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1 Introduction

The concept of Euclidean ¢-design stated below was defined in the paper by Neumaier and Seidel
in 1988 ([10]) for a weighted finite set (X, w) in the n dimensional Euclidean space R".

Definition 1 (Euclidean design, Neumier-Seidel (1988) [10]) Let (X,w) be a weighted fi-
nite set with a positive weight function w defined on X. Assume X is supported by a union
S=5U---US, of p concentric spheres of R" centered at the origin. Let r; be the radius of S;
for 1 <i<p. Then we call (X,w) a Euclidean t-design if the following condition

—~ w(X;) B
et L 000 = 3w (1)

i=1 zeX

is satisfied for any polynomial f(xy,xs, ..., x,) with n variable xq,xs,. .., x, of degree at most t.
Here we define w(X;) =) . w(x) and |[S;| is the surface area of S; for 1 <i <p.

Delsarte and Seidel ([7]) studied more precise properties of Euclidean design on a union of several
spheres centered at the origin. For more information please look at the articles [3] ( Ei. Bannai,
Et. Bannai, M. Hirao and M. Sawa), [4] (Ei. Bannai, Et. Bannai, D. Suprijanto), and [5] (Et.
Bannai). They developed the arguments farther and gave more interesting examples.

In this talk we try to give the classification of tight Euclidean 5-design of two dimensional
Euclidean space R2.

First we consider the general situation, i.e., (X, w) is a weighted finite set of R™. For a vector
z = (21,72,...,7,) € R", we define norm of z by ||z| = /22 + 22 + -+ + 22. Let X be a finite
set in R” supported by p concentric spheres Sy, . .., .S, centered at the origin 0 with positive radius
T1,T2,...,Tp respectively. Let w(z), x € X, be a positive weight function defined on X. Thus we
consider a positive weighted finite set (X, w) supported by a union of p concentric spheres. Let
S=5U---US,. Let eg € {0,1} be defined by eg =1 if 0 € S and £g = 0 otherwise.

Let P(R™) = R[zy, xa, . .., x,] be the vector space of polynomials in n variables x1, zs,. .., z,
over the field of real numbers. Let Hom,(R™) be the subspace of P(R™) which consists of homoge-
neous polynomials of degree ¢. Let Py(R™) = EBfZO Hom,;(R™). Let Harm(R™) be the subspace of
P(R™) which consists of all the harmonic polynomials. Let Harm,(R") = Harm(R") N Hom,(R").
Let P;(R") = EBB%(Z Hom;(R™). Let P(S), Pe(S), Home(S), Harm(S), Harm,(S) and P;(S) be
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the sets of corresponding polynomials restricted to the union S. For example P(S) ={f |s | f €
P(R™)}.

A finite subset X C R" is said to be antipodal if —z € X holds for any x € X. Let X* be a
subset of X satisfying X = X* U (—=X*),X* N (=X*) = 0, where —X* = {—z | € X*}. Also
we define A(X) = { [z —y[l [ 2,y € X, z #y}.

The following basic facts are well known ([6], [7], see also [1], [2], [5]):

dim (P, (R")) = (" i e), dim(P; (R")) = E]: (” Fe—2i- 1)

e— 21
=0

N

i—0 e —1
e __1
am(p(s) =3 ("I < (M) forpz 5 4
=0

To study Euclidean designs the following theorem, proved by Neumier and Seidel, is most
fundamental and important.

Theorem 2 (Neumier and Seidel ([10],1988)) Let (X,w) be a weighted finite subset in R™
which may possibly contain the origin, 0 € X. Then the following (1) and (2) are equivalent:

(1) (X,w) is a Fuclidean t-design.

(2) For any polynomial f € ||z||* Harmy(R") with 1 < € < t, 0 < j < [5] the following holds:

> w(u) f(u) =0.

Before Neumier and Seidel gave the definition of Euclidean design as in above, there were
works on cubature formulas in analysys. Among them were works by H. M. Moller. He studied
cubature formulas and gave a lower bound of the number of points contained in a cubature
formula. The following is a well known theorem proved by Moller written in terms of Euclidean
designs.

Theorem 3 (Moller [8, 9] (1976, 1979)) Let (X,w) be a Euclidean t-design in R™ supported
by a union S of p concentric spheres centered at the origin. Then the followings hold.

(1) If t = 2e, then | X| > dim(P.(S)).
(2) If t =2e+ 1 and e is odd, or e is even and 0 & X, then | X| > 2dim(P*(S)),
(3) Ift =2e+1 and e is even and 0 € X, then |X| > 2dim(P}(S5)) — 1.

Definition 4 If an equality holds in the above condition, then we say the weighted pair (X, w) is
a tight Euclidean t-design on a union of p concentric spheres.



Remark For a Fuclidean t-design (X,w), if origin 0 ¢ X, then. consider {0} as a circle of
radius O centered at the origin and define the weight with w(0) = «, with a positive real number
a. Then it is easy to see that (X U{0}, w) is also a Euclidean t-design. Hence in the following we
consider the case when Euclidean t-design is supported by a union of spheres with positive radii.

For the case t is an odd integer, 2e + 1, it is known that any tight Euclidean (2e 4 1)-design
(X, w) is antipodal and its weight function is constant on each shell. For more information see
the papers [3], by Eiichi Bannai, Etsuko Bannai, Hirao and Sawa, and also [8] and [9], by Moller.

Bannai-Bannai-Suprijanto [4] proved that tight Euclidean designs are not rigid so that they
are deformable. So there exist infinitely many Euclidean tight designs if the number of the sphere
supporting them are large. So from the combinatorial point of view it maybe interesting to study
for the cases p < [“225] 4+ 1. That means just up to when p just attains dim(P.(S)) = ("7¢) =
dim (P (R™)).

In this talk we present the classification of Euclidean tight 5-design (X, w) of R?. If X is
supported by a unit circle, then X is a spherical 5-design and |X| > 6. If | X| = 6, then X is the
set of the vertices of regular 6 gon inscribed in a circle, which is a tight spherical 5-design. For
the case X is supported by a union of two concentric circles, it was shown that X consists of 8
vertices of a union of two squares. So, if p = 2, | X| attains the maximal cardinality.

In the following we go back to the general situation and give the classification of tight Euclidean
5-design (X, w) of R? with 0 ¢ X. By Theorem 3 we know that |X| = 2dim(P;(R?) = 8 and X
consists of four antipodal pairs. Thus the number of circles supporting X is at most 4. Without
loss of generality we may assume one of them is the unit circle and (1,0), (—1,0) € X. To
investigate the structure of tight 5-designs we need to use explicit information of the vector space
of harmonic polinpmials. dim(Harm;(R?)) = 2 and it is well known that the basis of Harm;(R?)
fori=1,2,...,5 are given as below.

Harm, (R?) : 21, 2; Harmy(R?) : 2129, 22 — 23

Harms(R?) : 2} — 32123, 25 — 32325 :  Harmy(R?) : o] + 25 — 62223, 2125 — xi20;
Harm;(R?) : 25 — 102725 + 5r125, briry — 102775 + 25 -
For the case p = 1, it is known that X is similar to the set of the six vertices of the regular

6-gon inscribed in the unit circle. For the case p = 2, it is shown in [5], that X is similar to a set
of 8 vertices of a union of 2 squares as given below

X = X1 UXs, Xlz{:l:(l,(]), :I:(()?l)}v
1 1 1 1
Xy = {iT’Q (E,E), =) <E,—E>}, re >0, 7y # 1.

Thus X is on the unit circle and X5 is on the circle of radius ry # 1. The weight function is
defined by w(z) =1 for x € X; and w(z) = 13 for x € Xs.

o

In the following we give the classification for the case p = 3 and p = 4.



2 Euclidean tight 5-design of R? on 3 circles

In this subsection we will give the classification of the Euclidean tight 5-design for the case p = 3.
Assume that a finite weighted set (X, w) is a tight Euclidean 5-design of R? supported by 3 circles.
It is known that X is an antipodal set and |X| = 2dim(P,(R?)) = 8 (see [5]). We may assume
X = X; U X, U X3, where X is a 4 points set on the unit circle of R? and | X5| = | X3| = 2. So
without loss of generality we may assume

X, = {(1,0), (=1,0), (al,\/1——a§> , (—al,— 1—a§>}

Xo = {(az,b2), (—az, —b2)},
X3 = {(as, bs), (—as, —b3)},

where 1 > a; >0, ag, a3 >0, a?+b7 #1 (i =2, 3), a3+b3 > a3+b3 > 0. By definition, (X, w)
is a Euclidean 5-design if and only if (X, w) satisfies the following equations

D h(wy,an) +wy > P h(xr,x2) +ws Y x| h(xr,2) =0, (2.1)
reX) reXo reX3
for ¥ = (x1,29), ||2]|* = 2% + 23, h(x,22) € Harmy(R?), 25 + ¢ < 5, £ > 1. Then, since X
is antipodal, (2.1) is automatically satisfied by any harmonic polynomial h(z1,z5) of odd order.

Hence we only need to check harmonic polynomials of even order, i.e., harmonic polynomials

h(z1,79) = m129, T129||2||?, 22 — 22, (22 — 22)|||?, 2 + 23 — 62222, 1123 — 2325, Then we can

prove the following Lemma 5 and Lemma 6.

Lemma 5 Notations and definitions are given above, a positive weighted set (X, w) is a tight
Euclidean 5-design of R? supported by three circles if and only if the following conditions (1), (2),
(3), (4), (5) and (6) hold.

w2a2b2 —+ ’LU3CL3b3 —+ aiy/ 1— CL% =0.

(1)

(2) a2b2(a§ + b%)wg + agbg(a§ + bg)wg +ajy/1—a} =0.
(3) (a3 — b3)wy + (a3 — b3)ws + 2a7 = 0.

(4) (a3 — b3)ws + (aé — bg)w +2a? = 0.

(5)
(6)

5) (a5 — 6a3bi + b3)ws + (af — 6a30] + b)ws + 2(4af — da} + 1) = 0.
2
3

(
6 (a3 — b3)ws — a1 (1 —2a3)4/1 —a? = 0.

G,ng(a,g — b%)'lUQ + CL3l)3

Lemma 6 Definition and notation are as defined above. Let (X, w) be a tight Euclidean 5-design
of R? supported by 3 circles as given above. Then the followings hold.

(1) 1>a;>0.
(2) az > 0 and by # 0.



(3) a3 > 0 and by # 0.

Then we can show the following lemma which describes the property of tight 5-design of R?
supported by three circles.

Lemma 7 Notations and definitions are given as above. Let (X,w) be a weighted subset of R?
supported by three circles. Then the following conditions (1) and (2) hold:

(1) The weights wy and ws are given as below.
ar(a+ 03 —1)\/1—a? (2.2)
asbo(a3 + b3 — a3 — b3)’ ‘

Cai(ai +03 - 1)y/1—af
agbz(a3 + b3 — a3 —b3) "

Wo =

wg = (23)

(2) (CLQCLg -+ bzbg)(agb;; — CL3b2) =0.

According to Lemma 6 (2), any Euclidean tight 5-design of R? supported by 3 circles must
satisfy either asas + babs = 0 or asbs — azbs = 0. In the following Subsection 2.1 and Subsection
3.1.2 we disscuss the case asas + bobs = 0 and the case asbs — azby = 0 respectively.

2.1 Case asasz + babs = 0

In this subsection we consider the case when asas + bybs = 0 holds. So we have by = —%ﬁ. Since
3232 = —1, in this case, the line passing through the point (ag,by) and the origin (0,0) and the
line passing through the point (as, b3) and the origin (0,0) are perpendicular to each other.

Since a1, az, az > 0, babs < 0 holds and we assumed a3 + b3 > a3 + b3 > 0, (2.2) implies
ba(aZ + b2 — 1) > 0 and (2.3) implies b3(a3 + b3 — 1) < 0. So we have the following conditions
between the parameters.

If 1> a3+ b3 > a2+ b2 > 0, then we have by < 0 and b3 > 0.

If a2 + b3 > 1 > a2 + b2 > 0, then we have by < 0 and b3 < 0.

If a3 + b2 > a3 + b2 > 1, then we have by > 0 and b3 < 0.
By assumption bybg = —asas < 0 holds, hence we have the following two cases:

case: 1> a3 403 >a3+b3>0,by<0,b3>0
and

case: a3+ b3 > a3 +b3 > 1, by > 0, by < 0.

. - a1(a2+b2—1)4/1—a? o a1(1—a3—b3)\/1—a? .
We also have wy = b (A R—e2 =) and w3 = b T —a2 =) (see (2.2) and (2.3) respectively).

Then (2.1) with j = 0 and h(zy,xs) = 27 — 23, implies

(b5 — a3)\/1 — a} + 2a,a2by = 0. (2.4)

or —ay 1*—1 Note that in this case we assumed that asas+bybs = 0

1—aq
14+a1

Hence we have by = a9
holds.

a
1-a



1+4+a1
In this case we will show that we have the following design:

Case: agzas + b2bz = 0, by = az,/ 1o (ay, a3 >0, 1 >a; >0, by >0, bz <0)

Theorem 8 Assume ay > 0, 1 > a; > 0, by > 0, asaz + bobs = 0 and by = as ;Zi, then we

have the following design.:
(X,w), X =X;UXyU X3, where

X, = {(1,0), (—1,0), (a1, y/1 —a?),(—ay, —/1 — a%)} :
Xo = {(a27b2)7 <—a2, —52)}, by = 24/ 1131,

X3 = {(as,b3), (—asz, —bs3)},

2a1 + 1 asy/ (1 —a?)(2a; +1

a3:a2(1_a1) 2 ! 3 PR b3:_ 2\/( 1)( - ) )
4aja3 + 1 — 2a3 — 3a3 V4daia3 — (2a, + 3)a} + 1

(a1 + 1)3(1 — 2a1) {(1 = 2a1) (a1 + 1)2 + daya2}’

Wy = =
2 4aj o 4(1 —ay)(2a; + 1)ad '
Hence we must have 0 < a1 < %, as > 0,
(2a7 — 1){((2a1 — 1)(a1 + 1)* — 4aya3)a3 + a3(2a; + 1)(a; — 1)*} = 0. (2.5)

First we will show that a; # \/% holds. So we assume a; = \/% Then Lemma 7 (6) implies

{842 — 2+ V2)}al — (2— V2)a2 = 0. (2.6)

Since ay, az > 0, we have 8a2 — (2 ++/2) > 0 and

[
as = a2\/8a% BT, (2.7)

However in this case (2.2) implies

4432
= 2.
Wa 160,% < 0, ( 8)
which is a contradiction. Thus we must have a; # \/% and
((2a; — 1)(ay + 1)? — 4aya3)as + a3(2a; + 1)(a; — 1)* =0 (2.9)

holds. Since 0 < a; < 1, (2.9) implies (2a; — 1)(a; + 1)* — 4a1a3 < 0 and we have

2&1 +1
— ay(1 — _ 2.1
a = ax “1)\/4a1a§ —(2a; — D)(a, + 1)? (2.10)
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By assumption b3 = —*, hence we have

by — —ag\/ (2a1 + 1)(1 — a?) (2.11)

4ara3 — (2a1 + 3)a? + 1

Then (2.2) and (2.3) imply

1)3(1 — 2 1-2 +1)% + 4ay02}°
@A DU =2) g g, = {01~ 2a)(a +1) aj%} L (212)
4a; 4(1 —a1)(2a1 + 1)a;
Since wy > 0, we must have 0 < a1 < % This completes the proof. 1
Case: azas + babs = 0, by = —, /1% a,, (a2, az >0, by < 0,1 > a; > 0)
In this case we have the following theorem.
Theorem 9 Assume 1 > a; > 0, as > 0, asas + bobs = 0, and by = — }J_rgi as, then (X,w) is
similar to the following design.
X, = {(1,0), (—1,0), (al, \/1-— a%) , (—al, —/1— a%) } ,
1 1
Xy = das (1, -/ Ly (—1, VL, 50
1— aq 1-— aq
1-— aq 1-— ajq
X3 = L4/ — 1,4/
3 {a3<7 1+a1)7 0,3(, 1+CL1>}’
1-— 2@1
= as(1
as a2( + a1)¢(2a1 + 1)(&1 — 1)2 — 4@1&% )
(1—a1)3(2a; + 1) (4a1a3 — (2a1 + 1)(as — 1)2)2
wWe = wy =
2 Aa} o 4a3(1 = 2a1)(1 + ay)
1 (2a1 +1)(1 — ay)?
- . 2.1
0<a1<2,0<a2<\/ 1 (2.13)
Proof: By assumption we have b3 = —% and by = —ay i—gi, hence b3 = as L‘L—Zi Then
Lemma 5 (5) implies
(2a7 — 1) {(2a} — 4a1a3 — 3a} + 1)a3 + a3(2a; — 1)(ay + 1)*} = 0. (2.14)
Ifa, = \%, then Lemma 5 (6) implies
2a5a3 + 2a3b; — a3 — b3 = 0. (2.15)
Then we have
4+ 3v2
wy = @3V 0, (2.16)

16a3



which is a contradiction. Hence we must have ay # \%
Then (2.14) implies
—{daya; — (2a; + 1)(ay — 1)*}a3 + a3(2a; — 1)(a; +1)* = 0. (2.17)
Hence we have 4a;a3 — (2a; + 1)(a; — 1)? > 0. And then we have the following:
(1—a1)3(2a; + 1)
4aj ’

(4&1&% — (2@1 -+ 1)(&1 — 1)2)2

4a3(1 — 2a1)(1 + aq) '

(1 4 ) 1-— 2@1
as=a a :
T Y\ (2ay + 1)(ag — 1)2 — 4aya2

—1)2
Therefore we have 0 < a; < % and as < Qaitl)(@—1)? I
2 4ay

2.2 Case asbs — aszbs =0

In this subsection we consider the case case when asbs —azby = 0 holds. So we assume asb3 —azby =
0. Then we obtain the following theorem.

Wo =

Wz =

Theorem 10 Assume asbs — agby = 0 holds. Then we (X, w) is similar to the following design:
1
X, ={(1,0),(-1,0), 3

X2 = {ag(l, —\/g),ag(—l,
X5 = {as(1,—V/3), as(—1,

—~
—_
B
~—
|

(L,V3)},

1 1
a2>§>a3>0 or a3>§>a2>0,
1 — 4a}
Wy = ————,
" 16(a3 — a3)a3
4a2 — 1
W3 = a2

16(a3 — a3)a3
Proof: By assumption we have asb3 — azbs = 0. Hence by = “Ja% Then Lemma 5 (6) implies

a?al + albs — a2 = 0. (2.18)

Hence we must have

1— 2
by =+ 2V "0 (2.19)

ay

If by = @, then Lemma 5 (3) implies /1 — a3 = 0, which is a contradiction.



If by = —az—vl_a%, then Lemma 5 (3) implies

(2a; — 1)(2a; + 1)4/1 — a? = 0. (2.20)

Hence we must have a; = 1 and (2.2) and (2.3) implies

1 — 4a3
=— 2.21
b 16a3(a% — a2) (221)
and
4a2 — 1
ws 0 (2.22)

~ 16a2(a3 — a3)

respectively. Since ag, az, wy, wz > 0, (2.21) and (2.22) imply (1 — 4a3)(4a3 — 1) > 0. Hence we
must have ay > % > a3z > 0 or ag > % > ay > 0. We also have by = —v/3as, by = —v/3as. This
completes the proof. 1

3 Euclidean tight 5-design of R? on 4 circles

In this section we will give the classification of tight Euclidean 5-designs (X, w) supported by 4
circles S;(r;), of radius 7, > 0, 1 < < 4. Let X; = X N Si(ry), 1 <i < 4. Let w(z) = w; for
r € X;andi=1,...,4. We may assume r; = 1 and w; = 1. Also, we may assume that X is the
union of the following four sets X;,7 = 1,2, 3, 4.

X1 ={(1,0), (=1,0)},

Xo = {(az,b2), (—aa, —b2)},
X3 = {(a37b3), (—a3, —53)},
Xy ={(as,bs), (—as, —bs)},

where as, a3, a5 > 0,12 =a? + 0?2 #1 (2<i<4),a3+b3>a+03>a2+b3>0.

Then similar as before (X, w) is a Euclidean tight 5-design of R? if and only if (X, w) satisfies
the following equations

D h(wrma) +we Y Py, ) +ws Y |zlPh(ey,x2) +ws Y @ P Az, 2) =0,
xe X zeXo z€X3 z€Xy

(3.1)

for x = (w1, 22), ||z||* = 23 + 23, h(z1,9) € Harmy(R?), 2j + ¢ < 5, £ > 1. Similar as before we
can show the following Lemma.

Lemma 11 Definition and notation are given above. Then (X,w) is a tight Euclidean 5-design

of R? if and only if the following (1), ..., (6) hold.
(]) azbng + a3b3w3 + a4b4w4 = 0,

(2) asbo(a3 + b2)wy + azbs(a? + b2)wsz + asby(a? + b3)wy = 0,
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(3) (a3 — b3)wy + (a3 — b3)ws + (af — b)wy +1 =0,

(4) (a3 — by)wz + (a5 — b3)ws + (ag — bj)ws + 1 =0,

(5) (a3 + b3 — 6a3b3)wy + (a3 + bi — 6a2b2)ws + (af + b — 6a3b3)ws +1 =0,
(

(6) agbg(a% — b%)wz + (lgbg a% — b%)wg + a4b4(ai — bi)w4 =0.

Then we can show that a; > 0 holds for : = 2,3, 4, and b; # 0 holds for ¢ = 2, 3, 4.

3.1 Explicit formulae for the weight functions w,, w3, wy of the Eu-
clidean tight 5-design on 4 circles in R?

In this subsection we give the explicit formulae for the weight functions ws, ws, w,. Notation
and Definition are as given before we have the folowing theorem. Note that by assumption
a3 + b2 > a3 + b3 > a2 + b2 holds.

Theorem 12 Let (X, w) be a tight 5-design supported by 4 circles. We assume w(z) = 1 for
r € Xy, w(z) = w;, forx € X;, i = 2,3,4. Then bobs > 0, boby < 0 hence bsby < 0 and the
following equalities for wy, w3, w4 fold.

(13(14[)364((1% + bg - az21 — 6421)
w pr—
2 G(a2,a3;a47b27b37b4) 7
v asaabsby(a? + 3 — a3 — b%)’ (3.3)
G(az, a3, as,by,b3,by4)

asasbabs(a3 + b3 — a3 — b3)

= 3.4
e G(a27a37a47b27b37b4) ( )
where G(ay, as, ayq,be,bs, by) is defined as below:
G(ag, as, as,ba, bs, by) = asbs(asas + bobs)(asbs — asbs)(ai + bj)
—agagbgbg(ai — bi)((lg + bg — ag — bg)) + (12(14[)264((1% — bg)(a% + bg)
—azabzba(az — b3) (a3 + b3), (3.5)
and satisfies
G(ag,ag,a4,b2,b3,b4) < 0. (36)

3.2 Toward the classification of Euclidean tight 5-designs on 4 circles
in R?

Here we note again that (X, w) is a weighted finite subset in R? and X is supported by a union of 4
circles and expressed in the following way. X = X; U X, U X3U X4 where X; = {(1,0), (—=1,0)},
Xy = {(ag,b2), (—az,—ba)}, X3 = {(as,bs), (—as, —b3)}, Xu = {(as,bs), (—as, —bs)}, where
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az, as, ag >0and a? + b7 =1 (2<i<4),a+0b>a2+b3>a]+0b]>0. Also w(z) =1 for
z € Xy and w(z) = w; for any z € X;, (2 <i < 4).

In the previous subsection we gave a very explicit description of Euclidean tight 5-design on
four circles in R? using all the 8 parameters as, as, a4, bs, bs, by. In this section we will show that
four parameters asy, as, by, b3 determine all the Euclidean tight 5-design on four circles in R2.

Then we can show the following proposition

Proposition 13 Lemma 11 (4), (5) and (6) are equivalent to the following (1), (2) and (3)
respectively.

(—Z) F4(a27a37a47b27b37b4) = 07 where

Fy(az, az, as, by, b3, by)
= (lg(lgbgbg{(lg + b3 — a3 — b3 ba; + b4{a2a§bg — asazby — bs(aj + b3 — 1) (a3 — b3)as
—asboby (b3 — 1) fai — asazbebs{as + b — aj — b3 fai — by{asbs(a3 + b3 — b3)aj
—bs(a3 + 5 — 1)(a3 — b3)a3 — asbz(a3 + bg — b3)a3 — bs(b3 — b7)(a3 + b3 — 1) x
(a3 — b3)as — asbab3 (b — 1) (a5 + b3 — b3) as — asasbsbsbi (b — 1)(a3 + b3 — a3 — b3).
(3.7)
(2) Fs(ag,as,ayq,be,bs,by) =0, where

F5<CL2, asz, 4, b27 b37 b4)

_ a2a3b2b3{ag Bl bg}ag + 54{a252a§ b (682 + 1)a2 — by(ad — 6262 + b

a2 4 12)as + aghpbd(BR + 1)}@ _ a2a3b2b3{<6b3 1) (ad 4B — al b§>}a§

—b4{a2b2(a§ + b3 — b3)az — bs(as — 6a3b3 + by — a3 + b3)aj

—agby (603 + 1) (a3 + b3 — b3)a3 — bs(b3 — b3) (a5 — 6a3bs + by — a3 + b3)as

+a2b2b§(b§ CL2 + b2 }
2
3

+a2a3b2b3(b4 )(CL2 -+ b2 b3 b4 (38)

(3)
(a5 — a3)b + (a5 — ag)bs + (ai — az)b; = 0. (3.9)

In the following, we divide the situation into two cases a3 = as, ag # as and for each case we
try to give the expression of the weights w,, w3 and w, with parameters as, as, a4, bo, b3 and ay.
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Case: az = as:

Theorem 14 If a3 = ay holds, then we must have ay = az, a3(by + bz + by) + babsby = 0,
b3 > b2 > b2 >0, and by, by > 0 b3 < 0 or by, by < 0, by > 0 holds. the following holds:

(ba + b3)?b3 + (ba + b3) (b3 — Bbabs + b3 + 3)by + {2babs(ba — b3)* + 3(b3 + b3) }ba

The weight functions are given as below:

w; =1
1w:@erm_%H@§2;£§f+@@+@ﬁwﬂﬂ (3.11)
0 (g — 1) (b — ba){(bs i(ii;%bﬂb(i: by)b2 + (by + bs)b2} (3.12)
zm:@erM—@H@§Z;£f§+@@+®ﬁwﬂ@ (3.13)
Proof: If ag = as, then Proposition 13 (3) implies
(a3 — af)(b3 — b3) = 0. (3.14)

On the other hand by assumption we have a3 + b3 > a3 + b3 > a3 + b3, hence we have b3 > b3.
Therefore we must have a; = a4, hence as = a3 = a4 holds. This implies b% > b% > bi. Then
Proposition 13 (1) and (2) imply

F5(a2,a2,a2,bg,bg,b4) - F4(a2,a2,a2,bg,bg,b4)

= 2@%()25354(53 — b4)(bz - b4) (bz - bg)(3a§ + bzb3 + bzb4 —+ b3b4), (315)
and Proposition 13 (2) implies

F5(a27 a2, Gz, b27 b37 b4) + F4<a'27 a2, a2, b27 b37 b4)
= 2a3(bs — ba)(by — by)(bo — b3){ (a3 — a3)(bs + bs + bs) + (3a3 — 1)babsbs}.  (3.16)

Hence we have
@:—%@@+%m+m@, (3.17)
and
(by + bg + by)as (a3 — 1) — babsby(bobs + boby + bsby + 1) = 0. (3.18)
Hence we have bobs + bsby + bsby < 0. Then (3.18) implies
(b2 + b3) b} + (b + bs) (b3 — Bbabs + b3 + 3)b3 + {2b2bs(ba — bs)® + 3(b3 + b3) }ba

bobs(bs + by) (babs + 3) = 0. (3.19)
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Here we note that b3 > b3 > b3, baby > 0 and b3bs < 0 hold. Hence we have babg < 0. That is, we
must have by, by > 0,b3 < 0 or by, by < 0,b3 > 0.
Then (3.2), (3.3) and (3.4) imply (3.11), (3.12) and (3.13), respectively. 1

Case a3 # as:

In this case Proposition 13 (3) implies

2 _ 22 2 _ 22)p2
bi _ (a2 a4) g+ (C;4 a3) 2 (3‘2())

Q3 — aj

(a3—a3)b3+(af—a3)b3

2_
az—as

In the following we use the case by = 2 > ( and show that there are in-

finitely many tight Euclidean 5-design of R? with parameters as,as, a4, by, bs. Note that here
as,as,ay > 0. Here we asume by > 0, we must have by,b3 < 0 (see Theorem 12). Then
the condition F4(a2,a3,a4,b2,b3,b4) = F5(a2,a3,a4,b2,b3,b4) =0 1mphes P4(a2,a3,a4,b2,b3) =
Ps(as, ag, ay, bs,bs) = 0 respectively, where

Py(as, as, ay, by, bs) = [a2agb3 + a3a3bsbs — a2a§bg{ as(b3 + 2b3) + 2(b5 — 62)} — ayalbibs x
{3ag 92— 1)(b2 — bg)} + a2a352{3a3b2 a3 — BR) + B2 53} + aQagbg{@bg )l
P28 = W) - (28] = 20+ 103~ W)l - 203~ )23 - )}

_asbz{a252 + (25 — 2b5 + 1) (b3 — b3)ay — 2b5(b5 — 1)(b3 — b3)az — bbs(b; — 1)*(b5 — b%)}

—azb3{a2b2 +2(05 — 3)ay — (b3 — b3)ay — 205(b5 — 1) (b5 — b3)ajy — b3b5 (b5 — 1)(b5 — b5) %

(b5 — 2b3 + 1)}a3 + a3bob3(b3 — 1)(b3 — b3)(2ay — 2a3 — 2by + b3bs + b3)as + asbsbs (b — 1)* x
(b3 — bg)] ay + (agbs + azby) { asaibs + 2asbobs(aj + by — 1)(a3 — b3)al + ag{ag(bg —b2)
203(1 + 2) + 4R — 03— b3}a3 Qasbabs(ad + 1) (a2 + b2 — 1)(a2 — 1)al

+{a§b§ — 2(b3 + b2)aS — (26302 + 1)(b3 — b2)ay — 20262 (b3 4 b2 — 2)a2 — b2b3(b2 — 1)2 x

(202 b§)}a§ - Dagbaby(ad — b+ B2)(a2 + b2 — 1)(a2 — K)ad — b§a§{2a§(b§ —02) — i
+5b205 — 2a2b2b2 — aj — 2a3b3 (b2 — 2) + 4bab3 — 4b5 — 3b2b3 + 3b§}a§ + 2a3byb3 (b2 — 1) x
(0483~ 1)~ BJos — alIR030% — 1204 - 283 |

1202 (asbs — agbs)(ashs + a352)2{<bg a2 — (82 — 1>ag}2, (3.21)
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and

Ps(as, as,ayq,be,b3) = {aqagb3 + a3ajbibs — a%bg{(bg + 2b3)a3 + 2(b3 — bg)}ag - a2b§b3{3a§
—12(b3 — b3)as + 2(b3 + 1) (b5 — b?),)}a3 + a2b2{3a362 2(6b3 — 1)(b3 — b3)as + {12(3b5 + 1)b3
FLHE ~ 8 b+ antaf 283+ 090 — 20688 — 1)~ B)ad 03— ) (300328 — 2303 5
+1}a3 + 20b3(6b3 + 1)(b3 + 1) (b5 — bg)}ag
—bg{a§b§ 1203 (b3 — — {203 — 2(18b3 + 5)b5 — 1} (b5 — b3)as
—2b3(b3 + 1) (b5 — b3)(6b3 + 1)az — b3bs (b + 1)*(b3 — b%)}a%
—a2b3{a§b§ +2(b2 — b2)aS — (360202 + 1263 + 1)(b2 — b2)aj + 2b2(6b2 + 1)(b2 + 1) (b2 — b2)a3
—bab3 (b3 + 1) (b3 — b3)(2b5 — b3 + 1)}a§ — asbob3 (b3 + 1)(b5 — bg){zag —2(6b3 + 1)a3
HIB(2 — 4 1) o+ AR08 + 103 1) of
+(agbs + asbs) [ azashs + 2b2b3a2{a2 (602 + 1)a2 + b3 +b }
+a§{(b§ — b3)ay + 2 ((1263 + 1)b2 + b§> a3 — b3(38by + 14b3 + 1)}a§
2sbabs(a? + 612 + 1>{ag (GR4 1)a2 4 b+ bg}ag + {a§b§ 202 120202 + 1)
+(38b2b2 — 1)(b3 — b2)ay + 2b2b2 <(12b2 + T)b3 + Tbs + 2) a3 — b3b3 (b5 + 1)%(205 — bg)}ag
+2abob3 ((6b§ +1)a3 + b3 + b§) { — (6b2 + 1)a2 + b3 + 52}a3 + a2b2{(38b§ + 1463 + 1)a3
—2b2 <(12b§ + 7)b3 + b3 + 2) as + b3 ((563 + 4)b3 + 4b3 + 3) (b5 — bg)}ag

obb3(E + )QQ{% (602 + 1)a2 + b2 + b } 202 4+ 1) — 2b§)ag] 2
—b3b3(axbs — asbs)(azbs + agbg)Q{ag(bg) +1) — a3 (b5 + 1)}2. (3.22)

Both of the polynomials Py(as, as, ay,bs, b3) and Ps(as, as, ay, be, bs) are, as polynomials respect to
a4?, of order 2. Therefore we can determine the conditions to have tight Euclidean 5-designs on
4 circles in R%. Thus we can show explicitly that there exist continuously many tight Euclidean
5-designs of R?, that was shown in the paper by Bannai-Bannai-Suprijanto ([4], 2007). Though,
here, we are not trying to give the list of explicit solutions for the formulae given above.
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