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Abstract

In computer algebra, two kinds of polynomial representations are used. One is the recursive rep-
resentation and another is the monomial representation; see Sect. 1 for details. The resultants were
developed on the recursive representation, and the Grébner bases are computed with the monomial
representation. The key operation in Grobner basis theory is the Spol(G, H) which is defined by
canceling the leading-monomials of G and H by multiplying the lowest-order monomials to them re-
spectively. Similarly, we can define “TrmElim(G, H)”, Elim(G, H) in short, to be an operation which
cancels the leading-terms of G and H by multiplying the lowest-order terms to them respectively.
Both the Spol(G, H) and the Elim(G, H) are “critical-pair”s of Knuth-Bendix. In this paper, we study
the Elim operation for G, H € K[z, u], where (u) = (u1,...,uy), with © > u1,...,u,. The TES is a
degree-decreasing sequence of Elim operations for relatively prime G and H, s.t. deg,(G) > deg, (H),
ie, (P:=G, P,:=H, P3:=Elim(G, H), ..., Py:=Elim(Py_2, Px_1)), where P, € K[u]. Similarly,
we can decrease the z-degree by computing an S-polynomial set, SpS in short. Let Sylv(G, H) denote
Sylvester’s determinant. We note that most multivariate resultants contain “extraneous factors”.
We can understand the TES by comparing Sylv(G, H) with resultants by the TES and the SpS. The
Sylv(G, H) mostly gives us resultants of large extraneous factors if G and H are sparse. The TES and
SpS, with no extraneous-factor removal, will give us resultants with much smaller extraneous factors
(= Theorem 2 in 3.3), but they seldom give us Sz, the lowest order polynomial in ({G, H}) NK[u].
In order to obtain the §27 we must do as follows: suppose we obtained a resultant P, by TES or
SpS. Then, we compute Elim(E, Py) or Spol(E, Py) for each element E of TES or SpS. We show a
wonderful theory of extraneous-factor removal for TES (= Theorem 3 in 3.3).

(Important parts of the text, such as theorems, are written in English.)

1 Introduction

BN EBZHADBIRRKRIR (recursive representation) & BIAXZFKIR (monomial representation) % & #%
LikFERED S, G & HIZEH () = (21,...,0m) OBEK EOZERE L, Th50 o IZBT 5K
ErhEhd L el D (d>e) ()= (22,..,20) ETNE, G& HIFFHDO LD IZEES,

1

G = ga(®)2d + ga1 ()24 + -+ go(x)2l, H = ho(x))x§ + heq (x2S + -+ ho(x)29. (1)

ZZT, BEBEEHNX gi(2)) ® hj(x) 13T 51288 o ITB U THRNIZERHT S, INAHRRHITH S,
—7F, BPEAXRHTEZHEAG® H 2 HEAOMNE UTRET 5, 22T, REHAIBREERE —EW
ZIEF D ond 35, TDLSRIEFIZL %520, BEIEEOBENS IV 7T —HKEEIHEHL S
728, AHTIFEFERIER (lexicographic order; LEX JIHfF L B&GL) DA Z KD [5, 6]

G:]\11+M2++Mk, My = My = --- = My, where

M; = ciz{" g™ o™, ¢ €K, € ENU{0}, M; = My~ < (2)
either [€i71 > (ij,l] or I > 1 s.t. [6@1 =€j1," " ,€l-1=¢€5]-1, €] > ejJ].
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ER (1) 2 (2) BBV, go@)at & M, A ThZh G OEBROERBLIFE, ThZA lm(Q) KO
Imn(G) ££T, 72, gi(@) & o ZERBEMYE, ZNTh 1ef(G) BT 1e(G) ££T, Gro EHE
FHIFZRWZE D OZHAZ TN T NERIBES LUOBRRBEHLEIFY, rest(G) KO rst(G) & &9, G D
- RIEEZ BHIR L ITY, ctm(G) KT,

FVTF—RIEEFRTBOREAFHEISESERERTH S ; MEWY X SLHRADRKLREGARD
T, SZHANZED S, ZHAG & H 2HIEALRBI L7 &, Spol(G, H) FIRATEZEI NS [6].

Spol(G, H) := [lmn(H)/C|-G — [lmn(G)/C]-H, C :=ged(lmn(G),lmn(H)). (3)

BRCR S FHIZSRBADEEDV G X 5N HE, EMHEADALST, TNENOHEARRL S EDT
“IET LY, BREAEERRXICERUTHNOESIZEET 2HRRNFEL HESMA AT L L5,
HESHMZBEOH TEYL > TV 2 DA Knuth-Bendix @ “FEfii{t FIH (completion procedure)” T®H 5,
ZZT, SMEENZELGLIIIL T F—RED LS RO TH D, IOFIHOEAEEIL, HEADMLE
DZDODET, & To 2L, TNODEIHEH, & Hy 8% F v VeV I LR REMDIE ) &ty %
INTFNT & Ty IZHITT, HUWIE Ty =t xTy —toxTy ZEKL, Ty B0 TRIFNEZTNEIEHES
AT 228 Th B, T3 FIEICSEZHENTHIGL, /2, Ty BTy THEINDZZLEbd, T3 13 T
& Ty DEFFKE (critical pair) EIEIEND, Thbb, 7L 7 F—HEFRITHEARI SN LHES
B 2EMLRECH B L R 5, b, BOBEBEMI VAT LTI, ZMFIEI T EEEZ RO
T HRERVEMEAR O L BEIEI R, FELIR[T, 12 FE2B|EI N,

AREDEH TNz L 51T, ZHADKRE & UTHIEARB L HRRHE WS RRD “FMAH L0705,
HRFHFUIZN L THERN 2 EBITRETH S, HROWMEEN I L TF—REE2A > T4~ 5EH, Hil
ARG R D — i TEMRRE L FI M) DFTEED OBEKRED D > 7o, LT E S5 2D -REN
PLBVEE, L VHZTEEHLTEI D] LHE VDD LD Elim(G,H) TH 5 [13],

Elim(G, H) := [tm(H)/C]-G — [tm(G)/C|-H, C :=ged(Itm(G),ltm(H)). (4)

LR (3) & (4) AHET AU, “Dmn(x)” & “Utm(x)” BANED S Z L 2RIELALTHE, 2Ok
26, Elim(G, H) & Spol(G, H) & RRIZIRIENKEIZ RO TIE?, L OMEFERES T,

ETERIHEDBIRMNS, Spol(G,H) 12D VL T F—EEELKFERITH B EE (ZhzHR
BERXEEITR) 2HIRT 5, REETIE, 5A0NEZHARE F ={F,...,F,, Fh} C Kz, ul,
(@) = (1, ,@Tm), (W) = (U1, ,up) €T, ZUT, x1,..., 2, ZZDIHIZEEL u DZHAZES
CeaRHNET D, VT T —RRIEIR. F & Fjpy) OREBIHZNEUBREIEMLD S ZHA 2 LK T 5
DHE5T, TDOSHLEHAEMOLEATMERIL, EEHZS72LHAEZ FIZMIL, 505008 L
TSZHAZEK LK 2, 20O “BREMEMDLZIHRX” & “H 5P LT LT &5 ZDDRFFED
728, F O (LEX-EFTD) 7'V 7F —HEK GB(F) ODmKILHA T TV (F) DRfEit e 455, DMRE
L UT, FHEICZRBREMBED2D S (m + n iZBL T 2 BN 8]). BEERNETIE, G 2HBHER27 ML
(9d:9a—1,---.90) WCHIEDF 2T T, HERREZITIATRIAT 5, ER G H e Klz,u] (TR LTI,
% Prem(G, H) ¥ remainder(hd-<+1G, H) & K[z, u] (24 £, deg,(Prem(G, H)) < e THY, G
EalcH,. .., 2°H ORERI bV ETLTHHHRTRT I LN TES, G HHPHWIRERLE, G
EHMPSx2HEETNEuw DZEANEETES, INPHIKEXTH S (9, 10, 2, 3, 4], HAKKEX
% G & HDRERBERT NILVTRTDHBELL Sylvester 175X TH 5,

PE& Y, HARKERERE IV 7 F —HEEL Z2< RQRBHEERELD, HiITidEezoTwa I L
Vhird, LrLERs, RELMEREZEGT  IHARERIKEDOELE, KRETEF (extraneous factor) %

D Buchberger did not put the “M”. Since the word “reduction” is used in many different meanings, the author attach M
to emphasize that the reduction is performed on each monomial.



HELDOTH Z)o %?rl%@ﬁf %, 20 HACHITHIZ Macaulay * Dixon © 2% A ML IHARDIHAKKE X2
T L 2B IZBRIZ RS W T Wz, 2D, 1980 4FARIZ Kapur & D15 6% < DIFFEE BRENATFRE
GZEXV)%E/W‘:?J‘, KU 7z, REHAT- & Kapur & DFEICDWTIE [11] 22 I 72\, 7238, Macaulay
725 OHED Kapur © DEERS, HAKEREZTHAXATERET 2 RIEFALTH 5,

X T, Elim(G, H) ZFHRRETO XEHEEMZR 520D T, THEGEDETIEZER o1,..., 2, ZIHIZ
HETES, AFTI, TOHETIHETES Ku) OZHEAZBRERD 2V IFFREKERXNLIER, =20
LA S 1HF 2 HBEIRGFIEDH % P RS (Polynomial Remainder Sequence) £ W5 DT, G & H 75
IhE 2 EEMEHEEDS % TE S (Term Elimination Sequence) & 144 L 7z,

G H € Klr,u] 453 TE S 0 & 7 OMEREIRR 2, MBss0THs, 2LT, TES
ICEDKKHERGIE L 7L 7 —BEEIR (72720, BRI X T) L OBMRBIFRICMEIHI NG, 7273,
ZNREITEEATDTHS : TESL LT F—SE L OBRE LV IESHFARSITIE, Eulid O HFREE
T AR ARIED & 5 &R BIL LT TH L, DI LA MHRLHITRE S,

Example 1 FilDO =% IHRR F, OA 77V ORAEIT Sy 135212 BKEWIEE % o

7 G = ot x (vl +uv) + 22 x (u? —uwv) + (v +uw),
27 H=a'x (uwv+v?) — 22 X (wv+v?) + (V2 —vw).

ged(1cf (@), 1ef(H)) = u + v, cont(G) = u, cont(H) = v P IZEF I N0,

Buchberger Hiik% ZHAR F IEAL THEONSZIHADOH T, 2o WHEINZHKAIIEIZ P =
(u—v)Ss, Py = v 8, Pg =wSy, Py =258 Thd, TIT, S FATTIV(F) OBMEILT, KAT
B3 5y = 3utv + 3udv? + tvw — 3ue? + W2v?w + dutvw? 4+ uwo?t — duwdw + duv?w?. BEETIT,
Ps = A¢G + BgH %729 ZIHN Ag, B #8519 5 1 Ag = 22 x (—udv — u?v?) + (2udv + v?v? + yu?),
Bs = 2% (u3v +y?v?) + (vt +udv +2u?0v?), Ay, B & P & EROC G & H TRBLT % “P, = A;,G+ B;H”
DFEIR DT, EMTTHRE (Coefficients of Generators, CofGs L83 Ld# 3 5, CofGs & —ZIHAZR
DHZRSTELEHRNRIZEEHET 5, KT Ay & By 28587 %, Py 3HEREBATHEERT- 72
DT, RESEM (degree conditions) deg, (Ag) < deg, (H), deg, (Bg) < deg,(G) %ifi7zL T\, R,
Buchberger HiEIZ 51T 5 CofGs DEIEIZDWTIE, Xk [1] D 2|3 Hiz2|I N\,

A11 = 1176 X(SU v — )
+ atx(—8u?v —|— 4LLU2 — 8uvw + 120 — 8v2w)
+  2?x (—2uv + 2uv? — 1203 + 16v3w)
+  (3u?v + 2uv? + 2uvw + 3v* — 100%w + Svw?)
By = a%x(—8u? + 8uv?)
+ ot x (—8u? + 12u?v + Su?w — 12uv? + Suvw
+ 22X (—6u? + 6uv + 4uv?)
+  (w? - 6uv + 6ulw + uv? — 6uvw + Suw?).

Eid, ABEO=ZIHERRE, X [14] OMAEDOFTHNRTH S, €I T, “GREA VLI HER
EVWHHBEORRARE, VT —HEORMEITE £ D CofGs 2 AW TRS MRLRETREL 2o 7z,
ZZT, Ay & By PMERICRS Y, AT Ay 2 HT, By & GTHoTAZEIS, WIh
LRIRDVEHA R o7z, BEETIL, ZThHBREDRAREZIRT 5,

Ayq :=remainder(Ayy, H) = —22x(2u?v + 2uv?) + 3uv + 2uv? + 2uvw — v3 + 20w,
By := remainder(B11,G) = 22 (2u® + 2u®v) + u® — 200 — 202w + w? — 2uvw.

DF = fi(w)zt 4+ fii(w)zt =1 + -+ fo(u) DEZE, cont(F) = ged(fi, fi—1,.--,f0) TH b,
3G, H € K[z] D¢, (A;, B;) 1& Coefficients of Bezout’s identity £ IFEN5AY, Bezout’s identity 1& Euclid DY H.ER
DAXEDLDTH D, 505H, EFUELEBLHEATLL2S AU ETELWVWDT, CofGs DAMBLVAELTHS 5.



quotient(A;1, H)-G + quotient(By1,G)-H =0 72D T, AnG+ B H =8, B"Eoh3, 5Tk
BLLdiz, ZOZ LI —MIIZHL T RITENRWEEE L7z, I3 ETE X 5, //

IFEALEDEHL, FZT V7 —RERIEOEREIL, SEABSEHAL T 7 IV OREIEIE Spol(G, H)
HEZHWRTWEEIETERY, LoT0WS7E55, Lrl, Ak ed “HHEARITHLUTIE, L4l
IZR U7z CofGs OME AL, SLHAZ —UFIET 5%, 177 IVORERIEF TORELA
PRS L GCDHBETEIHTE %, b, CofGs DMHEBEMKIE, TESIZL > THIRIZIITENEZ L %
MELUTHEL, ZZHARIIH U TE, EEEPL 2D TERWD, SEZHAZELLTHITTILD
BARGAGIRTE 2 L EH I - TW5D, 20, EHEHFIZZOWEEZZITT 2503720,

2 Definition of T E S and Derivation of various formulas

AFETIE, deg,(G) > deg, (H) %7z U 2ME# EDIEHZKD, relatively prime G, H € K[z, u] 5% 5
TES (P:=G, Py:=H, Py:=Elim(P, P), ---, Pryr:=Elim(P,_, P), - , P:=Elim(Pys_s, Py_1)),
P, e Klu]), 85A %, % Elim(P,_1,P) ZBWT, P, & P, %#%N%ZH operand, eliminator & .5,
HIETIE, Spol(G, H) & DM AT 5720 Elim(G, H) % (4) RTEZEL 72, EEFHEOBIHPS
X2 2RICHUZZAPBO DL, MOEIIZEERDS ; 25 LTHHNBRAETH 5,

{ Pip1 = Elim(P,_y, B) = [lcf(Py) /ei]- Pimy — [lf(Pi_y) Je]-a% P, ©)

ci = ged(lef(Pi—q),1cf(P;)), 0; = deg,(P;—1) — deg, (P;).

2.1 Generation rules of T E S and basic properties of TE S

PIRIEZ (P, P}, BEEE2 {P_,P} £95&&, TE SOEKHANIIRO=DTH 2,
BHIT @ operand Pp_; IZBHBEEDHEARIRBOCTH 5,
:  eliminator P; I3ZBEE DK DL TH 5,
— Py == Elim(P,_,, P,) % /8T %,
BAI2 = P 2BEE»SHIFRY 5,
A3 ¢ = P, ZFREICAINT 5,
TE S QEANMEIZIRD=DTdH 5,
MEA i deg(Piy1) <deg(Pm1) — d; o deg(P;j) ;
di_1 =d;, di1 >d; DHEIFETED D6,
MEB : operand IZBIEEDIRBEBR KDL,
di—1 =d; DEGE, —BIZEE SR,
— TESIEZ2iZKkarh 75,
HEC : FAUZEAZEKE eliminator 125 2 & 5 H 5,
(deg,(P;—1) > deg, (P;)+2 B3 E ),
= T E S % abnormal & IF£.5,
£73, HiHhh (branching) OH54 (BB, deg,(P;_1) = deg, (P;) DHE) OREAERR S,
BE, BAPNOEBEORIUES 0 HNDT, KEITEKGI%2 52 5,

Kl : Py i 25 2R E operand :ZIR 1T 5 2R\,
—— Elim(P,_1,P,) = —Elim(P,, P,_1) ® A.



F#2 : Pio T3 operand :#ER OEDBNS (NlD @Y ),
Py =Elim(P,_1, P) —> Piyo = Elim(P;, Piyy).
P, 1 =Elim(P;,P,_1) = Pij2 = Elim(P,_1, Pit1).
WFNOEHAS Py =Elim(Piy, Prys).
3 : Barhizedlnll, SEEMLOBRERI"[SNS,

LR 2RAT, EHEF CTESIE £ /E52RVWT—ENE LBREHELED, Do VEXT, “Py,
DA TAIET 57 &AWz, B3 IZ DWW TIEE 3 HE —~HiCEARMIZRR S,

IRIZ, abnormal 2356 (H—EEH r (> 1) [, eliminator & UTHHI NG ) 23 L <iBR 53, flHED
7z, TE SHHEHEMD 5 abnormal &72 5565 %%\, TE SHO abnormal RERFIE P OLDIZ' %
DUTKINT S = P{=G, P[,,=H, ZO%&, (P, Py, -+, P/, P|,,) % abnormal R E&F| LT 3 ;
Pl ,=H WYX P \3Elm HETEHHEIANSERTIE AL, FRHTHS X DIT deg(P)) = deg(P,,) &
BLARMEND Y, TDHAEE (P, P,,) TEAPNTSDT, P, % abnormal DRI ER L Uiz,
FREOELDIZEDHZTE S D abnormal EEDEMAN L EEITIRTH 5,

{ P, = [lct(H)/}] P — lf(P)/ilabH (1<j<r), -

¢; = ged(lef(P)), 1cf(H)), 0} = deg, (P}) — deg, (H) > 0.

a) TESHJEA S abnormal &7 % BB 4435 fFd
deg, (Elim(G, xd8(@)—des(H) [1)) > deg, (H) TH %,
b) TES®D@®&HA5TH abnormal (2749 X5,
c) deg(G=P)) > deg(P}) > --- > deg(P!) > deg(H) TH %,
d) P, OfiEX P;:=Elm(P, H) »5MHEE 5%,
deg(P)) = deg(H) D& IO PINT 5,

a) & b) REMES S, (ALY, P/OYEE 2% H THEINEDT, 5> 0745 deg(P, ;) < deg(P))

THY, =013 j=r OHAITOAELHES = c). abnormal TE S OEKIKIE (P, H=P],,) T
B5H, d) O Py iE, HAPIAELBHENED ST, normal 2 TE S Tk L KT,

2.2 An example of computing braching T E S

Example 1 (continued) : Branching & 2§ TES, (G, H) % BRMIZEIHR L THA X S,
Py =G =a2*(u? +uw) + 22 (u? —w) + (u? + uw), cont(P) = u, cont(P) = v.
Py := H = z* (uv +v?) — 22-(uv + v?) + (v? —ovw),  ged(lef(Py),1cef(P)) = u + v.
P3 = [(uv +02)/(u+0)]x Py — [(u? 4+ uv)/(u+v)] x Py = 222u?0 + v?v — uwo? + 2uvw.
T E S ®HEA 5 branching BWEE > TW\Wd = ZODR%EHT 5 !
ged(lef (Py), lef (Ps)) = u, ged(lef (Py), 1cf (Ps)) = v.

Py = [(2u?v) Ju]x Py — [(u? 4+ uwv) Ju] x 22 Py = 22-(uv — 2u?0? — 2u?vw + uv® — 2uv?w) + 2udv + 2u?vw.
Pyo := [2u%0/v]x Py — [(uv +v?) /v]x2? Py = 2%(—3u3v — 2u2v? — 2uvw + uv® — 2uv?w) + 2u?v? — 2u?vw.
ZODKES HIEHT S !

ged(lef (Ps), lef (Py1)) = ww, ged(lef (Ps),lef (Py2)) = uw.
Psy = [lef(Pyy) Juv] x Py — [(2u2v) Juv] x Py = 3u*v + 3uBv? + 4udvw — 3u?v® + (5 terms) = S,.
Py = [Icf(Py2) Juv] x Py — [(2u2v) Juv] x Py = —3uv — 3udv? — dudvw + 3u?v® — (5 terms) = —S,.

O —, EvOUMEKE . &I S BT EL vz k| //



2.3 Derivation of CofGs for each element of TE S

B1EDEx.1 T, 7L 7F—HEFHREFIZHENSLEHAD CofGs DEEM 2R, HEMITES
IZHLUTHERD (AMTIEZ I THRVWDED ), KEiTIE, £73 AG+ BH = P, %iii/=$ CofGs
(Ai, B;) € K[z,u]? %, TE S normal %2854 & abnormal 2858125 U THl % 128§ 5,

TE S normal 5 1 (A1, By) = (1,0), (As, By) = (0,1) HEBATH B, %512, Aiy, Bipy 48

Aipy o= [lef(Py)/ei] Aoy = [lef(Piy) /ei] 2% Ay,

Bi+1 = [lcf(R)/Cz] Bi—l — [1Cf(B_1)/Cl] iliaiBi, (8)

RBBERANTEETESZ L,  IZETHMNETHIRITRE S, 72, TE SOmKEE P, € K]
XU T, RRADEILT 5; deg(Ag) & deg(By) D7#1E (Ag, By) = (0,1) 1232,

deg(Ar) = 03+ -+ + 0p—1 = deg(H) — deg(Pr—1).

deg(By) = 02 + - -+ + 01 = deg(G) — deg(Pr_1). )

TESOZEHE P, OREIZ i IBIL THGARD LA, A & B OUWBIFHHMIND 2, 2.1 HOMEA LY
deg(A;y1) > deg(A; 1), deg(B;i11) > deg(B; 1) TH5d, L7zhoT, (8) RkOIXANFoN5B,

tm (A1) = —[lcf(Pi_1)/ei] 2% 1tm(4;), 1tm(Bit1) = —[lef(Pi_1)/c;] 2% -1tm(B;). (10)

{RiZabnormal 2356 D CofGs : Hiffi& Mk, P/=G »> P/, =H (37205 JHO r IHA abnormal )
L35, HMEZ (A, B)) = (1,0) S HFEL, £ER P (2<i<r)IINL, AG+ B/H = P! %z
T (A, B)) € K[z,u]? 28R (7) CHEIEFHET 5, i =2 Tl&, Py = [cf(H)/4]G — [lef(P})/c;]a® H
ZH ged(GLH) = 1 WX, (Ay,BY) = ([lcf(H) /e, —[lcf(P))/c))a% ) & —Eizik¥ 5B, i=3 T3,
ALG + ByH = P} = [Icf(H) /4Py — [Icf(Py)/chla®>H 7 DT, FALD Pj 2RO G & HTHET &,
Al = [Icf(H)/c)[Ict(H) /€], By = —[Icf(H)/ch)[Ict(P})/ch]x% — [Icf(Py)/chlz% HESNB, Ay & Al
F LR AL = [Ief(H)/cy]- A, 237U, B & By & By = [Icf(H)/cy]- By — [lcf(Py) /ch]x® %7z 9,
BOEDIZ, i=4 DFABEE LTS, A, = (lcf(H)/c)[lct(H) /cy][Icf(H)/c)] = [lcf(H)/cj)x Aj,
B} = —[lcf(H)/c)[lcf(H) /][It (P])/¢,)a® — [lef(H) /e4)[lcf(Py) /ch]a® — [lef(P})/chlads H3F Stz
B, & By i bR B} = [lcf(H)/ch)x By — [Icf(P3)/ch)x% %3, Zho% bt L=DMRRTH 5,

Ay = () /) x AL, Bl = [Ief(H) /e x B} — [Icf(P}) /elJa,

(11)
deg, (Aj41) =0, ltm(Bj, ;) = [lef(H)/ ¢} x 1tm(B;).

AL R D THRAE 12 BT 5,

3 Usage of TES for two-polynomial systems

ek, HAKIEREL 7L 7 F —HEEE ORI A EED R o7z, BIZRBED S 2MHTIC
INBDRo72DTH 5, BIBADHEZ XML 2 EELDEDLY 2R UL, 728 21 Wang IZBEWVERE F
RUZE EELTWS [18] 4%, EZFICEBEVCEREIZEZ R, 724, “SHEAR 5 ={G H} ZELT
%, TES & “FZBHOMBEZENTHE S Spol DES” L ORIZIFERVERYEDH S, RETIZHE-HIT, £
DEFRZEHOE TRRT 5, IRWTHE_HITIX, “ZHAROREILE2ERT2HEEL5 25 Thm.2 %
AT 5, EiX, FTOFEHE LT 2017 FFC [16] 1230 U7z B DIEHED DRI OB AHIET H - 7=,
Z 2T, SRR (2023 4F) (Z B D5E R RGEH 21T 5 72, ARG CTIERHGEEIICINAZ, [HEEH & DXt



H179, Buchberger Hikld, EZEMHESI N (RERTTIGT 2) ZHA L MOLIEA L O SLIEHA %
RRIHER L, 1T 7 VORI EERT 5, BT, TheRRAGEEZTE SITNLTRITT %,
ZDFER, I “HRBER” LIEAELTH I WEA S EHEZ R L7,

9, ARCEHELKEZ BT EREL2Thm0s UTHIRRT 5, FEHICIE [15] & 3R [8] 2 S EE iz,

Theorem 0 Let GB(F3) be the reduced Gréobner basis of (Fa) w.r.t. the monomial order x = uy, ..., uy,
(the w-order may be any). Then, we have GB(F2)NK[u] = {S5}. (Hence, any polynomial in (F2)NK[u]
is a multiple of §2) O

3.1 Deep relationship between the T E S method and Buchberger’s method
2T, BVBEREIIEARD DN, LN EEERT 5,

Ex.2 Given G :=z* (u+v) + 2% (u—2w) + (2v+w) and H = z2* (u—w) + 22 (2u+v) + (v—2w),
eliminate only the z*-term of {G, H} by both the Elim operation and Buchberger’s method.

R {G,H} 1z LT Ey :=Elim(G, H) = (u—w)xG — (u+v)x H 2FEf79 5L 22 THPHEEINT,
By = (u—w)[2? (u—2w) + (2v+w)] — (u+v)[z? 2u+v) + (v—2w)] 2155,

Rz, -EHMEE SLHEANERTIT S O72A%, Buchberger HiEIX A R4 R Y SLHAEKE1TS DT,
FIREN/ SELEAL T E2ERTE L5, G=2u+2*v+Re, H=2'v —z*w+ Ry L EESHZ 5,
T5L, Spol EAHE LT, 7222 Spol(G,H) =G - H=ax*%+a2*w+ Rg — Ry =: G3, =
Spol(G, G3) = —x*uw + %02 — (u—v) Rg + (u+w) Ry G, —(u—w) Rg + (u+v) Ry =: Ej,
Spol(H,Gs) -+ %5 —(u—w) Rg + (u+v) Ry = B, 2133, RTHAhdL8BY, B, =FE Ths, [/

rrEHEBELTEONDSZ K OLEADHFT, L3O B BREEFDOZEATH S Z &1E, Elim(G,H)
HENERNTH DI LI12L S, Elim(G, H) ZEICHEIEA, TESOHWHBITH 3,

ERloflE LT EIROEENBFOSND: AB Nl T, YUREZLS GH H HEBHEPSHY,
FeKlz,u] IZHUL, Fls & F DEDS S o-IREH ' U EOETODHDHZERT & T 5,

Theorem 1 Let deg(G)=d > e=deg(H). Let €' be any integer s.t. e > € > 0 and at least one of
Gle—1—Gle and H]o—1—H | is not zero. Let Py and f’e/ be the lowest-order polynomials obtained
by eliminating all the and only the terms of Glo and H |, as follows. The P, is obtained by the TES
method, by tracing all the branches encountered and finding the lowest-order polynomial. The P s
obtained by Buchberger’s method. So, deg,(P./) = deg,(P./) < ¢'. Then, P, = cP,., where ¢ € K.

Proof ¥ ¢ 13 G and/or H D ENDP—DDHEZEDTWHAD, ZDI & IFEHIZIZBEARTRTH 5,
EEOFRIZEWTIE, KD & RiGOHBAEZ G S TESHA S DPHE VPR IENTDH 5,

T, HFEE Py = Elim(P_1,P) &, Py ¥ P OFHES LEHEALTHELNE L DLIEAD
HTHREBEMDEDTH S, 5DHE, %< D ElimHEZ2EWT Glo KU H|. DEHFEEITONS,
WK, RPN IAELRE D550, 2TOHZWLY, ThosDOHFTIEHEPRAKOLHRNZEOH L,
ThE P, 2L TW5, L7z ->T, P/ i 3EBREHRNE T3LEATH 5,

RIdE!% Buchberger i#E2 Py OEBEDLERE2EIHATE S0, THDH, THTIE Py iZxf 3 5 CofGs 4
ERAT S ; 20 CofGs FITHIEAR {G, H} 75 P, IZE 2 “BRIERE” 2RTH6, RERKIZIHVD
D Buchberger i#EZ BHAT L LV, UL2E, P OFFEIL Elim HEDFITH 555, f#l4 D Elim #HEA
Buchberger iKIZZ#TENIE+HTH 5, YO Elim #HHE % Py = ¢P_, — 2% P 35, ZZT,
¢ = lcf(P)/ci, v = lcf(Pi_1)/c; THBDMN, ¢; 1ZHBETHZ L UTAREETIE1 8L, ¢ & ¢ IZHRF



KETO u DHEAEH, Zhox2BHAKRBIIEMLT o BLUP Y ERL, ¢ =81 +s3+ -+ 5,
V=ti+to+ - +t, s =82 =Sy, t1 =te = =1, £ 95 (s, and/or t, IFEHBEVRED),
2 Elim I, ZOXEBBAITICEHT 2L oxlef(Poy) — ¥ x1ef(P) = (¢0 — 1) = 0 72 BIHSR
Thsd, ZOEFNFHEARIUET L CTHYURKIT D, 61T, R :=rest(Pi_y), R; :=rest(P;)

EBE, d=deg,(P1) £ 3NE, il Elim HEIZ FRAD &S I2RES ((6,0) & (¢,9) IFIFHE),
(814 +s)x(ty+-+t,)al +dRi_1] — [(t1+ -+ t,)x (51 4+ +5,)-x + % R].  (12)

J:EE'C J}d @{%ﬁ%%é t, %’(%?5@ (jl,jg) L:;ﬁbf Sjltj2 = tj28jl KDZ)-, E%Bo) Sjltj2 37'5%‘[50) tj28j1 Li
EMIZHBHELAEDS, T4bb, (12) RO - HORKIR AL BEARE CREIZFIHT 27210 T, 2%-HD
HEINS, DlE&Y, SZHEHAZEETSETH AL, ERICHRICEHEIIEHI NS, O

Remark 1 LHEHTe =129 5 L HEOBERDPIETES, 75, Thml THEINS P 31T
TVDEARTE S TR, B 1 EDEx]1 TE5% 61, D BEHER P 08675, £, P b D b,
ZN 5D CofGs lIIRBGM A 729, Sy 1k, P LMOSIEA L D SHER s 2 R4 IZEHELTHELONS,
B, AR R2E SEHERAs ZFHLRWT S, 2FHLTR27, LVWOIHLMIZEDOTHE,  //

3.2 Computing §2 without constructing any Spolynomial

Theorem 2 (S and Inaba [16]) Let G, H € K[z, u], with deg(G) > deg(H) > 1, be relatively prime, Py €
K[u] be the last element of PRS,(G, H), and Ay, By € K[z, u| be the CofGs of Py. Let S, be the lowest-
order element of GB({G,H}), and A B e K[z, u] be the CofGs of Sy. If A and B satisfy the degree
conditions, deg(A) < deg(H) and deg(B) < deg(G), then we have P/ gcd(cont(Ay),cont(By)) = ¢S,
where ¢ € K. If A and B do not satisfy the degree conditions, we can convert them to remainder(/l H)

and remainder(E,G), respectively.

Proof HESRAFREICBIT 2BLREHIT, “UBEMIEZTZT A & By E P, 6 —HMIZEX 37, &
YT B, SOHA, AL B AREEMEEREZTRSIE, Thm0 »5 P, = CS,, C € Ku], ® X,
(Py, A, Br) = Cx (S, A, B), £ 720, C = c ged(cont(Ay), cont(By)), c € K, L& % %,

Iz, AY BOURBEI AR RGEEA2EZD, P 3T TV (F) OEHZY X, Thm.0 12 X,
P, =C8, 23 %IHR C € Klu] BEET 5, C 2H2IE, FHOBMKITH FED & 5 12 I3
T&E 5, B8, WOEFETIXHEHED72® remainder(A, D) % rem(A, D) &7,

e AG+DBH =Sy & CSy =P, = A,G+BLH ¥ h5, Cx(AG+BH) = C Sy = AyG+DBH =
(CA—A)G+ (CB—By)H =0 %213%, ged(G,H)=1W%, CA—A, ¥ CB—B, 3TN ENH & G
D = rem(CA— A, H) =0 72 rem(CB— By, G) =0 AT 5% (2T, C % remainder /&
BRIZEST O, HE GIZEBMETCO—AIt(H) L 1cf(G) ITBDNBARELH B 5 TH 5),
B deg(Ar) < deg(H), deg(By) < deg(G) £, rem(CA— Ay, H) = rem(CA, H) — A, =0 7
rem(CB—By, G) = rem(CB,G)—B, =0 £720, X 5(Zrem(CA, H) G+rem(CB,G) H = A,G+B,H =
P, = CS, #1325 DT, remainder HEND C 24T I e TES, BELD, A = rem(4, H),
E::rem(é,G) rBly, AG+BH=2S, #1553, O

Remark 2 FEFIOFEAIE, 5@ [16] @ Theorem 2 DFEHH L A UIZH X 543, FEFRXD Theorem 2 IEAFH
D Thm.2 L IF2< B s, #X[16] T, b EEZMEIE Lemma 1 £ 2 TH5, Lemma 1 T, A¥
B D ERE TG % 72 X 7084 DIREGIE  := ged(lef(G), 1cf(H)) DI THBZ L%, G L H



@ Elim HE AR L THWT WS, DWT Lemma 2 T, (A, B) := (rem(A4, H),rem(B, G)) € Kz, u?
THHIex2BNTWD, w3 [16] D Theorem 2 1%, FFlDFEHDNE —BEEIZHYT 5, //

Thm.2 1355 1 D Ex.1 IZHLT 25 DT, EHOMHTIXCAL CB 2\ H L G TE-THY,
Ex1 DFHEZZDEEFITL TS, #LH, EFELDIFHIET —> EURHCHER I N LS ITEVR N,
EZANPRITIET, P 2023 4E 1 HICHRINZDTH 5D, LARTIOGEIIE, 2017 OGRS [16] (270 &
NELDT, FEFITEMTHEIRDIZ WL, A, B 2BEEROTTESE2NT 58\ 5 HTEES R
TH o7 BUHTDHANEAREDE 2RV E> TALDEHEITEHES S,

£7, 7Y ged(lef(G), Icf(H)) LD DB, SOHE, WEEMEEHEZIRN A BIERTH S, BHIC
R, AL BEINENH & G THD L, FRVILIZ Kz, u] WABRMEERDE ZLE 5T,
RBGMEDIENL L WD T, deg(AG) = deg(BH) > deg(GH) = Itm(AG) + ltm(BH) = 0 H3A7,
EoT, y=1B5IFHMMSERINS, BRERS, v =1 = 1cf(Q)|lcf(B) & Icf(H)|lcf(A) 3L
5 = %R qu = quotient(ltm(A),1tm(H)) & ¢p := quotient(ltm(B),ltm(G)) ¥ qa + g5 =0
Rl = A=qH+A, B=qgG+B ¢RTE, A ¥ B BFHATAG+BH=S,, »>
deg(A) < deg(A), deg(B') < deg(B) %17z, Z DIMEEKRY EEIE, AG + BH = S, » OGN
Wiz $%HA A, B AT E S,

WIT, v £1DBEEEZT, d=deg,(Q), e =deg,(H) £ 35, ZDBHATH, A BDIHBRT,
ADe RELEY BO d R LEDOHDEHEH IR T v EEWZEIZR S 51F, A X B OB EnZEn
HY GIZEBBRETEBTES, LAL, AL BORKNKRBIZARDHHETHS, 22T, ALBO
EHRIEDREERIZ v DIRNFRED L SIZADIAL )%, TES & Grobner ZEFHEZNILT 52 L TEE
U7, BIfiD#E#RIC LN, Grobner HEFE & TES, (G, H) FE & 3EWEELH 5, TES, (G, H) D
R P ITxT 5 CofGs & (A, B;) £ 9 5. P D x-IREDPFMIZONT, A; & B; O z-IREBUIIENT 5,
ZUT, yORFVBEDEDIT A & B DERBUZAD AT, EFHICIHRIZRELDTH 5,

ZDZEMBIZATEL, yOEHERNLD, 713 P & P, DERBUZIZEZINT WS,  BHEIIT S
IZONT, vy ORTD Py O ERED SMALLANTEMIIH D, £ T, yOKRTFTHDLYN, P D
ERBIZIEEENTVER P, D ERBUCIEEENTOVRY, IRET S, TE SDEKKHETSH AR
(6) 1= £ AU, ¢ = ged(lcf(Pi_y),1cf(P)) X4 2 & XRWVDT, lef(P_y)/4 134 2&TH, 1cf(P) /4 &
FEREERWV, £oT, AR (10) &, 41X Ay & Biy DERBUIIROB > TWE I R’bhd,
U72932 T, TESOREMIET URRTIE, yIZTRT AL & By DERBUIBE - TWBZ &Iz 5 .-
2 —=D2DHINEBRNT, HlstEl, G & HDERIHEZ RS 2 TOHDRBED, v DZHAR %235 D
BETHD, £oT, PIAEEZZZNE I, FITHkENS, 28, E#LIZTE SA normal & T
HBH, abnormal RIHEIZHERDEMITE S, TNTERE, FGOEEDAMITILEZA S,

AiE RS, LHAOHRRFICE DL, % - 2HARD S L 7F KB O &R O
HHEIN, FEHOWRBIE I B E TH-> T Wz, L7 F—REFHEOERIICET 2 @Dt %
Y—RAGL (1] ICEeDHHE, WDT Thm.2 DFFHDBEITE D MA ZZRER, 7K T 51F LHEH
ZH U RWEFAE S Nz 5 A Thm2 DE FIZBWAFHTH 5.

3.3 New theorem on the extraneous-factor removal for 7,

In Buchberger’s algorithm, the lowest-order polynomial S5 of the Grébner basis GB(F;) is computed
as follows. Suppose a resultant Pj(u) has been computed?, and let I := {E;, Fs, ..., B} C K[z, u] be
an intermediate basis when the Py has just been computed. Then, the algorithm computes Spol(E;, Py)

4)In actual computation, neither the user nor the system programmer recognizes when the Py (u) is computed.



for each element F; of I, updating 5. We will do a similar computation for the TES: for each element
P; of the TES, we eliminate x by P, with the Elim operation. FIfED & Z A “LIEHARIZRE X N5 5,
AU &Y, —RIBA LS ORI o 72 “REHAFIRE DR HRIIRIZHIRE NS D TH %,

55 2 FIZEF U7z Elim % Tld operand % eliminator & z % & &, Elim HEIZ X D 2-IREDY KA > T
W<, L2Lads, ZOEHETIE EIROMAFETTE R, AT, we allow polynomials in K[u]
as the arguments of the Elim operator. We note that, the formula in (6) gives us Elim(g,h) = 0 for
Vg, h € K[u]. Hence, we add the following #:E D to Basic Properties of T E S given in 2.1.

MHED : For Vg,h € K[u], we have Elim(g, h) = 0.

Let TES,(G,H) := (P1=G), Po(=H), Ps, ..., P;) be “optimal T E S” in that its last element P
is the lowest-order polynomial among those computable by applying the Elim operations to {G, H}.

Below, for each element P,_; (1 <4 < k—1) of the optimal TES, (G, H), we eliminate x by Py with the
Elim operation, and denote the resulting polynomial in K[u] by Py;. We express the GCD corresponding
to ¢; in (6) as 6, ; := ged(C; ;, Pr), where C; ; is the coefficient of z%-term of Pj_;.
RBIE Py 25 Poyy RIELTHE S,

P 3z IZBEUTEDDHEP S KB DT Cyp(u)att + Cro(u) ERKT, P ZFWT Py 25 F2HK
T ANETBIEEEZD, 011 :=ged(Cpi, Po) L THUE, Poyy < Elim(Py_1, Py) = [Pr/01.1]Per —
[Ci1/01 1]z Py, = [Pr/011](Cr12 " +Ch0)—[C11/01,1]2 Py = [Pi/61,1]Ch0 25, Cio € Klu]
Dz, LEOMEDIZE DWRIIET THD, MERERDE P, O—H (=0,,) MREINT NS, S
HIGEE DT, Pyo DIEELAARD, Pyg = Cp o122 +Cy 21 +Cog LKL, Oy := ged(Coo, Pr)
LTHUE, P, Elim(Pes, Py) = [Pi/0so]-(Conz®>t + Cop) 7%, P, ¥z 28LOT, 35
BBMENBETH B, o1 = ged(Cay, P) & LT o2 THEMETIE, Prpo & Elim(P,,, Py) =
[Pr./02,2) % ([Pr/02,1](Cop22 +Co) — [Co1/021]2°*' By) = [Py/022][Pi/b21] Cao D352, Py
23T BAERAD Pooy 12T SRR L AR, HRBEL S5 EPRWVIEELHRTWS, LFED P,
2k 2 EABOWE LI BETET, Py (0<i<k) ZHULTRERS Py BRSNS,

{ Pi_; % Ci,i(u)a:ei’i + C’i’i_l(u)l‘ei’i_l 4+ 4+ C’i’o(u)l’o LRILS li, (13)

Pk-i—i = [Pk/ﬁw] tee [Pk/ei,1]0i70, where «Qi,j = ng(Pk,Ci,j) (7 Z ] Z 1).

mE, ERIIBWT, G, =0 DAL URHVES,

FEIT LHOMRRAE A@E” CIA LD, [MA0n»? T3 L0 EEBIEEZF L G
RS, TNETAESE/RLTERLLSIZ, R P, 131 T TNV (F) ORIET S, DT, FHxd
HIVE P KEENIREINTORETH 2, TOBENPS, BIZIX Py D P2 &5z DIHEEZBLE S,
SDHE, 011 =ged(Cra, Pp) DFERZRD S, ERRNIZEZNE, #HLD Cri 256 611 BRrEIND L
BS71EA5, EPREBRICENZDIEE P /01172, TDZ&lE, ged(Cra, P) #1 THHIZATHIX, 614 1F
P, ORFHHRT (O—8) THEZ L 2BH®T 5, P PoRFRTLERELZWEIZE ST, £5T“HEN
FFXEBEHE-TLBE” 5457, UrblBEIFEEZ, Zhdd “HRBE” Th{TEZs5h !

TES.(G,H) DEEFZ P, (1 <i<k—1) 2T P, ORGHANTREZITOBOEE MR Z £ &7z, Note
that G and H are relatively prime, hence we will have g # h and ged (70, gh) = 1, below.

Useful 6, : {6;,,0ii-1,...,6;1} contains at least one element # 1.
1) The extraneous factors due to C; ;,C;i—1,...,C;1 are often double-counted. The double-counting
is avoided by computing non-zero LCM(Least Common Multiple) of 6;;,6; ;-1,...,0;1.
2) C;; DREZ (BENZHEAOME) IFEF | OEP/NINVIFEREL, — I P B—FREW,
FIT, Pooiy= Py o= DEIZFzv 7 LTV DWBRIERKTH 3,
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3) If extraneous factors are found in Py_;, remove the factors found (< update the Py). Since
0;.; = ged(Py, C; ) = 1 for the updated Py, it is enough to check Py_;—1 = Py_j_o = ---.
Useless 6;, : all the elements of {6;,,6;:-1,...,6,1} are 1.
1) Once Py_; is decided to be Useless, we need not check Pj,_; any more.
factrbyGH : the factors of §2 which are determind by G and H only.
1) Let g := cont(G), h := cont(H) then gh is a factor of Sy, where g # h.  In this case,
put G := G/g, H := H/h and compute the lowest-order element of ideal ({G, H}).
2) 7p := ged(ctm(G), ctm(H)) # 1 is a factor of Sy ctm(F) is the 2%-term of polynomial F.
r ZIHET BB, (KRIHIZIE multipliers 28T 51228, EHIH ctm(G) & ctm(H) DRTFAHEA S
Z&iF <, HEMRIE ctm(G) DFEE L ctm(H) DEEOHTH 5, 728, ged(v, gh) = 1o
X) 7 :=ged(lef(G),1cf(H)) #1 D+ Py Py 72 & OEIRHD RGN v £7213 v DR 1% F 1
L UTHDEGEMDNDH BN, v is irrelevant to the extraneous factor, because ged(Py,7) = 1.

Theorem 3 First, separate the factrbyGH factors from the initial basis {G, H}, reserve them, and let
{G',H'} be the resulting basis. Next, compute TES,(G', H'), and for each element Py_; of it, check if

0; » is useful or useless, in order Py,_1 = Py_o = --- = P;. If 0;, is useful then remove extraneous

factors found from Py_; (< update Py), according to the above Usefull 0; ,1). This process stops in a
finite number of steps. After checking all the Py_;s, multiply the reserved factrbyGH factors to the Py
updated last. Then, the product is the §2.

Proof Theorem 0 assures us that we can find the lowest-order element of ideal ({G’, H'}) as a factor
of Py. The formula in (13) tells us that if 6; ; # 1 then 6; ; is an extraneous factor of P,. Hence, the
operation of extraneous-factor removal specified in the theorem removes only exraneous factors of the P.
This process stops in a finite number of steps, because P, contains only a finite number of factors.

The question is that “does the process remove all the extraneous factors ?”. The answer is YES. The
reason is that the Elim is the critical-pair operation, that gives us the lowest-order element attainable
from the given system, and the operation is applied to the {G, H} as widely and deeply as possible.

Therefore, the process given in the theorem gives us the §2. O
Note that the Theorem 2 utilizes the CofGs of Py, while the Theorem 3 utilizes no CofGs.

( Elim BEE PRMMCERAE, % - SERXRCHALES, K E50WSTEKRBESE5?)

B

Z OfFEI H AR O RMR . (GRS 18K03389) 3 & O/ I BORMENTHF 22T - EIBR AL FI A5
Y X — (FEKRFN) DB EZITTWE, HEDOZFETIZH72D, CentOS ETHMEIT 5 Lisp IR %12
LU CTIHW IS E SRR (O - RELFRPEE), FEEOMITERBEORME (2B U T~ DR % i ik
U CTHWZREEERBHE - (HARBEMEHR) b L OIS E L REKRFEZERER) CEEH L 7,

Z £ X ®
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