Crossed Burnside rings and cohomological Mackey 2-motives

IR - BTEAEARE Yo - /JH X
Fumihito Oda
Department of Mathematics,
Kindai University

e

Balmer ¥ Dell’Ambrogio 1 k ##% Mackey 2-motives D& H 5 k 2% cohomological Mackey
2-motives DWEANDRFREF P 2EA LK. 272L, k ITEOFBERY T3, HOIZERE G ©
k FORAN=H A FERD2 LI kG OF L ZkG ~NORERBERE H VT, P —fD Mackey
2-motives % cohomological Mackey 2-motives (25 -20F Z & ZAEH L 7z ([BD21, Theorem 5.3]). 4
% cohomological Mackey 2-motives D EF— 7D REDIR 2 % Mackey 2-motives DEF — 757
fROBET P iz k2% LTS 5.

R PRI OIRHHE ZAZIRD, MHRADAIZE RITWIREBHFEITLD L. ZodEh b THL
AL ETFxS.

AR, SHAETIS, 17y BT e o [OTY] KOS TH 5.

G 3ERH, k E#ERr 35, Mackey 2-functors £ Mackey 2-motives @ Balmer-Dell’ Ambrogio ¥
i ([BD20]) 1%, EFICZ L OWESFICCHAMIRETH 5. ZOHEMIM TIORTZL OBEDO 7 —~LEE L
TODRD Mackey 2-motives IZHIHIZNTVWE Z e EZRL TV :

o RILGHIIBI 2 k LD G OBER kG 12013 % kG-IMEEDE M(G) = kG-mod.
o EBFHICBT 5 kG-mod DEKRE M(G) = D(KG).

o [ZRE I U—ifilc 51 5 G-spectra DRE b E—F M(G) = SH(G).

o JERMIURINIZ BT 5 G-C*-RED Kasparov [ M(G) = KK(G).

RO XFXFER 7 — VB EH NS 572912, Balmer £ Dell’ Ambrogio & Mackey 2-motives @
B - 24 Grothendieck 12 & 2 REER22I2 1Y 5 pure motives D plain 1-BlD 7 4 7 7 IZfilFE X iz
WEBEL 7z, o1& M(G) 725 Doz il#l 3 2 A OMRIRK % TF — 7RI iR L X132 H 281
2% SR o [E fif

G~ (Gael)@(G>e2)@ @(G>en)v (01)

722U, e & k-#i8 Mackey 2-motives D& kSpan(G, G) ([BD20, Definition 7.1.7]) ®Hifiz 1-cell Idg :
G — G DHARAER Endisgng,o)(Ide) ONEFIL, KR L. 2L T, & Endisgne,o)(Idg) 23
Yoshida 12 & W BA I hi®N—2 34 FER BE(G) ([Yo97]) LRI TH 5 Z & ZFEHH L 7z ([BD20, Theorem
7.4.5]). 2512, #51E [BD21] T cohomological Mackey 2-functors & cohomological Mackey 2-motives
DOEEREFAN Lz, #E Mackey 2-motive ¥ cohomological Mackey 2-motive DBIfR% FEMICHRNTT 5729
12, 51 [BD21] T % Mackey 2-motive % cohomological Mackey 2-motive &5 D3 HHT P 2L A
L7z, XREOFRE (0.1) 1 Mackey 2-functor M %2 Hi3 Z i &k h 7 —~LE D 7R

M(G) = M(Gvel) S 'M(Gven)

2192 = 45 [BD20] ® 1 2D EHIITH 7. [BD21] TEARHORIE (0.1) BT P 2132 L1 &
D, cohomological Mackey 2-motives D€ F — 7 157 fi#

G~ (G,pa(er1) @ ® (G, palen))

PEOENB I ERRL. 122, W2DD pele;) 72BE 0 LR2L5EbHZ2L NS FIRTHS. ZIZT,
T O &5 72 BRI O HFEL S,

. pg(ei) =0 EBBFEM\MANIET ¢, € B[IC<(G) AT L.



ZOWmEDFHNZK, HEREDIR k 1Zx$ % [BD21, Theorem 5.3] OFE#EAt (Theorems 3.2, 3.4, 3.5)
Z5Z5ZThsb. ROHME, Z LD G ODRANA—F A FEROBMNEFTLZIRET LI TH S
(Theorem 1.2). SEMHEEBUHER O EORAN—Y 94 FER BS(G) D3R TOFIMNZEFETLOIR 2 E N2 TN
572912, F4ld Bouc 2L 7 Green functor ¥iEi% B (G) DR %E 5 Z 5 7-DIEH S % (Proposition
2.5).

COHEDOHBIZLITDED © Section 1 TlX, fRIN—UF 4 FEROEF L AN EZEE T 5. Section
2 1 Bouc 12 & % Green functor Bz £ 5. AREMNTIE [Bo03b] T L 657z Z & TEH 253, IGH &
LT BS(G) %52 %. Section 3 TlE, Mackey 2-motives D€ F— 7 EDHEBF P 12 X 5%t
LT, cohomological Mackey 2-motives D€ F — 73 RDIR 2 P& idid 5 5. FHz, RoN—r3 1 FE
D ¥ DFIAREETTAY, Balmer & Dell’ Ambrogio 2338 A L7z pe ([BD21, Theorem 5.3]) DT E £ 5 H
ZHET 2100252 5.

AT, GIFHNAIC e 25 0HRE, k ZHEAITZ OHERE LToalse LTHEIET 5.

1 #N—2H1FER

G Dk EORA— 4 FEEZEWHT ([Bo03b], [OY01], [Yo97]). HEDIEHT G EAE AR LEER
G % G ehl. B GEBDA (category of crossed G-sets) 1 GHE G° LD GHEEDOETH S : #l
CHEEY I (X,q), 27L, X ZGES, a: X — G R GEETHY, # GBS (X,a) 26 (V,5) ~
DHNE, GEIR [ X oY THY fof=a%xiizTdbOrd3. FHN—2Y1FE (crossed Burnside
group) B¢(G) % & G £EDOBEDIERFNCE T 5 Grothendieck B TH 5. [X, o] TR G EH (X,0) D
FEEY 55, (X,a) 2 (V,8) 37008 G B85, B GEAORE, (X xY,a.8) TE 55
GHEATHS. 7272L, X xY BHNAFEHTEES GES, a.f iF (a.f)(z,y) = alx)B(y) TEES GE
BXXY -G 5. ZOMNGEEODRIIEZMEABTHY, oT, BYG) KHEEDS. B(G)
BEOMGE2H S, Frxidzhit G O BN—2H 1 RIER (crossed Burnside ring) Y IER. ZOEDH
BEIE [o,u], 72751, o 315G HB, udlde O G OREILC>5F G HETH 5. f G BE
(G/H,m,), 7272, H<G, my,:G/H — G & my(gH) = Ya := gag=' (a € Cg(H)), AATHBH
G B, HBNAR G HEALMENS. Pg 3N (H,a) (H <G, ac Cg(H)) 2hORTHEAL TS, #
G lF BT XD P iFHIL, 20 G Mot e2RERE [Po] & 5. (H.a) € Po KNLT, & GHRE
(G/H,m,) ORIME% [H,alc £720 [(G/H),) TXF. & {[H,adlc | (H,a) € [Pg]} & BL(G) D k
EZ272FZehfshTns ([0Y01, (3.1.c)], [Bo03b, Corollary 2.2.3]). #N—> %A FE BL(G) 3N —
A FER Br(GQ) ZERTERICSH D (see Lemma (1.1)). REBIRMA k=Z Dt % B(G) (or B(G)) &L

1.1 Some maps between B(G) and B°(G)
BEFIIEIR ok BS(G) — By(G) &
[(G/U):] = [G/U]

T, 15 Bi(G) = BE(G) %
[G/U] = [(G/U).].

WKEDZNZNED B, af ol =idp, () BPRDILODT, N—=H 4 FE B(G) & Imef, LA—HTE 3.
Bu(G):= [ Kk
HEC(Q)

55,
G/U] = (¢U;I(G/U))HGC(G)7

2L, $5(G/U) = mvg((G/U)) = {gU € G/U | H < 9U}, THA >N 5 BABRERLEE ¢ -
By(G) — Bi(G) BEET 5. HHBEH < G IarLT

D s> L,



THZONBERUERAIE G &% : kCo(H) — k X k LOBRE kOg(H) ® augmentation map ¥ M
% ([MS02, Definition 3.2.9]). kCq(H) OHL7eb DEAER [[ .o ZkCo(H) O G EERDETHIE%E

G
Bi(G) = (H zn<ca<H>)

H<G
THT. BEERHE &Y - BS(G) — Bi(G) %
(zm)r<c — (5 (zn))Hec(e)

T, % : Bu(G) = BY(Q) %
(yu)rece) — Wu)m<G)

7L, K<GHHODGIBIIHELAMNTHILE gy =yx £ 55, TENZTHEDS. HLDIZ,
ag ol = idp, ) PO LD, HRE H < G LT,
ei(Dsh= > Is=) t{gDe(G/D)" |9s=1t}-t

gDe(G/D)H teG

ERANHR L CER SN RERAEEG % BY(G) — E[ﬁ(G) DFET 5. Burnside homomorphism &

&= () reco : BUG) = BE(G)

LLThAsND. fliilok®d, k=ZDr %, LIFLIE ¢, ¢, ag, 1 R L Z ZHBLTEL. XOHfiE
ZHEfHT 5.

Lemma 1.1. (i) The diagrams

By(G)—2= Be(G)  BL(G) = B (G)
l j T *T (1)
By (G) — Bi(G) By (G) o Bu(G)

are commutative. _
(i) Let x € B(G). If ¢¥(z) = @ (y) for some y € By(G), then i o o (x) = .

iz
Proof. (i) WHB 2. (i) Z2/RF. ak ol = idé[k(c) MDD IODT, (1) &b, BIFHANES .

P ouf o ag(x) = G o ¢* 0 ag(w) = i 0 G 0 ¢¥(2) = i 0 GG 0 iG(y) = TG (y) = ¥ ().

toT ik oak(z) =z RN 3. O

1.2 Primitive idempotents

BN 4 FEROFIHERZZHITIE Boue ([Bo03b]) £721d [OY01] THLATWVWS. Q EOAN—=YH A R
IR Bo(G) DN ZHTLAAUE, Gluck ([GI81]) & Yoshida ([Yo83]) 2 X b Tz 5 2 57z, Bo(G) @
JFAER 2L, G O BOHEBFIC XD index T ENTWS. #58 H T index {1 TN EANR
ZHEILE e € Bo(G) tEL. N=rH¥ A FE B(G) DFEHANEZILIE Dress OEH ([Dr69], or [Bo00,
Corollary 3.3.6)) i2& 5. G DEAEE H &, ZOZMRTIARE [H, H) A H tHE LWL &, SERiaBL 0
Bh3. C°(Q) T G DRI LRI IBHD 1 2OREREREET. MHIMH<GWE K <G
E GHETHHLE, H=c K t&#HL. #0# H<GIZHLT, BFRHEIAIGHLE 22 H ORNOIER
HattE H® r#EL. £45

=3  eilJecx@)

Heo=¢J, HEC(G)

3



X B(G) DI RTOFUENREFILOESTH % ([Be9l, Corollary 5.4.8 (Dress)]). EUEREIER 1o : B(G) —
BY(G) 13, B°(G) DEAIEDERAREETE 1B 16(f§) (J € CF(G)) ORNDHRES5Z 5. TAIENEE
TL7e B 16(f§) s BEETANTD BY(G) DFMMNEFLTHB I L ZiHT 5.

ROEHEIAFROEEHD O DTHD, Theorem 3.2 DIAEHIZIGH XN 5.

Theorem 1.2. The set of elements va(f$), for J € C®)N(@), is the set of primitive idempotents of
Be(G).

Proof. BS(G) DIEEDOREEILE ¢ £ 35, [MS02, Corollary 7.2.4] i2& b, ZCq(H) (H < G) &, B
HAENEZTDOAREDDODT, H5 ye QUG) KHLT ¢(z) =icly) £EIF2. ZOHFEL Lemma 1.1 (ii)
WWED wgoag(z) =z 2Fohsd. ZOHEFEICED, a2 & ag(r) € B(G) ZR—HLTXWw. B
ag : BY(G) — B(G) WEBERMERTH 555, agz) ik B(G) ONEBLTHS 2 LHHES. o,
BY(G) DFRTONEETE B(G) DFRTOREHTECH S, O

Theorem 1.2 X1, J € C¥(G) TA ¥ F v 7 2 F &N BY(G) DB ESTE Fr LELTEL.
k=Q ot zonftXX (1.1) 2

By(@) S By(@)  BY(G) - B5(G)
Bo(G) — = Ba(@) Bo(G) —= Ba(@)

THRT.

1 ([OYO01, (4.2)],[Bo03b, 2.3.1]) & BS(G) » 6B ZG Ol ZZG ~NORMEFRMEZRTH 255,
e1(lpee)) =1 THB LMD S, XDIEMICE ZIE, Al of Oy LT ZZG OHAITE 525 &5
% BY(G) DIL x # 1peq) 2R2 LD TEZDTHS.

Corollary 1.3. Let 7? be a primitive idempotent of B¢(G) with J € C*(G). Then

Q —G . 1 J= 17
or(fy)= { 0 otherwise.

Proof. S H<G %2 5%. Zorx, MK (1.2) &b

Prig(ed) =i o o7 (c)
(1 H=1,
_{ 0 otherwise
ERBDT, TAWIUTEZRS
G

PL(F) = o (& (f5))
= > AR
H>=gJ,HeC(G)
1 J=1,
:{ 0 otherwise.
]
K 2450 0 O+ k& ke 35, BY(G) DEIENE%ITIE [OY01] & [Bo03b] THREXATVS. 2
Mo DEMNEETE G OUHEE H ¥ Co(H) DM K HHETA > F v 7 AT IR TWS. epy %
B (G) DEMNEH LT 3. epg & BYG) DBEBNEETT ey g ZHVT epg =@ (eno) THABND
([0Y01, Theorem (5.5)]) DT, F A& Theorem 3.4 DFFHHTHW SN2 ROFEREIFS.

Lemma 1.4. Let e be a primitive idempotent of By (G). Then

K _[e H=1,
¢1(eme) = { 0 otherwise,

where eq is a primitive idempotent of ZKCq(H) (c.f. [NT88, Theorem 2.22]).



2 Idempotents of a p-local crossed Burnside ring

O 30 OFEIMBERUSEER, Z ORI kI3 p > 0 THFOREWKRE TS, O LD G ORAN—VH
4 VB B (G) DfEZTS% 72912 Bouc HERD WL D0 DR Z18E L, Green functors DIANIIEE %2 £
5.

2.1 Green functors

£ k INBED M k-mod IZE% ¥ 5 G @ Mackey functor M 1%, HIR G £5DE 5 k-mod ~NDETF
DX M = (M., M*) TUTOFRNZHMTTDHDOTHS :

1. Let X and Y be any finite G-sets, and let ix (resp. iy) denote the canonical injection from
X (resp. V) into X UY. Then the morphisms

(M, (ix), My(iy)) : M(X) e M(Y) > M(X UY),
( pral ) CM(XUY) = M(X) @ M(Y)
are mutually inverse isomorphisms.

2. Let
X2V
b l
Z ——W

d

be a pull-back diagram of finite G-sets. Then
M, (b) o M*(a) = M*(d) o M.(c).

G @ k @ Green functor A 13, G 5 X & Y ¥ k-bilinear maps A(X) x A(Y) - A(X xY) 28
UToME 2R3 &5% G @ k L Mackey functor A TH 5 :

1.If f: X — X' and ¢ : Y — Y’ are morphisms of G-sets, then the squares

X X

A(X) x A(Y) A(X xY) A(X) x A(Y) ——= A(X x Y)
A*(f)xA*(g)l lA*(fXg) A*(f)xA*(g)T TA*(fXg)
AX") X A(Y') — A(X' x V') A(X") x A(Y') — A(X' x Y')

are commutative.
2. If X, Y and Z are G-sets, then the square

A x AY) x AT S0 (x0) % Ay ¢ 2)

(X)xidA(Z)l Lx

A(X X Y) X A(Z) —— AX X Y X 2)

is commutative, up to identifications (X xY)x Z ~X xY x Z ~ X x (Y x Z).
3. If e denotes the trivial G-set of cardinality 1, there exists an element €4 € A(e), is called the unit
of A, such that for any G-set X and for any a € A(X)

Au(px)(a xea) =a= A(gx)(ca X a)
denoting by px (resp. ¢x) the projection from X x e (resp. e x X) to X.
GHEAX, Y, acAX)zbe AY) IzxfLT

axPb=A,(t)bxa)e A(X xY),



RL, t3GHEBRY x X - X xY;(y.z) — (x,y), £€3B<. Green functor A D center Z(A4) & G £
B X ITHNLT
Z(A)(X) = {a € A(X) | VY. ¥be A(Y),ax b=ax b}

LEFRT S ([Bo97, 12.1]). BIF Z(A) & A D sub-Green functor L MEN 2 D DIZRDE. e Z(A)(e) ¥

NZETLTHD L Z,
(ex A)(X)=ex A(X) C A(X)

T ADERBATF e x A DEREIND. ZOLE, ex Alde=exey €(ex A)(e) ZHAITICHD A D
sub-Green functor ¥725. LIF, H <G ML T, Rt Ng(H)/H % W(H) £&L.

|G| DHEEBD 55, FH p DADBIEALHTT, p LI ITRTAHILTHSHE R t35%5. R Lo G D
Burnside ring Br(G) DFAEREFITIE, Dress IZX DFSHTWS ( [Dr69], or [Bo00, Corollary 3.3.6]).
G DIEHERAE DS B, FRHD p B LR 2/ DObD% OP(G) v EL. BIREE J & OP(J) = J %z ¥
¢ & p-perfect TH 2 LIMIN 3. CP(G) X G D p-perfect subgroups DHEFAD VD OD7ELNELRE T
5. HBE

$= &G Teo@)
Or(H)=qJ, HEC(G)

¥ Br(G) DJFIENZHEITLOLEETH 5 ([Be9l, Corollary 5.4.8 (Dress)]).

P Indy, B3R Infy o FOREE Boue DL 27 F ¥ —/ — b [Bo97] ZBWShi\o.

Theorem 2.1. [Bo97, Proposition 12.1.11] Let R be a ring in which every prime devisor of |G| is
invertible, except for p which is not invertible. Let A be Green functor for G over R. Then there are
isomorphisms of Green functors

A~ P fixA (2.1)
Jecr(G)
and
Ng(H wW(J
f? X A ~ Ind%G(J)IanCES) ) ( 1 ) X (RQS%G(J)A)J> . (22)

2.2  Dress construction

Bouc 12 & DEA X7 Green functors @ Dress % ([Bo03a]) ZEH525. [OY04] THil 50T
w5,
SIFER GEALTA. M= (M, M*)» Gk LD Mackey functor TH 2 & =, BF Mg 26R G
FEEY HLT,
Mg(Y) = M(Y x S),
GEB/R f:Y - Z LT
(Ms)«(f) = Mu(f xids), (Ms)"(f)=M"(f xids)

LEDDE Mg & G D Mackey functor 7D, FHZ Mg(e) =2 M(S) DI D LD.

T/ 4 FECHEBIC XS GIEHEZDDE/ 4 ¥% G-monoid £ WA, G-equivariant monoid homomor-
phism % G-monoids D4t W5, GE/ A F S it ¢: 5 — G° DR (S, ¢) 28 G £/ A K (corossed
G-monoid) ¥\ 5.

RDMED X 512 Green functor A & G £/ A4 F S 25 Green functor Ag %15 % Hiakikl% Dress &
IR E IR TV .

Proposition 2.2. [Bo03a] Let (S, ) be a crossed G-monoid. If A is a Green functor for G over k, let
Ag denote the Mackey functor obtained by the Dress construction from the G-set S. If X and Y are
finite G-sets, defined a product map xg : As(X) @i As(Y) = As(X X Y) by

Va e Ag(X),Vbe Ag(Y),a®b— axgb= A(o)(a x b),

where 0 : X x SxY xS = X xY xS sending (z,s,y,s") to (z,0(s)y, ss’). Moreover, denote by €4 the
element A.(f)(ea) of A(S) = Ag(e), where f is the map sending the unique element of e to the identity
element of S. Then Ag is a Green functor for G over k.



2.3 Decomposition of a crossed Burnside ring over p-local ring

XWX GHEALTS. b(X) 2 X Lo GHEDED Grothendieck group £33 : a G-set (Y, ) over X
is a pair consisting of a finite G-set Y, together with a G-map o : Y — X, and a morphism of G-sets over
X from (Y,a) to (Z,8) is a G-map f from X to Y such that g o f = a ([Y090, Section 9], [Bo97, 2.4]).
Let (Y, ¢) be a G-set over X. If f: X — X' is a morphism of G-sets, then we put b.((Y,¢)) = (Y, f o ¢).
If f: X’ — X is a morphism of G-sets, then we denote by b*((Y, ¢)) the pull-back (Y, ¢) of (Y, ¢) along
f, obtained by filling the cartesian square

Y — 4 .YV

J

X/—f>X

If £ = (U,¢) (resp. F = (V,4)) is a G-set over X (resp. over Y), we denote by E x F' the G-set
(UxV,¢p x1) over X xY. Then the product X can be extended by linearity to a product from
b(X)®zb(Y) to (X xY).
Proposition 2.3. [Bo97, Proposition 2.4.3] With those notations above, b = (b, b*) is a Green functor
for G over 7.

BN— ¥4 VB BL(G) 5 X% Green functor 5XD 51860 5. G HE X 1T LT kh(X) =
k®z b(X) &B<L. XDa@ld Proposition 2.2 22 57E5.

Proposition 2.4. [Bo03a, Theorem 5.1] Let kb = (kb,,kb*) be the Burnside Green functor for G over
k and G¢ := (G€idge) be the crossed G-monoid. Then kbge is a Green functor for G over k and
kbee (o) & BE(Q).

Kxld 0 LD G ORA—2 4 RB B (G) OHIREES.

Proposition 2.5. Let R be a ring in which every prime devisor of |G| is invertible, except for p which is
not invertible. Let {f$ | J € CP(G)} the set of primitive idempotents of Br(G). Let Rbge be the Green
functor for G over R. Then there is an isomorphism of Green functors

Rbge~ @ f§ x Rbge (2.3)
Jecr(G)
and
Ng(H
f§ % Rbge = TndS, ) Tnf (" ( WO (Res§( J)RbGC)J) . (2.4)

In particular, there are ring isomorphisms

By(G) = P S(55)B(G) (2.5)
JECP(G)
and
S(F9)BY(G) 2= oy (1) By (W (). (2.6)

Proof. Theorem 2.1 ¥ Proposition 2.4 12 & D 4% Green functors OFI% (2.3) & (2.4) 2155, [FE:

Green functors @ 1§72 G & (1 R G IKE) Oz KL T, BRI (2.5) & (2.6) »3 [Bo00] Corollary

5.7.6 g 60 5. O
(fP)e = e Zifile T TR TOFIAREFIC e € BG(G) & &L Bouec ® O-R¥%E

A(G) = BH(G)eg(f1)



£ B< ([Bo03b, 3.2.3]). i A(G) DT RTOFMNEHFTLEPIE L7 ([Bo03b, 3.2.11)). Zhbdild, ZkG
® p-blocks TA ¥ T v 7 AT ENTWE. pTuvriec ZkG ITWMET 3 A(G) DFEMNEFILE ic &
# <. Proposition 2.5 @ (2.5) 25K A A T 7 N DEM#E

B5(G) = P AW()

JECP(G)

2155, &5

op

{iw(y € AW()) | J € CP(Q), i€ ZkW(J) : p-block}

i B (G) ORI ESE2kOEATH S, X512, RalE, BY(G) OEMBNEEEOME LTORR

1= > iw () (2.7)

JeCr(G),i€ ZkW (J) : p-block
2185, AW(J)) (J€CP(G)) DRBUCED, AR TOMBELE5.

Lemma 2.6. Let iy () be a primitive idempotent of B (G), for J € CP(G) and p-block i € ZEW (J).
Then

o (i J=1,
¢r (tw () = { 0 otherwise.

3 Images of a motivic decomposition by pseudo-functor Py

Mackey 2-motives @ k-linear bicategory Mack, := (kSpan" )’ (see [BD21, Recollection 2.2]) & coho-
mological Mackey 2-motives @ k-linear bicategory Mack{®" := (biperm{')® (see [BD21, Definition 4.18])
D HETF (pseudo-functor) Py \CBT KR Z1EE F 5. Balmer & Dell’Ambrogio &L T O E % FFHA
L7

Theorem 3.1. [BD21, Theorem 5.3] For cvery finite group G, there is a well-defined surjective mor-
phism of commutative rings pc : B{(G) — Z(kG) sending a basis element [H,alg to 3 ¢ m “a- The
pseudo-functor Py maps the general Mackey 2-motive @;(G;,e;) to the cohomological Mackey 2-motive
®i(Gy, pg, (e:)), where (G,0) =0 in both bicategories.

Remark 1. The ring homomorphism pg above is same as ¢; in [OY01, (4.2)] and z; in [Bo03b, 2.3.1]. The
map pg is not only a surjective ring homomorphism, but also essentially a special case of the homonymous
one studied in [BD20, CH. 7.5].

k=7 Dt %, FAX Balmer ¥ Dell’Ambrogio 12 & % Theorem 3.1 DREEB FELD LS B LN 5.
Theorem 3.2. For every finite group G, the pseudo-functor Pz maps the Mackey 2-motive
-G -G -G
G= (G f[1)®(G [0 0(G f,,) (3.1)

to the cohomological Mackey 2-motive

G~ (G, pa(FD)) @ (G pa(T5)) -+ @ (Gypa(F5.) (3.2)
~ (G,1)® (G,0) & -+ d (G,0) (3.3)
~ (G, 1), (3.4)

where {1, Ja, ..., Jn} = C®(G).

Proof. [BD20, 7.5.4] ®€F — 73R DikE & Theorem 1.2 12K D, A WEFEMHE (3.1) 21585. DD
cohomological Mackey 2-motive D[FIfEiX [BD21, Theorem 5.8] & Corollary 1.3 225851 3. d



Example 3.3 (Alternating group As). G & 5 JEBE A5 £ 35, C°(G) = {1,G} 722D T, Theorem
1.2 0 {F7 . To} 7 BY(G) DEIARESELAOEE L 55, €512, #il [OYO0L, 6.5 (F)] 12k h R4z,
JFARR E L7 ZHRIICIRE ST 5 Z B TE S ¢
7 = [A4,d + D10, + (S5, — [Cs,d = 2(Ca ] + 1,4, (3.5)
72 = [A57€] - [A47€] - [D1075] - [3376] + [C37€] + 2[C27€] - [1761' (36)

R HLT pe(Fo) =1 & pa(Fo) = 0 BRVF 2 2 EdSbra. L7dio>T, Theorem 3.2 & h 1Y
F Pz & Mackey 2-motive

G~ (G.T7)® (G, Te) (3.7)
% cohomological Mackey 2-motive
G = (G,pc(F}) ® (G, pa(Fa) (3.8)
~ (G, 1) & (G,0) (3.9)
~ (G, 1) (3.10)

50T Zehbhrd.

K 35 0 ot RkEWke 35, Iir(KG) 1& G OFTXNTOBBIOHEEG L 35, XOEMIZ, Lemma
L4 ZHWAZickb, k=K OHEIC [BD21, Theorem 5.3] DHi#ELE G52 TW3.

Theorem 3.4. For every finite group G, the pseudo-functor Px maps the Mackey 2-motive

G ~ T (G, emp) (3.11)

HEC(G), 0€lir(KCa (H))

to the cohomological Mackey 2-motive

G~ &b (G, palemo)) (3.12)
HeC(G),0€lrr(KCq (H))

~ P (G ralers)) (3.13)
0clrr(KQG)

~ @ (G, ep). (3.14)
oclrr(KQG)

O ER 0 OSEHEEREER, Bk £ 3ER p > 0 o FoRkEWke 35, ROEHIX, Lemma 2.6 1%
k=0 OHEI [BD21, Theorem 5.3] DFE#ELE 52 T3,

Theorem 3.5. For every finite group G, the pseudo-functor Py maps the Mackey 2-motive

G~ D (Griw () (3.15)
JeCP(G),i€ ZkW (J) : p-block

to the cohomological Mackey 2-motive

G ~ ) (G, peliw () (3.16)
JeCP(G),i€ ZkW (J) : p-block
= %) (G, palin())) (3.17)
1€ZkW (1) : p-block
~ P (@) (3.18)

i€ ZkG : p-block
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