWEDOILDLT D, TOLEEED A B €
My o(C), [ FBDp € M, (o(C) BEY p DART MVEEGDKM ETEHRSI NEED
positive real-valued continuous function h \Zx U TR D 3L D.

( Varho(4) e[ B1h5>>>o
—1®(hi[A,Blhz)  Varky(B) T

Theorem 2.3 (Schrédinger Type) Theorem 2.2 L[RIUERMADH & TRDHL D LD.

Varjo(4) ~ Re{Coujo(A, B)} +30(h2[A, Blnz) | _ o
Re{Cov} (A, B)} — T®(h2[A, B]h?) Varh ,(B) -



Proofs of Theorem 2.2 and 2.3.

C’ov;”@(A, B) — COUZ@(B, A)
— ®(h2ABh?) — ®(hz Ah2)® ' (h2 Bh2) — ®(hz BAhz) + ®(h2 Bh2)®d '®(h2 Ah?)
= (I)(h%[A, B]h%) (®(M,(C)) D commutatiity & FH\\5)
= 2ilm{Cov (A, B)}.

Covl (A, B) + Covl (B, A) = 2Re{Cov) (A, B)}
L7=h3->T
2000" (A, B) = ®(hz[A, BJh?) + 2Re{Cov" 4 (A, B)}.
£oT X
[Covj (A, B) = [Re{Couj (4, B)}* + 1| ®(h?[A, BJhz) .
Theorem 2.1 £ 9
Var;”@(A) > COUZ@(A, B)VCLTZ’@(B)_ICOUZ’@(B, A).

Z 2T P(M,(C)) I& commutative TH DD T
Var' J(A) - Vark ,(B) > [Cov’ o (A, B)2 = [Re{Cov" (A, B)} + ~|®(h3[A, Blhd)J?
arp,@( ) arp,@( )—l OUp,(P( ) )l _lRe{ Ovp,@( ) )}' +Z| ( 2[ ) ] 2)| :
L7=h35T
Var;f’q)(A)

> (IRe{Coufo(A, IV + JIOA B ) (Vark, ()

[ SIS

= ((Re{Cona(a, B - @014, B ) (Varky ()
[A, BJh2)* = —®(hz[A, Blh?) 2\ 3)

= (Re{Covf)”@(A,B)}Jr%(I)(hé[A,B]hé)) (Varl o(B))™

NI

(@(h

<Re{covg@(,4, B} — %cp(hé A, B]hé)> |
(®(M,(C)) D commutativity Z %)
Wz Iz

Varjo(4) - Re{Coujo(A, B)} +30(h2[A, Blnz) | o
Re{Cov" (A, B)} — 5®(hz[A, B]hz) Varh (B) -

ZN& D  Theorem 2.3 BRI N7z, F£ 72 Theorem 2.1 & D

M Varh 4 (A)  —Covl (B, A) -
—Covl (A, B)  Varh4(B) -



O (M, (C)) I& commutative TH L DT

ZVQTZ@(A)
~®(h2[A, Blhz)  2Varh,(B)

L 72735 T Theorem 2.2 D3RI 7z, O

0§M+N:(

3 UR for Tracial positive Linear Maps

[,9 % p€ M, (C) DARZ F)b ETEFE I N7z real valued functions £ 45, ZDk
& f, g BIROEM %2729 £ £ monotone pair THDE WS, FED z,y € D IZXH LT
(f(z) = f)(g(z) — g(y)) = 0. (2, 7))

Definition 3.1 A, B € M,(C), p € M, ,(C) IZX LT, IRDXDITERT 5.
79 (A) = ®(f(p)g(p)A*A) — ®(f(p)A"g(p)A),

Corrl (A, B) = ®(f(p)g(p)A*B) — @(f(p)A"g(p)B).

Theorem 3.1 A € M,(C) XL T Ii’g(A) - Ii’g)(A*) > 0. FZ, Ae M, ,(C) IZx U
Tk 174(4) > 0.

Proof. Letp:Z)\iEi Zop DARY MIVARET D, ZDLE

i=1

f(p)g(p)A®
= Zf()\i) M) E A% = Zf ) E;AE;A
= Z FON)gN)EAEA + Z FONgN)EAEA+Y " f(A)g(\)EiAE;A
= Z FON)gN)EAEA + Z FONg)EAEA+Y " f(A)g(\)E;AE;A,
THDHDT, RaEb.
®(f(p) Zf i) E;A%)
Zf DEAEA) + 00> fA)gN)EAEA+> " f(A)g(\) E;AEA)
i<j 1<j



= Zf O(E;AE;A) +Z‘I’ {f()g(N) + f(AN)g(\j) Y EAE;A)

1<j

> Zf O(EABA) + ) O{f(M)g(Ny) + f(\)g(\) I EAE;A)

1<J
= (f( )Ag(p)A). O
Definition 3.2 A, B € M,(C), p € M, (C) IZHLUTIRD LS ITEERT 5.

Corr J(A,B) = —{Corr 7(A, B)+C’0r7‘ 3(B*, A"}, Ifg( ) = {Ifg( )—I—Ig:g,(A*)}.

Theorem 3.2 A, B € M, ,,(C) 12X U TR D ZD.

< '9(A) Corr!(A, B)) ( I'9(A) Re{corr;j;gm,B)})

) > 0.
C’or'r’p{gg(B,A) Ig(%(B) Re{C’orT/’;’%(B,A)} I/fg(B)

Proof. U : M,,(C) — Ms,,(C) ZIRD LD IZEHKT 5.

A B\, [ Ye)+aD) 0
M(C D))_< 0 o>'

D& E U X tracial positive linear map TH 5. A€ M,(C),p € M, (C) IZX LT

0 A p 0
Mo, oo (C).

L7z ->T
( ®(f(p)g(p)A*A) + B(f(p)g(p)AA") 0 )
0 0
_ f(p)g(p) 0 0 A 0 A
N N(< 0 f(ﬂ)g(ﬂ)><A* 0 > (A 0 >)
flp) 0 0 A glp) 0 0 A
22\Il(<0 f(/ﬁ) A*0><0 g(ﬂ)><A 0>)

WZ2IZIR%ZEES.
D(f(p)g(p)A*A) + @(f(p)g(p)AA™) > O(f(p)A*g(p)A) + O(f(p)Ag(p)A¥).

L7=h5T
I3 (A) + ITT9(A) > 0.



Corollary 3.1 ®(M,(C)) WA[#t D& &, A B € M, ,(C) (XL TRA LD LD.

|Re{C’0rr 9(A,B)}* < Ii’g(A)Ii’g(B).

Theorem 3.3 A € M,(C) (XU T, IRAEKD LD,

D(f(p)'2g(p) A" f(p)'2g(p)"/? A)
(f(p)A*g(p)2(f(p)g(p) " @(f(p)Ag(p)).

L7z T A€ M, W(C) TR LT, IRAHD 2.

%{(I)(f(p)A*g(p)A) +@(f(p)Ag(p)A")}

AVARN VS
K

IM(A) < fp{q{?W(A) < Varl9,(A).

Proof. p =" NE & p DARZ MVIfEE TS, 12U N0 i = 1,2,---,n I
real numbers, E;,: i = 1,2,---,n (& ortogonal projections T Y » B, = I Zi/zd
FON), g) ZENEN f, g; LWEELT D, TO L FWAED IO,

( (f(p)g(p)A2) W )

W (f(p)g(p)B?)
72720 W =®(f(p)g(p)AB) + ®(f(p)g(p) BA),

= Yoy fig®(EA%) YL figi®(EAB)
Z?:l fzgz(I)(EZBA) ZZ 1 flgl EB2

n Yo Jigi®(EA%) YT figi®(EiAB)
>y figi®(EAB) Y0 fi9:®(E;B?)

[ XL fe(EAGQT L ENA) Yo figil(BAGC - Ej)B)
> [igi® (BB, E)A) Yo, figi®(E: BT, Ej)B)

L 2 S ®(BAGS L EDA) 3 fig (BB, Ei)A)
Z?:1 fz‘giq)(Ez‘A(Z?ﬂ EJ>B) 2?:1 fz’giq)(EiB(Z?:I EJ>B)
(Xn: Ej=1%&Y)
9 Z?zl figi(I)(EiAEiA) Zizl figi(I)(EiBEiA)
Bl > figi®(BAEB) Y7L, fi9:®(EiBE;B)

L2 >oici [0 (BAE;A) 350 (figi + fi9;) (B AE;B)
Zi<j fjgjq)(EjBEz‘A> 2 ZKJ' fz‘gz‘q)(Ez’BEjB)

+ 2> [i9;Q(E;AEA) 37, i(figi + fi9;)P(E:BE;A)
Zi<jfigiq)(EiAEjB> 22i<jfjgjq)(EjBEiB)



>y Jigi®(EAEB) Y7, figi®(E:BE;B)
+ 2 Ez’<j 5ij®(EiAEjA) ZK] 5ZJAZJ
> ici 0ii i 2> ,;0i;®(E;BE;B)
(& X tracial £9),
- 9 Z?:l f,»gz-(I)(E,»AEZ-A) 2?21 figi(I)(EiBEiA>
Z?zl fz‘gz’q)(EiAEiB) Z?zl figi(D(EiBEiB)

+Z< 0 5, ) ( A,  20(E:BE,B)

1<)

92 Z?:l figi®(E;AE;A) Z?:l f;9:®(E;BE;A)
> i1 [igi®(EBAEB) 3 0, [i9:®(E;BE;B)

&, 0\ [ 20(EAEA) A,
+Z< ) < A, 20(EBE,B) )

1<) Y

_ 2( Z?:l figi®(E;AE;A) ZK]- [:9:®(E; BE;A) )

v

(f, g & monotone pair £ V),

722U & = figi + fig:
[ X X [ (EAEA) YL Y figi®(EiBESA)
Yozt 2 figi@(EAEB) YT, Y7 fig;®(EiBE;B)

n Dozt 2 Jigi®(EBAEA) S0, 00 figi ®(EiAE;B)
Dozt 2 fig;@(EBE;A) YT, 370 fig;@(EiBE;B)

_ [ 22(f(p)g(p)A) 4
|4 20(f(p)Bg(p)A)
772U V = O(f(p)Ag(p)B) + @(f(p)Bg(p)A).
L7z ->T
(f(p)g(p)A?) sW o [ ®f(p)Ag(p)A) 5V
W (f(p)g(p)B?) ) ~ 5V ®(f(p)By(p)B)
WZIZIRE1G5.
Ii’g(A) Re{COTT/J;’%(A, B)} -
Re{C’or'r’gjg,(A, B)} Ii'g,(B) -

Corollary 3.2 p€ M, (C), A€ M, ,.(C) IZR LT, WA D ZD.
I25(A) < DE(A) < Var,o(A).

)
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