Second order asymptotics in Bayesian estimation for
a one-sided truncated family of distributions
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1. [EC&Ic

Mt ZDISHMEIC BN T/SL— b (Pareto) 70 fild EER R 2R 9. T, BW7,
Py, Ko, W, KoCAEDOTIICB W TIAFEICHWSNTWS. /3L — hfflc
DNTIE, Z DFERIIEIGZ5 8 T Arnold[Arl5] ICFW T, 7z, Johnson et al. [JKBY4]
KBV TLIMLSENTWVS. E5IC, SL— iz ad, UMk y &L HARRE 0 28D
YIWAEBIAIRIC IO T, y(X72ld ) Z RS BHIE UTREE n OIEBIEAICED <
O(F72ld v) DRIHEE, A X (Bayes) #EE DGR U 547z (Akahira[A17]). KT, v DEER
D& ED O DFRJCHEE R (maximum likelihood estimator, B LT MLE)§?,, & v HARHID
EEDODMLEy, B 1 KDA—R—TIRHHLMICAETH S C & A Bar-Lev[B84] 1255
WORENTD, 2 RDA—F—TIRHAIE MLEGy - 25, 67, KO HBEMICEL BT &
REND L EEBIT O, 1THT B Oy D2 ROWILHRE RO SNz ((A17). £z, XA
AHEEIC BV T ERAHEE DY L AR ORIRMMGF S NIz ([A17]). & HIT MUK
Az Rk U T, — M MW A 3513 % i ICHEE £ 554 T £ % (Akahira[A21]).

ARITIE, JAHREE O EYIWTRE %2 & D— RO MAYIK I BT,  BREIE 72
EARHIDEEIT v DA XHEE R OWHEHRER (stochastic expansion) 23K, 0 WEEHID &
XDy ONA ZHEERITHT % 0 DARHID & XD vy DA ZHEE =D 2 ROWHBLIHRK %,
2 XD FHNTRD 5. ZDR, KHORHEL 0 72 0 O MLE THRHT%. 7z, ©
IIWAR R AR O G E ORRIZ T DR EEHH, BEANGHHGEI LD 580V & 27K
L, Bile LTl a——0 i D520 %.

2. AR D RIRICE T ZUIBBONA AHEE
9, X1, Xy, -, Xy, o ZTEDWDICHNTIC, WIS (Lebesgue HIEICRHT %) %

p(x,0)/b(0.7) (c<vy<a<d),
f(2;0,7) =

=

(2.1)
0 (Z DAth)

2 E DI Py, ICHED MERZEESNET 5. 2720, —co<c<d< oo &L, p(z,0) IEXMH
[v,d) ECIEEE 5. £7z, v € (¢,d) IcDWNT

O(7) = {9 \ 0<b(6,) = /jp(x,@)dﬁ < oo} (2.2)
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EBLE, 7 < ERBEED 1,7 € (¢,d) ICDWVT O(y) C O(p)icksd. TC
'C LDy € (¢,d) IZDVT O = O() IFZETHEVIHKINTS S & REd 5. 2Dk

AP, = {Py, | 0 € ©,v € (¢,d)} ZFIITJKi 77411 (one-sided truncated family
(oTF) of distributions) &\ 5. I MUYIKT /il (Lower-truncated family (¢TF)
of distributions) & 9. KT, (2.1) ICHBNT

p(z,0) = a(:ﬁ)e("“(‘”) (2.3)

DIFICIE % & Z, FrYIWHs B 73 11lf (one-sided truncated exponential family (0TEF)
of distributions) P, £\ 9 ([B84], [A17]). 72721, a(-) ZIEEHTIEZ EA LR S & T Ak
T, KX (7, d) BC u(-) @i T du(z) /de 20 £ 9%,

R, p(z,0) XM [y, d) DIFEAETRTD ICDOWT, IS LT 3EIMOTTHETH
LU, b0,) OFITals FTOWKBELUT3mMITARETH S EIET %, Xk,

0 0
M (0,7) = Ey, {89 log p(X7, 9)} . Aa(0,7) = Vi, (86 logp(X1,9)> , (2.4)
- 62
>\3(97 ’Y) = w)\l(e»“/% (2-5)
Ay (0 1! & b(o =1,2 2
(j)(,v)-—m %(,7) (j=1,2,3) (2.6)
L. Toex

IZix%. £z, 0(0,7) == logp(x,0), (90, 2) = (0"/069)0(0,2) (j =1,2,3) LBE, XD
IRHMEIZAAET 2 EIOEL, ZTNEZ U 0RIS TRDT.

1,(0,7) = Ey., {{e (0, X1)} } , (2.8)
Jp(0.7) == Eg, [{¢W(0, X1)} {0, X1)}] (2.9)
K,(0,7) == Ej., [{f (0, X,)} } . (2.10)

TDEE (26), (2.8)~(2.10) &P

5(2)(97 A/) = EG,’Y [£(2)(07 Xl)} = )‘(2)(07 7) - Ip(ev 7)’ (2'11)

K@) (0,7) = oy [09(0,X1)] = A3 (0.77) = 3J,(6,7) — K,(6,7) (2.12)
IC%% 5. iz

Zy(6.7) == \/977 Z {6W(0, X;) — M(6,7)}, (2.13)
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22(0.9) = —= 30 {000, X) = e (0.7)) (2.14)

i<,

KIC, 7(y) ZHIXH (¢, d) 10 (Lebesgue HIEICEIT %) FHaiE L L, L(y,7) Z X :
(X1, X)) WCHEDL Y DIEEOHEER Y =4(X) D 2R IBK (A —4)2&d%. T T,
ZOIWATREICHEETS. COLE, LETICHT Sy DA LHE R

R X(l) tr(t Xo  n(
VB,0(X) := b”@f // (2.15)

[

0273%) 7,:7,5 L/, X(l) = mil’llgiani 83—%)
7535, ARNC I BV, Wik 0 O #61E Akahira and Takeuchi[AT87] 14K 7Y,
ZNDDRNDYEL A TH 5.

0

3. RNBE 0 HBIHND & EDYIMREEL y DA XHE
X9, v=n(t—7) &BIL, (2.15) &P

1/ [fo ur(y+ (v/n)) T 7 (y+ (v/n))
pa(X) =7+ — dv
T.0(X) 7+n (/Tn b (0, + (v/n)) // b (0, + (v/n))

Lixs. TCTCL, Tp 1= n(c— 7), T(l) = n(X(l) —’y) L35, ifC,

oI
b (0,7) = 99 logb(0.7) (j=1,2---), (3.1)
oI
m(5)(7) aT/jlogW(v) (J=1,2,--+) (3.2)
IZ7%%. 2T T, (22), (31)&D
0
k(6,9) = 28 = b 6. (3.3

EixB. TDEE, ROEHENS
I 1L (2.1) ZEDTF P, I DWT, 0 BEEHID & F Apy %2 2 THUK L & FiiE)s «
IS % v DOXRA ZHELEHE (2.15) &5, TDEE, Tyy = n(Ype —7) DHERIEFIE

0
Tpo =Ty — ~ + — 21
Bo =1() k (8 ng)

kn
(i) o (1) o

THY, kT DWHE T, W0LEUE, ThZTN

1 0 1
E,y(k‘TBﬂ) = —% {2 (d_’y log k‘) - 7T(1)} + @) <$> s (35)



2 (0 1
Vy(kTpe) =1— o <a_7 log k) + 0 (ﬁ> (3.6)

T%% foCL/, ]{3, (1) Li, %h%h (33)7 (32) LCISU’%) k = k(6,7>, ) = 7T(1)<’}/) (1_’.
ERCE

AEE [A17] D oTEF D550 Theorem 6.3.1 DZNEF T TH 5.
EE 1 RO DBEIDEA, ke = k(0, X)) £T 5 & v DR O FiE L7 MLE 44,,. (&

1
];‘g’rl

ISR D, Ty = n(X() — ) DHERIERE (3.4) DAICENT

1 0

ZEROIE DICIE B ([A17] D Remark 6.3.1 ). DL ¥,

. 1 0 1

75D, (35), (3.6) KD kTgy & KT} & 1/n DA =X —=TEMNL PN E 2B,

X(*l) = X(l) —

1
V,(KTi0) ~ v, (075 = 0 ()
Lo T, FNSDWHETHUE o(1/n) DA —X—FK THHEMICEFE L L, £z kT DML
THUE o(1/n) DA — X — X THATEE m ICHEBRICES.

4. BNBEL 0 HERIHD & EDYIEEFER v DA XHEE
9, v <z = midicic, Ty Ty 1= MaXi<i<, 3 < d 2729 @ = (21, ,2,) 1D
W (0, ) DIEEREE

. n
L0, ;) := B0 1:]1 p(x;,0) (4.1)
IC&%. COEE, (4.1) KOMEZICMIELTZ 0 € ©12DWT, v D MLE & Ay = Xy &
7%, Fie, ALK LTz g € (¢,d) ICDWT, 0 ORLESR (1/n) 0, 6D(0, ) =
M(0,7) W& n & 2 lIZDWTHE - DDRZHFFD LIGET U, n — oo D & EHHEMNCTHESR
1TH, &0 DMLEICZEZDT, (1/n) 27, (D0, A1) = M (6, Aarz) DIRIE 1 — 0o D &
ZHHLMNCTESR 1T 0 D MLE 0y 12755, &5 T Oy (EHREMNCTHER 1 TLRETFER

1 ; ;
- Zé(l)(eML,Xi) = M (O, X))
i1

Zliilz g



TTT, do=X(0,7) 8FDU, U:=vVaon(Oy, —0) B, TOEE, RDT EDIK
RVAS)
IR 2 &I (2.1) ZED oTF P, ICDWVT, O BARFID & ZIC (2.15) DA RHEL A, 1T
BOTO Oy, ZRALTHEE R 4y, £ TB. TOEE Ty, =n(dg,,, —7) D
e i

1
T =Ty — 3
1 ok 1 |1 /0N 1 F(3) — A3
e an (86) T {k (07) Ao (Jp At =
1 /0 1 Pk 2 (kN .,
T (a—log’f) T+ Sgn {w‘g (@) }<U -b
B 1
+ -+ 0, <n\/_> (4.2)
Thb. 2L

L 1 2 ak' K(3) — 5\3 62]{?
B =5 {AQ (d@) (‘] Ak S T
1 ([0

LEB. EIe, KTy, OWRLTH, WREHHUE, ZhEn

B 1
Eoq KTy gy, | = = +0 (n f) (4.4)
Yo 2 (9 L 1
Voo (KT, ) =1 - (87 logk) o (0007 =0} 0 (n\/_) (4.5)
TH%.

AEARE, [A17] D oTEF DD Theorem 6.4.1 DZNE R TIED 5D, 73 Ahlliz—#
fEL7zC lic &> TAHULEHEICIZ R 5. 7385, U DWERIERIZ

1 Y 1 [on 1
U= 74— 2,7, 4 50 28 50 oMY vo, (X
WY b 3/2f \/_/\2n<8'y> m+ p(n>

1 1 - 1 O\ 1
— 7= = (kg — A o=
/\3/2\/%{ P 1K(2) + 9 (’f(s) 3)} + b ont (U’Y> + (n) ;

Fp(U2) =140 (1)

n

E977(U> =




2723 ([A21). 272U, 24, Z, ZZE TN (2.13), (2.14) LT 5.

ER 2Ty, ORI (4.2) ICBWT U Z LU 45,0 D 012 Oy ZRALTZT LW
BT D. &z, (4.3), (44) KD kT, OB, WBL IS BT Ay, T, K2y, Kes),
A3 WAL 79 BB RO B & 4 2 51%.

AE3 TBQ DOERJEN (4.2) DAILD B/ (kn) ZFRN2EB73E o(n™!) OF =X —F T
T = n(XG - — ) DHERJEIE —Fd%. 2T

1
1 1 (ok\ (. < Rm— s
X** Z:X — x — T~ — - )\ s —
(1) G 2o (89) (Jp the) + =

1 0%k
2];32 ;\2 n? 802

1%y DI D FE LT MLE Apgpe C, b = k(Ou, X)), 8k/007 = (37 /067)(Orrr, Xo1y) ( =
1 2) )\ )\ (QMLaX(l)) (j = 2,3), Jp = JP(QML,X(l)), F{(j) = K(j)(QML,X(l)) (] = 2,3),
)\3 = \s(frrz, X(1)) £ 9 % (Akahira and Ohyauchi[AO21]). TD& ¥,

s B 1
k(TB7éA1L — T(1)> - + O <n\/—)

EED, KTy, & KT & 1/n OF =X =TI ML AR5 20,

%k 1
%,v(kTB,éML) - Ve,v(kT(l)) =0 (—n\/ﬁ>
LD, KTy, & KT

G OHILLITENE o(1/n) DA =X =K TWHLMICHFL <, T2 kT,
N Bliani ) (= 0(1/n) DF — 2 — X CHETEHE m ITIPARIC AR S.
KR, 73l oTEF P ACHIR I NERDRMEENS.
£ 1([A17]) p(z,0) & LT (2.3) ZE D 0oTEF P, I DWT, § HBARFID & ZIT (2.15) DA
AHEE R Ap o ICBWT OIC Oy, BRALTHEE R 4y, £ TH. TOLE, Ty, =
n(¥g4,, — ) OHERIERIE

i () [ 7 (6 (5) <)
k k2 )\277, 00 )\2’]7, k 5)7 2)\2
1 1 [o% ok ,
+E( logk)T(l)—i_kax\n{ﬁ__(OQ) }(U —1)
B 1
+ 10, <m) (4.6)

_ % (%)} _ % {2 (a%logk;) - w(l)} .47
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T4, =Ta) —

THb. IZiZL,

1 [N [Ok
b= 2)\2{k)\2 (ae)



TH5.

FEEA oTEF OIHICIE, (2.2), (2.3), (2.5), (2.11), (2.12) &V, K@) = K@E) = 0, A: =
(0%/060%)1og b(0,7), J, = 0, {D(0,~) = u() ITKRZ D5 (4.2)~(4.5) XD (4.6)~(4.9) &
5%. 0

5. Yo WCXT B Ap,, D2 ROFEMEER

F2HNCHENT, 0 DBEHID & & v DA ZHEE R Ao DML 2 KD, 5 3 I
WTODARHD L E 6D MLE 2Nz y DA ZHEER 9,  OWRE T HZE RS, T
T, Ao ST B Ap,, D2 ROMWHIHAK (second order asymptotic loss) %&

An(¥6y13>75.0) = 1 {Vor (K5 5,,,) = Vo (T )}

THERL, n— 0o DEEDTDOMIRZRDS.
EE 3 W (2.1) ZH D 0oTF P iTDWVT, gpg lCNT B Ag, D2 ROLILHKE

. R 1 2
dn(’VB,éMLv YB.0) = % {6(1)(9,7) — )\1} +o(l) (n— o)

TH5.

AEHEE R 1, 2 K0 B
% 2([A17]) p(z,0) £ LT (2.3) ZE D oTEF P \CDWT, Apg i B g, D 2RD
PR PN %S

R . 1
dn(’YB,éMLa 73,6‘) = )\_2 {u(’Y) - )\1}2 + 0(1) (’fl — OO)

TH5%.

AERHIZERE 3 & (2.3) & b HIAH.

I, oTEF I E S, oTF TS 20 DH & U THYIW O — > —n D&%z 4
A5,
B (B Gl a—>—4). X1, Xo, -+, Xy, - - ZTEDDICHEZICWTNE (Lebesgue
JEICH T %) %)L




ICIED RGNS 5. TTT,0>0, pa,0)={1+ (/021 &35 TDLE

(o] T\ 2 -1 IS 1 - 7
b(e,v)—/7 {1+(5)} dx-@/g 1+t2dt—9(§—tan 5) (5.1)

Wik s. £z,
00, z) =logp(z,0) = —log (1 + (%)2)
K0
) 2 (x/0)?
(1) _9 _Z.
(0(0.0) = 5t(0.2) = 5 - 1= oL (5.2)
IZ7%%. ZLTC, (24), (5.1) &D
0 1 y
M(0.7) = 550(60.7) [ b(B.7) = 5 41+ — ’ ; (5:3)
(— — tan™! z) (1 + (1> )
2 0 0
LD, E=~/0 LB L (52), (53) &b
W (g ) 1 &
4 ' (9»7> /\1(0»7> - 9(1 + 52) (52 1 g B tanlg) (54>
&k, R, (5.2) &0
1) 2] 4(X,/0)* ] 4 N
Ban [{€0 0¥ ] ~Bax [ o] =~ iy L et
4 R A
= dt 5.5
02 (g — tan™! %) /7/9 (1+¢2)° (55)
LB 5, (24), (5.3), (5.5) &b
)\2(97/\/) :‘/9,7 (6(1)(97)(1)) = E@,“/ [{E(l)(ev){l)}?] - A%(vi)
2
4 R 1 %
= —dt— {1+
G ) e T | ) (O
(5.6)



LB, CTOEE G, (54) K0 45, lHE B Ay, D2 KOWBERLIE

JN 1 s §
dn, </B791\4L’73‘9) - 92>\2(1 +€2) <E 1 (71‘/2) — tan_lf

L%, TTT, ha = (0,7) 1 (5.6) &V

2
| 4 o g ¢
o(0,7) = — dt— {1+
2 o2 [g - taﬂ_lf/é (L+22)? { (g - tan_lf) (1+¢%) } ]

ERBDT, N5(0,7) = 0%X:(0,7) £T 5.
TS, y=0&F2L¢=087%D (5.6) KD

) +o(1) (n—o0) (5.7)

xwoy—§/m—li—ﬁ—1 (5.8)
20w o (L12)3 '
LB COLE
Y gt = T dt—9 - -
A a+ept A e A u+ﬂyﬁ+l arep”
3
=—
16

LEBDD, ThE (5.8) ICRAT S L

8 3 1
L0, (5.7) &P

dn(VB.6y, 0 VBO) = % +o(l)=24+0(1) (n— o)
2
I %.
REOBID /I a— > — a7z —MAb Uz, BHHEE v O ¢ 5207z YW U 72 A g
t, 7341 ([A21], [AO21)) IZ DWW T B ARRICER 3 Z@HAHETH 5.

6. HHYIC

P s A P, OUIKIRHE v OHEE REIC BT, I HEE DA IEAR D filiiE 2
1157 LT 2 ROMEIEKZ RO T, XA ZHEE DI O HilE 2 AN & 9 5 Bl
NdB. iz, A ZHEE DG AICRATERE 7 & v OHEE EOWHL D 1/n DF — 2 —
WIS EBZ 5220, LD 1/n DF —X—ICi3 B LRV O T 2 ROMnEHEKE 7
WCHERATRIC R % . ARG Tl MUK AR DS 5 Cam U ey, Y 2 #Uc K - T EfilY)
WA IRIC B T RIBRZAFER DK D V2D ([A17] D Remark 4.5.3 Z).

fEk, UIRHE BRI P IS BW TR CHEE, NA XHEEIS DWW T UTehY ((ALT), 47
BITH B EEAENTIRE LS, —ROYIM i P, TRBDOFENESNS.
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